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Patricia. / A AnaZoraida. 



A los que van quedando en el camino, 
Companeros de ayer, 

De hoy y de siempre. 



INTRODUCCION 



El libro que os ofrecemos, no es un libro auto contenido, sino un instrumento 
de complementation, para la practica indispensable en el topico relativo a las 
integrales indefinidas. En este contexto, el buen uso que se haga del mismo 
llevara a hacer una realidad, el sabio principio que unifica la teoria con la practica. 

El trabajo compartido de los autores de "801 ejercicios resueltos" es una 
experiencia que esperamos sea positiva, en el espfritu universitario de la 
activation de las contrapartes, en todo caso sera el usuario quien de su veredicto 
al respecto, ya sea por medio del consejo oportuno, la critica constructiva o la 
observation fraterna, por lo cual desde ya agradecemos todo comentario al 
respecto. 

Nos es grato hacer un reconocimiento a la cooperation prestada por los 
estudiantes de UNET: Jhonny Bonilla y Omar Umaha. 



INSTRUCCIONES 

Para un adecuado uso de este problemario, nos permitimos recomendar lo 
siguiente: 

a) Estudie la teoria pertinente en forma previa. 

b) Ejercite la tecnica de aprehender con los casos resueltos. 

c) Trate de resolver sin ayuda, los ejercicios propuestos. 

d) En caso de discrepancia consulte la solucion respectiva. 

e) En caso de mantener la discrepancia, recurre a la consulta de algun 
profesor. 

f) Al final, hay una cantidad grande de ejercicios sin especificar tecnica 
alguna. Proceda en forma en forma analoga. 

g) El no poder hacer un ejercicio, no es razon para frustrarse. Adelante 
y exito. 



ABREVIATURAS DE USO FRECUENTE 

e : Base de logaritmos neperianos. 

it] : Logaritmo natural o neperiano. 

log : Logaritmo vulgar o de briggs. 

sen: Seno. 

arcs en: Arco seno. 

cos : Coseno. 

arc cos: Arco coseno. 

arc cos : Arco coseno. 

rg : Tangente. 

arc tg : Arco tangente. 

corg Cotangente. 

arc co tg Arco cotangente. 

sec : Secante. 

arc sec: Arco secante. 

cosec: Cosecante. 

arc sec : Arco cosecante. 

exp: Exponencial. 

dx\ Diferencial de x. 

U : Valor absoluto de x. 

m.c.m: Minimo comun multiple 

IDENTIFICACIONES USUALES 

sen" x = (senx)" sen ' x = arcs en* 

i?]"x = (£?]x) n iog"x = (iogx) n 
iogx = log \x\ 



IDENTIDADES ALGEBRAICAS 



1 . Sean a, b: bases; m, n numeros naturales. 

m n m+n / m\n mn 

a a =a (a ) =a 



a m _„ (ab) =a b 

— = a ,a ^(J 

n 

a 



1 a ' 



\bj 



n m/ I / i — \ n 

b" 



- n 1 a =l,a^0 

a = — 



2. Sean a, b ,c: bases; m, n numeros naturales 

(a±bf =a 2 + 2ab + b 2 (a + bf =a 3 ±3a 2 b + 3ab 2 + b 3 

(a±b) 4 =a 4 ±4a 3 b + 6a 2 b 2 ±4ab 3 +b 4 a 2 -b 2 =(a + b)(a-b) 



in 7 In / n , i n\s n i n\ 

a -b =(a +b )(a -b ) 

(a + b + c) 2 = a +b 2 +c 2 + 2(ab + ac + be) 



a ±b =(a±b)(a +ab±b ) 



3. Sean b, n, x, y, z: numeros naturales 



tog(xyz) = iog h x + £og h y + tog b z 
ih x n =n£og b x 

,1 = 



*V 



£og b x-£og b y 



\fx = —£og b x 



b = \ 



£ne = \ 

£ne x =x 
exp(£r/x) = x 



i rj exp x = x = x 

tnx 

e ' = x 



1. 



1 



sen 



cos ecO 



IDENTIDADES TRIGONOMETRICAS 



COSO 



seed 



Tgd- 



senO 



1 



cosO 
sen 2 # + cos 2 6> = l 

1+ co Tg 2 = cos ec 2 
cosOrgO = sen9 

2. 

(a) 

s e n(a + j3) = s e n a cos j3 + cos a sen [5 

a , \\ - cos a 
sen — = + 

2 



vg6-- 

COTgO 

i+ T g 2 e = sec 2 e 

cos cos ec# = co rg# 



sen2a = 2sena cos a 



2 1 - cos 2a 
sen a = 



sen{a- P) = sen«cos/?-cosasen/? 



(b) 

cos(a + P) = cos a cos fB-senasenfB 



2 1 + cos 2a 
cos a = 



a 1 + cosa 
cos — = +. 

2 V 2 

cos(a - jB) = cos a cos jB + senasenjB 



cos2a = cos a-sen a=l-2sen a = 2cos a-\ 



(c) 

Tg(a + J3) 



Tga + Tgj3 
\-Tgazgp 



rg2a 



2rga 



2 1 - cos 2a 

rg a = 

1 + cos 2a 



rg{a-/3) 



l-tg 2 a 

Tga-Tgp 



\ + Tgazgf3 



a II -cos a sen a 1-cosa 

Tg — = +. = = 

2 V 1 + cos a 1 + cos a sen a 



(d) 

sen a cos jB = — [s e n(a + /?) + s e n(a - /?)] cos a sen jB = —[se n(a + J3) - s e n(a - /?)] 

cos a cos fB = — [cos(a + /?) + cos(a -/?)] senasenfl = — [cos(a + /?) - cos(« - /?)] 



„ „ a + /? «-/? 
sena + senp = 2s en cos 

2 2 

r. a + /3 a-fB 

cos a + cos p = 2 cos cos — 

2 2 



n _ a + Z? a-/? 

sena-sen/> = 2 cos sen 

2 2 

« + /? «-/? 
cos a - cos B = -2 s e n — sen — 

2 2 



(e) 

arcs e n(s e n x) = x 
wcrg(Tgx) = x 

arc sec(sec x) = x 



arc cos(cos x) = x 
arccoTg(coTgx) = x 
arc co sec(co sec x) = x 



FORMULAS FUNDAMENTALES 



Diferenciales 

"\.-du = — dx 
u 

2.-d(au) = adu 
3.-d(u + v) = du + dv 
4.-d(u") = nu"~ du 

5.-d(£r/u) = — 
u 

6.-d(e") = e"du 
7.-d(a") = a'irjadu 

8.-d(senu) = cos udu 
9.-d(cosu) = —senudu 
1 0.- d(rgu) = sec 2 udu 
ll.-dicorgu) = -cosec 2 udu 
12.- J(secw) = securgudu 
13.-<i(cosecw) = - co sec u co Tgudu 

i >• ,/ x du 

14.-a(arcsenw) 

15.-<i(arccosw) 

16.-<i(arcrgw) = 
17. -d (arc co rgu) 
1 8.- d (arc sec u) - 



Integrates 



Vl-w 2 
-du 

\Jl-u 2 
du 



l + u 2 
-du 



l + u 2 
du 



19.-<i(arccosecw) 



u\u 2 — I 
-du 



u + c 



1 .- \du 

2.- adu = a\du 

3.- (du + rfv) = \du + dv 

n+l 

4.- [udu = + c(n^-l) 

J n + l 

,- [du I, 

5.- — = q«+c 

6.-je u du = e u +c 
7.- a"<iw 



- + c 



:^a 



8.- cos udu =senu + c 
9.- [senw<iw = -cosw + c 



uyju 2 -1 



10.- 

11.- 

12.- 
13.- 

14.- 

15.- 

16.- 
17.- 

18.- 
19.- 



sec 2 udu = rgu + c 

cosec udu = — co rgu + c 

sec urgudu = sec u + c 

co sec u co rgudu = — co sec w + c 

r = arcs enu + c 



VT 



du 



VT 



Jm 



c/m 



= - arc cos u + c 

arc rgu + c 

- arc co rgu + c 

| arc sec u + c; u > 
[-arc sec w + c; w < 
f- arc co sec u + c; u > 
Mly / M 2 _1 I arc co sec w + c; w < 



l + u 2 

l + u 2 

du 



u4u 2 —I 
-du 



10 



OTRAS INTEGRALES INMEDIATAS 



1.- \rgudu = 
3.- secudu 



!rj\secu\ + c 
!r/\cosu\ + c 



TgU 



( U 7T^ 

v 2 + 4 y 



+ c 



5.- sen hudu = cos hu + c 

7.-\rghudu = £r/\coshu\ + c 

9.- sec hudu = arc rgh(s enhu) + c 



2.- \ co rgudu = tr/\senu\ + c 

4.- \cosecudu = ^Icosecw-corgwl + c 

6.- cos hudu = sen hu + c 

8.- corghudu = tr/\senhu\ + c 

10.- co sec hudu = -arccorgh(coshu) + c 



11,} 



13.-J 



15.-J 



Jm 



V<2 2 —I 



du 

2 , 2 

u +a 



arcs e n — + c 
a 

u 
- arcs e n — + c 
a 

1 w 

— arc rg — + c 
a a 

1 W 

— arccorg — + c 
a a 



12,; 



Jm 



vw 2 ±< 



W + 



Vw 2 ±« z 



+ C 



14,/- 



du 1 



2 2 r> 

u —a la 



it] 



u-a 



u + a 



+ c 



du 



i\a 2 



u-4a 2 +u 2 a 



'rj 



vt 



a + \la 2 +w 2 



+ c 



16,| 



Jm 



HVi 



2 2 

u-a 



1 M 

— arc cos — + c 
a a 

1 u 

— arc sec — + c 
a a 



17.- Vw 2 + a 2 du = —\lu 2 + a 2 + — ^77 u + yju 2 + a z 

2 2 



+ c 



18.- V<3 2 -u 2 du = — v<3 2 -w 2 + 



19.- e a " senbudu 



a u 

— arcs en — + c 

1 a 



e au (asenbu-b cos />w) 



2 , ; 2 

__ p „,, , , e a "(acosbu + bsenbu) 
20.- I e cos budu = 



+ c 



2,72 



a +b 



+ c 



Realmente, algunas de estas integrales no son estrictamente inmediatas; tal como 
se vera mas adelante y donde se desarrollan varias de ellas. 
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CAPITULO 1 



INTEGRALES ELEMENTALES 

El Proposito de este capitulo, antes de conocer y practicar las tecnicas 
propiamente tales; es familiarizarse con aquellas integrales para las cuales basta 
una transformacion algebraica elemental. 



EJERCICIOS DESARROLLADOS 

1.1 .- Encontrar: \e lvx 'xdx 
Solucion.- Se sabe que: e' 1 * 2 = x 2 

4 

Por lo tanto: \e"' lx2 xdx= \x 2 xdx = \x 3 dx = — + c 

4 n+1 

Respuesta: \e"' lx 'xdx = — +c, Formula utilizada: jx"dx = ,n^-\ 

1.2 .- Encontrar: \3a 7 x 6 dx 
Solucion. - 

7 

3a 1 x 6 dx = 3a x 6 dx = 3a 1 he 

7 

Respuesta: 1 3a 1 x 6 dx = 3a 7 — + c , Formula utilizada: del ejercicio anterior. 

1 .3.- Encontrar: j (3x 2 + 2x+ \)dx 
Solucion. - 
I (3x 2 +2x + \)dx = I (3x 2 + 2x + \)dx = I 3x 2 dx + I 2xdx + I dx 



3 2 

*J X 3 2 

+ X + C = X +X +X + C 



= 3 x 2 dx + 2 xdx + \dx = p — 7 + /. — T 

Respuesta: \ (3x 2 +2x +l)dx = x 3 + x 2 + x + c 

1.4.- Encontrar: \x(x+a)(x+b)dx 
Solucion. - 

x(x + a)(x + b)dx = x\ x 2 + (a + b)x + ab px= x 3 +(a + Z?)x 2 +abx Vbc 

= x 3 dx + (a + b)x 2 dx + abxdx = x 3 dx + (a + b)\ x 2 dx + ab xdx 



4 3 2 

\-(a + b) Yab he 

4 3 2 
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x 4 (a + b)x 3 abx 2 

1 he 



r x 

Respuesta: I x(x + a)(x + b)dx = — + 

1.5.- Encontrar: Ua+bx 3 ) 2 dx 
Solucion. - 

(a + bx 3 ) 2 dx= (a 2 + 2abx 3 + b 2 x 6 )dx = a 2 dx + 2abx 3 dx + b 2 x 6 dx 



4 7 

X , 9 X 



C C C XX 

- a 2 \dx + 2ab\ x 3 dx + b 2 \ x 6 dx - a 2 x + 2ab vb 2 he 

Respuesta: [ (a + bx 3 ) 2 dx = a 2 x + + + c 

1.6.- Encontrar: [ ^2pxdx 



Solucion. - 



I ^J2pxdx=\ ^2px 2 dx = \J^p\ x' 2 dx = ^2p—y + c = — he 



V 3 

7 3 



n , r k — , 2J2pxJx 
Respuesta: I ^J2pxdx = -^—^ + c 



1.7.-Encontrar: [-= 

J «/v 

Solucion. - 



dx 

x 



~hi 



dx r -i/ , x" x " nx " 

- + C = — hC = hC 

-1 + n n-1 



rax r -)/. x" 
-= = x /n <ix = — | 

j v^ J zi+i 



n 

-\+n 



_ p dx nx " 

Respuesta: -= = +c 

\-n 

1.8.- Encontrar: [(nx) n dx 

Solucion.- 

\—n \—n \—n \—n 



(nx) n dx—\n n x n dx — n n \x n dx — n n \x n dx 



--i+i - 

— x" — x" — ; — +i ; - 1/1/ 

= = n " — h c = n " — — + c = n " nx +c = n " x +c = n " x" +c = n /n x + c 

--i+i - 

n n 

\-n 

Respuesta: [(nx) " dx = ^fnx + c 

1.9.- Encontrar: Ucfi-x^fdx 
Solucion. - 

\(a A -x % ) 3 dx = \ (a K ) 3 -3(a K ) 2 x K +3a K (x K ) 2 -(x K ) 3 



dx 



13 



= j"(a 2 -3a /3 x/ 3 +3a/ 3 j/ 3 -x 2 )dx = ^ a 2 dx - ^3a % x % dx + j*3a K x%x- JVdx 

% K 3 
= a 2 \dx — 3a/ 3 x^dx + 3a/ 3 x^dx - x 2 dx = a 2 x — 3a" -=-j + 3a/ 3 -=-j he 



4/ 5/ „ 2/ 7 



2 

a x- 



9a /3 x /3 9a /3 x /3 x J 
+ - 



+ c 

7 3 



: a x — - 



9a Zl x /3 9a /3 x Zl x 3 
— + ■ 



+ c 

7 3 



Respuesta: f (a ^ -x 73 ) 3 ^ 

1.10.- Encontrar: [(Vx + l)(x-Vx + l)<ix 
Solucion. - 

[ (Vx + l)(x - Vx + 1) dx = (xVx - {^y + ;s/x + / - ^x + l)dx 

= I (xv x + l)dx = I (xr 2 + \)dx = I (x' 1 + l)<ix = I x' 2 dx +\dx 



x A 2x /2 

^T + X + C = hX + C 



Respuesta: [ (Vx + l)(x - V* + l)Jx = 



2x ? 



- + X + C 



(x 2 + l)(x 2 -2)dx 



1.11.- Encontrar: \ {X A * 

J V? 



Solucion. 



f (x + l)(x - 2)dx f (x - x - 2)dx r X r X , f 2 , 

J ^r =J ji = )zv dx -)^ dx -)z% dx 



I x"dx-\ x"dx-2\ x "dx- 



10 , 4 , 

— +1 -+1 



-+1 



X 3 x /3 x /3 ^x /3 
--2 = 2 \-r 

10 , 4 , -2 , 13 7 ^ 1/ TO 

— +1 -+1 — +1 — - /3 

3 3 3 3 3 



3/„13 3/7 



= 3 ^l-3^-6x^ + c = 3^-3^-6^ + c = 3^^-3^-6^ 



13 7 



Respuesta: [ 



13 

(x 2 +l)(x 2 -2)Jx 



7 

3x 4 3x 2 
13 7 



13 



7 



+ c 



-6 



/x + c 



/ m n \ 2 

1.12.- Encontrar: f lx ~ * ; J x 

J Vx 

Solucion.- 

/ m n\2 / 2m r\ m n , 2n\ / 2m r\ m n , 2n\ 

■(x-x) r(x -2xx+x) r(x -2xx+x) 



MX -X ) fl 

= J(x 2m - 1/ - i 2.v 



y]X 
2m— 1/2 o „m+n— 1/2 . 2n— 1/ 2 \ j 



-6?X= - 



2m-l/2+l 
X 



X 

2x' 



1/2 



-dx 



m+n+l/2 2n+l/2 

X 

+ + c 



2ra-l/2 + l m + n + l/2 2rc + l/2 

4m+l 2m+2n+\ An+\ 4m+l 2m+2n+\ 4n+l 

x 2 2x 2 



- + - 



- + c 



2x 



4x 2 2x 2 

+ + c 



4m + l 2m + 2rc + l 4n + l 4ra + l 2m + 2n + l 4rc + l 

2 2 "" " 2 
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2x 2m Vx~ 4x'* + "Vx~ 2x 2 "Vx~ 

+ + c 

Am + 1 2m + 2n + 1 An + 1 



Respuesta: [ 



/ m n\2 

(x -x ) 



dx = \jx 



f 2x 2n 



Ax 



m+n r\ 

+ 



In \ 



Am + l 2m + 2n + \ An + l 



+ c 



1.13.-Encontrar:J ( ^^ )4 Jx 



Solucion.- 



r(Va-vx) 4 , r a 2 - 4a v ax + 6xa - 4xVax + x 2 , 
P= ax = ;== ax 



/ax 

.2 



dx 



r ^!—dx- [ 4a ^ dx+ l—dx- \ Ax ^ x dx+ i^— 

'(axtf ' £? UaxV 2 ' H? UaxV 2 

\ux) p/ax \ ax ) p/ax v"-v 

a 2 a~ /2 x~ /2 dx- Aadx+ 6aa~ A xx~ A dx- Axdx+ a~ A x 2 x~ /2 dx 
a 72 x A dx — Aa \dx + 6a' 2 x dx - 4 xdx + a~ A x A dx 



3/ X 



■K +1 



i/ 



■ 4ax + 6a 7 



2 

3/ X^ 2 . , 1 

■ a n — 4ax + ba' 

2 



72+1 1+1 

X /2+1 . X _i/ X' 

4 h a /2 — 

i , ^ 1+1 Ta 3 

— hi - 



y 2+l 



- + c 



X^ , X 2 _y X^ 

— — 4 — + a /2 ^- + c 



: 2a /2 x /2 - 4ax + Aa A x A - 2x 2 + 2a A + c 

5 

_ p (va -Vx) oK/^/i , /i „X %. o 2 , 2x 
1 —dx = 2a / -x / --Aax + Aa /2 x /2 -2x -\ i^ + c 



dx 



Respuesta: [ 

1.14.- Encontrar: [ 

Solucion.- 

Sea: a = VlO , Luego: f — = f — ^~ 

a J r 2 -in J r 2 - 



5\jxa 



x 2 -10 



dx r dx 1 . 

x 2 -10 J x 2 -a 2a 



x-a 



x + a 



+ c 



2 V10 



>.Tf 



x-VTo 



x+Vio 



c = - it] 



20 



x-VlO 



Respuesta: f^— 

J r — 



dx VTo 



a- -10 20 

dx 



^ 



x + VlO 

x-VTo 



+ c 



x+Vio 



+ c 



1.15.- Encontrar: f— — 

J x 2 +7 

Solucion.- Sea: a=V7 , Luego: J — — = J 



dx 



dx I x 

2 2 - = -arcrg- + c 



x +a a 



a 
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1 X yjl yjlX 

—;=wcTg—^ + c = arc re he 

V7 V7 7 a 

_ r dx V7 V7x 

Respuesta: -7 — = — arcrg + c 

J x +7 7 a 

1.16.- Encontrar: [ 



dx 



'4 + x 2 
Solucion.- 

dx (• dx 

V4 + x 2 va 2 + x 



Sea:a = 2, Luego:J , =[ , = £tj x + ^a 2 +x 

= lr/ 



+ c 



■yfc-- - :l 



X+V4+X +c 



x + V4 + x 2 



Respuesta: [ . x =£r/ x+V4 
J V4 + x 2 

1.17.- Encontrar: [ 



+ c 



V8-x 2 
Solucion.- 



Sea: a = V8, Luego:J , =J , = = arcsgn — + c 

V8-x 2 va 2 -x 2 a 

x x 

= arcs e n — ;= + c = arcs e n — 1= + c 

V8 2V2 

_ p dx v2x 

Respuesta: , = arcs e n + c 

J^T7 4 

1.18.- Encontrar: f - y 

J x 2 +9 

Solucion.- 

La expresion: — — actua como constante, luego: 

x +9 

[ 7 J =—. \dy = — y + c = 7 +c 

J x 2 +9 x 2 +9 J x 2 +9 x 2 +9 

dy y 



Respuesta: [- 



-+c 



x z +9 x z +9 

* *« i- , rV2 + x 2 -V2-x 2 , 
1.19.- Encontrar: . dx 

J 4^7 

Solucion.- 

J 74^7 J V4-x 4 J\4-x 4 



r i ls*x , f 2-<x , r <ix r dx 



'(2-x 2 )j2^fT " J V_£2^fM2 + x 2 ) " J V2-x 2 J V2 + 



x 2 
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Sea: a = V2, Luego: [ 



V, 



dx 

2 2 

a -x 



dx 

2 , 2 



, = arcs en in 

/ 2 , 2 n 

Va + x " 



■ Va 2 



x + yja 2 +x 2 



+ c 



arcs e n — = - £ n 

V2 



x + 



V(V2) 



2 2 

+ x 



+ c = arcs e n — = - £ n 

V2 



■V2 



x+ v^+x 



+ c 



_ r V2 + x 2 -V2-x 2 , x 

Respuesta: ; ax = arcs en— ^=-£rj 



JT. 



4i 



■y/2- 



x+v^+x 



+ c 



1.20.- Encontrar: \rg 2 xdx 
Solucion.- 

rg 2 xdx = (sec 2 x - 1) dx = sec 2 xdx - \ dx = rgx — x + c 

Respuesta: [ vg 2 xdx = rgx -x + c 

1.21.- Encontrar: [corg 2 x<ix 
Solucion.- 

co rg 2 xJx = (cos ec 2 x - \)dx = cos ec 2 xdx - \ dx - - co rgx - x + c 

Respuesta: \coTg 2 xdx = -cot gx- x+c 

1.22.- Encontrar: f — - — 

J 2x 2 + 4 

Solucion.- 
C dx (• dx 1 (• dx 

J 9-r 2 4-ZL J 9fv 2 -l-T> 9 J 



1 1 X 

arc rg —j= + c 



2x 2 + 4 J 2(x 2 + 2) 2 J x 2 +2 2 V2 %/2 

_ r dx V2 v2x 
Respuesta : — = — arc re + c 

J 2x 2 + 4 4 2 

dx 



V2 V2x 

— arcre he 

4 2 



1.23.- Encontrar: f — r^- 

J 7x 2 - 



Solucion. 
c dx _ r 

J 7y 2 -8 J 



7x z -8 J -. 2 8 
7 (* --) 



^[ 



[(x 2 -(Vf) 2 ] 7 J [x 2 -(,/f) 



tJi 



dx 



1 1 

72(Vf) 



£17 



•V» 



x + 



+ C: 



14 






:/; 



'\7 



X + 



V! 



+ c = T=in 



14V8 



JJx-^% 



V7x + V8 



+ c 



^ 



V7x-2V2 



4Vl4 
Respuesta: f , 



V7x+2V2 

dx 



+ c 



56 



V7x-2V2 



yfj X + 2y/2 



+ C 



1.24.- Encontrar:} 



7x 2 -8 56 
x dx 



177 



V7x-2V2 



V7x + 2V2 



+ c 



x 2 + 3 



17 



Solucion. 
x 2 dx 



dx 



J^-Jc-^)*-J*- 3 J^-J*- 3 J 



dx 



x l + 3 



x l +3 



x z +3 



x 2 + 



(V3) 2 



V3x 



1 x r 
-x-3—i=aicTS—j= + c- = x-yJ3arcTS- he 

V3 V3 3 

Respuesta: [ X X = x-V3arcrg^-^ + c 
J x +3 3 



1.25.- Encontrar: [ 



dx 



Solucion. 

dx 



I 



I 



^7 + 8x 2 
dx 



V7 + 8x 2 J 7(V8x) 2 + (>/7) 2 V8 



^ 



V8x + V7 + 8x 2 



+ c 



Respuesta: [- 



dx 



_V2 

V7 + 8x 2 4 

1.26.- Encontrar: I 



V8x + V7 + 8x 2 



+ c 



Solucion. 

dx 



I 



I 



dx 



V7-5x 2 J V(V7) 2 -(V5x) 2 V5 



1 V5 

arcsenx— ^ + c 

V7 



Respuesta: [ 



dx 



V7-5x 2 



V5 V35x 
— arcs e n h c 



1.27.- Encontrar: [ 

Solucion. - 



(a 1 -&*) dx 

XT X 



1 



IT A 



1 



2 AX 



/ X 7 X\2 7 / ZX r\ xi X , T Zx\ 

(a -b ) dx r (a -2a b +b ) 



— - dx - 2dx + — - dx = — dx - 2 dx + 



2* O $£& V\^ x 

dx = dx - ^r-dx + 7 dx 

J ab x J ^ J a x j/ 



b\ (alb)' (blaY 
dx = - — 2x + - A + c 



a J 



■rj 



a 



■rj 



(albX (blaY 

y ' —2x + -± '- — + c 



r/a-£r/b 

X J X 

i b 



Irjb-irja 



(«">r -2x- ( bl °V + c 



''.rja-ir/b 



'.rja-irjb 



!r/a-lr/b 



■2x + c 



Respuesta: [ 



(a A -b x ) dx 

xi x 

a b 



f 2x ; 2x > 

a -b 

xj x 

V a b 
'r/a-lrjb 



-2x + c 
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1.28.- Encontrar: sen 2 -dx 

J 2 

Solucion. - 

1 - COS / -j 
s e n 2 — dx = 



2 
x senx 

2 2 



dx = dx = — dx — cos xdx 



+ c 



Respuesta: \sen —dx = +c 

J 2 2 2 

1 .29.- Encontrar: F -;(0 < b < a) 

J (a + b) + (a-b)x 

Solucion. - 
Sea:c 2 =a+b, d 2 =a-b, ; luego J 



dx 



dx 



(a + &) + (a-&)x J c +d x 



I 



dx 



d 2 K + ** 

U 2 



-If 

d 2 J 



dx 



1 1 



dx 



d 



-r — arctg — 7 + c = — arctg \-c 

f- C C/ r-A r 



+ X 



d / c 



ci 



cd 



4 a— bx 
r arctg — , + c 



la-b 

arctg. j -x + c 



4a+b4a-b 4a + b 4a 2 -b 2 \a + b 



dx 



Respuesta: f 

J (a + b) + (a- 



1 a-b 

arctg. j -x + c 



(a + b) + (a-b)x 2 4 a 2 -b 2 \a + b 



dx 



1 .30.-Encontrar: f -;(0 < b < a) 

J (a + b) — (a—b)x 



Solucion. 



Sea: c 2 =a + b, d 2 =a-b, Luego: [ 



dx 



dx 



(a + b)-(a- b)x J c - d x 



!■ 



dx 



d 2 



A 

i 



If 

rl 2 i 



dx 



d J ( c y 



d 



J \_ 

d 7 ^ 



— x 



-C/ 



'd 



x+' 



+ c = — 



1 



2cd 



dx-c 



dx + c 



+ c 



r, 



sa — bx — yja + b 



2\]a 2 —b 2 
Respuesta: [ 

1.31.- Encontrar: J I (a 2x f -1 
Solucion. - 



+ c 



4a-bx + 4a + b 

dx 1 

(a + b)-(a-b)x 2 24a 2 -b 2 



4 a —bx — 4 a + b 



4a-bx+4a+b 



+ c 



dx 
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I a 2x ) - 1 px = (a° - \)dx = (1 — \)dx = \dx — \dx = dx •■ 
Respuesta: J (a 2l )°-l p 



2X = c 



EJERCICIOS PROPUESTOS 

Mediante el uso del algebra elemental, o algunas identidades trigonometricas, 
transformar en integrales de facil solucion, las integrales que se presentan a 
continuation. 



1.32.- 
1.35.- 

1.38.- 

1.41.- 

1.44.- 
1.47.- 

1.50.- 

1.53.- 

1.56.- 
1.59.- 

1.62.- 
1.65.- 

1.68.- 
1.71.- 

1 .74.- 
1 .77.- 



3x dx 



cos 2 \dx 



1 + 



1 + 



-dy 



3 

dx 



lx 2 +5 



(sen x + cos x-\)dx 

dx 



x -12 

dx 



/x 2 + 12 



dx 



x\ll2-x 2 
dx 



^2x 2 -8 
\lx 2 +I0dx 

\l-sen 2 xdx 

(2 -3°) n dx 



'-f-x dx 



dx 



xv 3 -x 2 
sen 1 ' Ody 

e'^dx 



\m.-\4x 2 -Mdx 



1.33.- 
1.36.- 

1.39.- 

1.42.- 
1.45.- 
1.48.- 

1.51.- 

1.54.- 

1.57.- 
1.60.- 

1.63.- 
1.66.- 

1.69.- 
1.72.- 

1.75.- 

1.78.- 

1.81.- 



(l + e) x dx 

(1 + Vx) 3 dx 
dx 



V5-x 2 
dx 



x 2 +5 

-Jx(\--Jx)dx 
dx 



x 2 +12 
dx 



Vl2T 



dx 



xjn- 



xvi^ + x 
dx 



V2x 2 +8 
V10-x 2 <ix 

Vl-cos 2 x<ix 



senx 



Tgx- 

cosx y 

dx 



dx 



xv x 2 - 3 

£?j\u\ix 

Vx~-V2 



dx 

2x 

V x 2 + 1 \dx 



1.34.- 
1.37.- 

1.40.- 

1.43.- 
1.46.- 
1.49.- 

1.52.- 

1.55.- 
1.58.- 

1.61.- 
1.64.- 

1.67.- 

1.70.- 
1.73.- 

1.76.- 
1.79.- 

1.82.- 



(1 + Tgx)dx 

(1+Vx)°dx 

dx 



Vx 2 -5 
dx 



x —5 
(rg 2 x + l)dx 

dx 



Vx 2 -12 
dx 



xVx 2 -12 
dx 



V8-2x 2 
Vx 2 -10dx 

1-cos 2 x 



dx 

sen" x 

(2 x -3 x )Vx 
dx 

■sjx 2 + \dx 
dx 



xvx + 3 
jexp(^^x)<ix 

\Jll-x 2 dx 

ii](e 4x )dx 



20 



1 + VX + vx 



dx 



1.83.-} 

1 .86.- } (co zgO - s e n #)dx 



dx 



+ 3x 2 
dx 



1.89.- f- 

J l 

1.92.-}- ^^ 

xv3x 2 - 1 

1.95.-}Vl-3x 2 dx 
1.98.-}(3x 2 -l)dx 

1.101.-}exp<7?7^)dx 

1.104.-jfi±^-lV 



sec 2 x 



1.107.-}Vx 2 -27dx 



1.110.-} 



dx 



2xVT 



dx 



1.113.- f . 

J 4xVx 2 +16 

1.116.-}(l + Vx~ + x) 2 dx 
1.119.-}, 



l-cosx 



2 dx 
1.122.-}(l + Vx-3x)°dx 



1.84.- }(rg 2 x + sec 2 x-\)dx 

1.87- f-=* 
1 -90-j\ 



l + 3x 2 
dx 



3x 2 +4 
dx 



1.93.- f- 

J xVl + 3x 2 

1.96-}Vl + 3x 2 dx 
1.99-}(3x 2 -l)°dx 
1A02.-J£rj(e if ')dx 
1.105.-|exp(^7|l+x|)dx 



1.108-}Vx 2 + 27dx 
1.1 11. -J /V 



5xV x 2 + 1 
dx 



1.1 14.- J 

5xVx 2 -25 

1.117-}(l-Vx" + x) 2 dx 
1.120.-j"exp£?7 



1 + x 



V x J 



f (1+jQ 2 

1A22.-]£?je~dx 



1.85.- J 



dx 



V3x 2 -1 



1.88.-j T 



dx 



■3x 2 



1.91.-} 



dx 



3x 2 -l 



dx 



1.94.-} , 

xvl - 3x 2 

1.97.-}a/3x 2 -Wx 

1.100-}(3x 2 -l)"dw 
1.103-}(e 2 + e + l)*dx 

1.106.-}V27^ 



x dx 



1.109.-} 



dx 



3x"vx 2 -1 
dx 



' * 3xV9-x 2 

1.115- f (1 -f )2 dx 
J x 

1.118-}(l + x) 4 dx 



dx 1.121-}^" 



dx 



RESPUESTAS 



3x 



a+^r 



1.32.- 3x 5 dx = 3 x 5 dx = h c = 3 hc = \-c 

J J 5+1 6 2 

1.33-}(l + e) x dx 

Sea: a = l + e, Luego: \{\ + e) x dx= \a x dx= + c 

J J £rja lrj(l+e) 

1 .34.- } (1 + rgx)dx = } dx + } rgxdx = x + lr/ |sec x| + c 

a nr- f 2r rl + cosx . If. 1 f , 1 1 

1 .35.- cos 4r dx = dx = — \dx + — cos xdx = — x + — senx + c 

J 2 J 9 9J9J 9? 



- + c 
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1 .36.- j" (1 + Vx f dx = j" (1 + 3 Vx + 3(J? ) + y[x J )dx = j" dx + 3Vx + 3 j" xdx + J x A dx 

2 9 2 ? 

= x + 2x^+3 — + -x^+c = x + 2xVx + 3 — + -x 2 Vx + c 
2 5 2 5 

1 .37.- 1 (1+ yjx)°dx- I Jx = X + C 
1.38.- [ 2 r dy = 2 r \dy= 2 r y + i 

1.39.- J 



3 

dx 



V^ 



dx 



Sea: a = V5 , Luego:]'-: =[ 



dx 



v5-x" 
dx r dx 



! 



Vx 2 -5 J 7x 2 -(V5) 2 

dx f dx /i - 

, , ^ = £n x + Vx +5 

Vx 2 + 5 J 7x 2 + (V5) 2 
dx 



1.40.- J 

1.41 .-J 

1.42.- f 

J x 2 + 5 

Sea: a = V5 , Luego: [ 

v5 V5x 

= — arc re 1- c 

5 5 



V(V5) 2 -x 2 

mx + Vx 2 -5 



arcs e n — ^ + c = arcs e n - 



V5ji 



V5" 



■ + c 



+ c 



+ c 



dx I x 

x 2 +(V5) 2 V5 V5 



dx 



5 J x 2 -(V5) 2 2V5 



in 



:-JE 



x + 



V5" 



+ c = — In 
10 



:-V5 



x + 



V5" 



+ c 



1 .44.- [ (s e n 2 x + cos 2 x - l)dx = f (1 - l)dx = J Odx = c 

? 2 
1.45.- vx(l-vx)dx= (vx -x)dx= si xdx- xdx = —x A he 

1 .46.- j (r g 2 x + l)dx = J sec 2 xdx = r gx + c 



dx 



^-\J^-\ 



dx 



in 



_V3 
12 

1 - 48 -!„ 2 



x 2 -12 J x 2 -(Vl2) 2 2Vl2 
:-2V3 



in 



x-Vl2 



x + Vl2 



+ c 



4^3 



in 



;-2V3 



x + 



2^3 



+ c 



X+2V3 

dx 



+ c 



x 2 + 12 



Sea: a = Vl2 , Luego: f— =— = -=arcrg-p= 

J x 2 +(a/12) 2 >/l2 Vl2 



+ c 
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1 x y/3 v3x 
— ]= arc re — — + c = — arc re he 

2V3 2V3 6 6 



1.49.- J /v 
1.50.- J 



I" 



etc 



Vx 2 -12 J 7x 2 -(Vl2) 2 
dx r dx 



Vx 2 + 12 J 7x 2 + (Vl2) 2 
Sea: a = Vl2 ,l_uego:[ 



'77 



:;; 



x + vx 2 -12 
x + Vx 2 +12 



+ c 



+ c 



dx 



I- 



dx 



V12-X 2 J(y/r2) 



2 2 

X 



X X \} / jX 

arcs e n — == + c = arcs e n — = + c = arcs e n h c 

Vl2 2V3 6 



dx 



dx 1 X 1 X 

, -. . — = — ;= arc sec . — + c = — = arc sec — r= + c 

xVx 2 -12 J xVx 2 -(Vl2) 2 Vl2 Vl2 2V3 2V3 



^J-T^TT-J 



v3 v3x 

= — arc sec h c 

6 6 

1 - 53 -J^ L T = J 



dx 



x4\2-x 2 J x^/(Vl2) 2 -x 2 >/l2 



:;; 



Vl2 + Vl2-x 2 



+ c 



V3" 



1.54.- J 



x 



>/l2 + Vl2-x 2 
dx v3 



cVl2^ 



xvli + x 
dx 



^Jtttt-J- 



+ c 
dx 



12 + V12 



+ x 



+ c 



1 x v2 x 

, -j ,_ - -— ^arcsen — + c = arcsen — + c 

V8-2x 2 J V2(4-x 2 ) V2 J V4-x 2 V2 2 2 2 



I r dx 
J 



dx 



^Jl^T-J 



dx 



1 r dx 



1 



V^ 



V2x 2 -8 J V2(x 2 -4) V2 J Vx 2 -4 V2 

£77 x + Vx 2 -4 +c 



'77 



x + 



Vx^4 



+ c 



. __ r dx r dx 

1 - 57 - _ Jirr^ = J 



I (• dx 



4i 



V2x 2 +8 J ^2(x 2 +4) >/2 J Vx 2 +4 V2 
£7 x + Vx 2 +4 \ + c 



>.ti 



x + 



Vx 2 +4 



+ c 



1.58.-JVx 2 -l0dx = J^x 2 -(Vl0) 2 dx = -Vx 2 -l0 £?] x + Jx^ 



10 



+ c 
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-ylx 2 -l0-5£n xWx 2 -10 



+ c 



1.59.-Ja/x 2 +10Jx = -Vx 2 +10 + 5^^ xWx 2 + 10 



+ c 



1.60.-fVlO-x 2 Jx= ("J(VT0) 2 -x 2 Jx = -Vl0-x 2 + — arcsen^ + c 
J J 2 2 V10 



/77 ^ _ VlOx 

VlO-x +5 arcs en h< 



10 



1-cos X 



. r i-cos x , ps en x r 

1 .0 1 .- ; — " x = 2 — dx = dx 



X + C 



sen x 



sen x 



1.62.- [vl-sen 2 x<ix= [vcos 2 xdx= [cosx<ix = senx + c 
1.63.- f \1- cos 2 xJx = jvsen 2 xdx=[senx<ix = -cosx + c 
1.64.-j"(2 x -3 x )°dx = j"dx = x + c 
1.65.-J(2 -3 )"Jx = J(0)"Jx = j0Jx = c 

1 .66.- J rgx \dx= Urgx-rgx)dx= \0dx = c 



cosx 



1.67.- f— =\3 x dx= — + c 



1 .68.- j" ^7dx = j" fiff^7dx = - ^7 + ^ arcs e n -^ + c 



4i 



2x 



f-r - x 2 + — arcs e n — = + c 
2 v4 8 V3 



1.69.-J^ 2 -l^ = jV Jc2 -(#) 2dx = -V^ 



2 -f-^^ 



x + Jx 



^ 



2 3 



+ C 



'-J> 



■ 2 -|- ^x+^ 2 -! 

o I 



+ C 



i.70.-J^ 2 +!^ = j^ 2 +(#) 2 ^ = -^ 2 +!+-^ x+T^ 



+ c 



1.71.-J- 

-:£*, 

3 
1.72, J- 

1.73.- J 



c/x 



:V3^ 



1- 



Jx 



:V(V!) 



2 x 2 V3 



:/7 



x 



V3+V3^r 



+ c 



+ c 



V3+V3^ 

dx 1 x V3 V3x 
, = — = arc sec — =■ + c = — arc sec h c 

Vx^3 V3 V3 3 3 



dx 



S 



xv x 2 + 3 



V3 + Vx 2 + 3 



+ c 
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1.74.- 
1.75.- 

1.76.- 
1.77.- 

1.78.- 

1 

1 .79.- 
1.80.- 
1.81.- 

1.82.- 

1.83.- 

1.84.- 
1.85.- 

' 3 ' 
1.86.- 

1.87.- 
1.88.- 



(sen 31 6)dy = sen 3x 6\ dy = (sen 31 ff)y + c 
i?j\u^lx = £?j\u\ I dx = tr/\u\x + c 

2 

exp(^ ^x)Jx = j xdx = he 

e l,lx dx = x 2 dx = \-c 

J 3 

•Jx - v 2 , f V x , f v 2 , flX 



— == — <ix = —j=dx - , — d x = . I — 7 dx - , l—^dx = —j= \dx - —^dx 
Jlx ] 4lx ] 4lx J V2/ J V/^ V2 J J V^ 

, f - K J 1 x^ V2 

ax - \ x /2 dx = —j= x h ( 



& 



c x-2x /2 +c 

i 2 



11 



vll-x 2 dx = — vll-x 2 H arcs en— i= + c = — yjll — x" •! — arcs en 

2 2 Vll 2 2 11 

4x 2 -\\dx = ^4x 2 -\ 1~£tj 



llx 



- + c 



2 2 

11 

2 ■ y 



x + a/x 2 -11 
Vx 2 +ll<ix = — Vx 2 + ll+ — ^7 x + Vx 2 +ll 



+ c 



+ c 



/— p j — /• x 2 / — 

r/(e x )dx = I v x<ix = \ x [ / 2 dx = \-c = — x4x + c 

1 + yjx + VX 3 



Jx = \ dx ■■ 



x + c 



1-Vx 

(rg 2 x + sec 2 x - Y)dx = j Odx = c 



dx 



I 



dx 



V3x^T ] SJtf-%) S^{x 2 -%) S 



y 



dx 



x + 



V(^ 2 -K) 



+ c 



7|x + 7(x 2 -K)| + c 
(co Tgd -sen 6)dx = (co TgO-sen0)\dx = (co rgd-sen 6)x + c 

7 x+^yi+x 2 

dx 1 



dx 



1- 



Jx 



v^ 



Vl + 3x 2 J S^ + x 2 3 
dx 



+ c 



dx 



I 



JrJ- 



Vl-3x 2 J V3"Vi r ? V3 J 7i r ? >/3 
- arcs e n V3x + c 



r arcs en \-c 

1 



. nn r dx r dx lr ii 11 x V3 rr 

1.89.- ^-= r- = - - = arc re — + c = — arcrev3x + c 

J l + 3x 2 J 3(i + x 2 ) 3 J i + x 2 3^ ' * 



V3 



V3 
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1.90.- J 



dx 1 (• dx 11 

3x 2 +4~3-'x 2 + 4 3^ 



rfx 1 r dx 11 



J 3x 2 -1 3 J 



+ c 




1.92.- J 



1.93.- J 



arc sec - 



■ + c 



V3" 



xVl + 3x 2 V3 J x7l + x 2 ^ } 



+ c 



^ 



dx 



+ c 



& 



dx 



1.94.-J— ^ _ ^ , 

xvl-3x 2 V3 x^-x 

1 .95.- j* Vl-3x 2 Jx = V3 J ^\-x 2 dx = V3 



x 



VP 



Jj + a/' a- 



+ c 



l 



J}-x' i — arcs en - 



,2 i A 

2 



^, 



+ c 



= >£ 



X 



J\-x 2 + — arcsenv3x 



+ c 



-\.96.-\jl + 3x 2 dx = y/3\^ + x 2 dx = j3 --fi+x 2 +^t?] x + J\ + x 



+ c 



= V3" 



-y[\ + X 2 +-£T] \x + yJ\+X 2 



+ C 



1.97.- I V3x 2 -\dx — v3 I -yjx 2 -\dx = v3 —-yjx 2 -| — ^77 x + ^x 2 - 

1 .98.- J (3x 2 - l)<ix = 3J x 2 Jx - J <ix = x 3 - x + c 

1 .99.- J (3x 2 - \)dx = j" dx = x + c 

1.100.- J (3x 2 -l)"dw = (3x 2 -1)" j"dw = (3x 2 -l)"w + c 



+ c 



X . 1 



1 .101 .- Jexp(^7^)dx = j"^/x = - \x A dx ■■ 



\x A 2 3/ 

hC = — X /2 +C 

3 % 9 



2 1 
x 1 



1 1 

1.102.-J^7(e 2fI )dx = J^^/x = Jx<ix — j"dx 
1 .103.- JV + « + !)*<& 



x + c 
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r a x 
Sea: a=(e 2 +e + l), Luego: \a x dx = + c 



f]Cl 



(e 2 +e-l) x 
iri(e 1 +e-\) 



+ c 



1.104, J| 



l + Tg 2 X 



sec x 



■liix = \(l-V)dx = \0dx = c 



2 

1 .1 05.- j exp(£ 7 |l + x|)dx j = j (1 + x)dx =\dx+\ xdx = x-\ he 
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1.106.- [V27 '- x 2 dx = —421 ' - x 2 + — arcsen — = + c 

J 2 2 3V3 

1.107,jVx 2 -21dx = -4x 2 -27 ^77 x + Vx 7 ^ 



2_7 

2~ 
27 

2 
1 



■27 



3xvx 2 -l 3 xvx 2 -l 3 
dx 1 r dx \ 

2xvl-x 2 
dx 

5xVx 2 + l 5 J x Vx 2 +i 5 
dx 1 r dx II 

3xv9 - x 2 
dx 

4xVx 2 +16 4 J x Vx 2 + 16 4 4 



arc secx + c 



1.108.-\yjx 2 +27dx = -Jx 2 + 27+ — £nx + jx 2 + 27 

J 2 ~> 

1.109.- f dx =-\ dx 

J o„ O i 3 J 

1.110-f ^ =1[ 
1.111, J 

1.112, J 

1.113, J 



+ c 



+ c 



2 xvl-x 2 2 

1 r & 1 



S^V^x 7 3 3 
1 (• dx II 




+ C 



77 



16 
1.114, j" 



4 + Vx 2 + 16 
dx 



+ c 



4l- 



dx 



11 X 1 X 

= — aicsec — + c = — aicsec — + c 

5xVx 2 -25 5 J ^2 _25 5 5 5 25 5 



- ...... r(l _ V*) 2 , rl-2vx + x 7 f. _ 2 _ -3/ _ K , 

1.115, - — \-?-dx = dx= (x 2 -2x /2 +x [ )dx 

J X J X J 

= x~ 2 dx-\ 2x /2 dx + x~ l dx = -x~ 1 -2 hlnm + c = -x~ [ -2 1-^/7 \x\ + c 

J J J _ x 'II -1/ 'II 

= -x~ 1 +4x^+^?7|x| + c = — + -^= + ^?7|x| + c 

x Vx 

1.116,j"(l + Vx + x) 2 dx = (l + x + x 2 + 2Vx + 2x + 2x x )dx 

= J(l + 2x X +3x + 2x X + x 2 )dx = jdx + 2Jx j ' 2 dx+3J'xdx + 2J'x % dx + j'x 2 dx 

2x /2 _ x _ x 7 - x 4x 7 - _ x . x /2 x 

x + — -^ + 3 — + 2— -j + — + c = x + + 3 — + 4 — + — + c 

3/25/3 3 253 
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ix 

..3 



1.117.-f(l-Vx + x) 2 <ix = U\ + x + x 2 -2-]x + 2x-2x Y2 )dx 

r ,. _ y „ „ 3/ ,, , 4x^ _ x 2 . X' 1 x 3 

= \(l-2x /2 +3x-2x /2 +x )dx = x + 3 4 — + — + , 

J 3 2 5 3 

1.118.-j"(l + x)Vx = j"(l + 4x + 6x 2 + 4x 3 +x 4 )dx 

= I dx + 4 1 xdx + 6 1 x 2 dx + 4 1 x 3 dx + I x 4 dx = x + 2x 2 + 2x 3 + x 4 + — x 5 + c 

1.119.- e ' 2 'dx=\ dx- — \ dx — \cosxdx = — x — senxdx 

J J 2 2 J 2 J 2 2 

Jx = — — dx = —^dx + \dx = x~ 2 dx +Jx = hx + c 



1.120.-Jexp^/; 



v 

1-senx 



X 



-dx 
3 3 



1.121.-j>/7<? 3 Jx = J- 

1.122.- I (1 + yjx-3x)°dx- I dx = x + c 

1.123.-J^7g^Jx = J (l + x) rf x = J 



<ix — senxdx= — x + — cosx + c 



'"' dx = — \dx+ \xdx + — \ x 2 dx 

7 ?.J J ?.J 



1 x 2 x 3 

= — X+ + + C 

2 2 6 
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CAPITULO 2 



INTEGRACION POR SUSTITUCION 

A veces es conveniente hacer un cambio de variable, para transformar la integral 
dada en otra, de forma conocida. La tecnica en cuestion recibe el nombre de 
metodo de sustitucion. 



EJERCICIOS DESARROLLADOS 

> lr > x dx 



2.1.-Encontrar:J 



x z +7 

e t?,x dx r xdx 



Solucion.- Como: e l,lx = x, se tiene: \— = \— — 

J x +7 J x +7 

Sea la sustitucion: u = x 2 +7 , donde: dw = 2xdx, Dado que: [— -. = -[— ; — , 

J x 2 +7 2 J x 2 +7 

~ ± . If 2xdx 1 r du . . . . ,. . 

Se tiene: - — — = - — , integral que es inmediata. 

2 J x +7 2 J w 

1 f dU 1 . I I 1 . I 2 -,1 

Luego: = - £tj \u \ + c = -£tj \x +7 \ + c 

2 J m 2 2 ' ' 

_ , f e i!,x dx 1 . I 2 ~i 

Respuesta: — — = -£77 x +7 + c 



a- +7 2 
^ 2 </x 



x 3 + 8 



2.2.-Encontrar: [ 

2 te^dx r 
Solucion.- Como: e* 7 * = x 2 , se tiene: — ; = 



x 3 +8 J x 3 +8 



x dx 1 r3x dx 



Sea la sustitucion: w = x 3 + 8, donde: dw = 3x 2 dx, Dado que: — - — = - — — . 

J x 3 +8 3 J x 3 +8 

,, I r 3x dx I r dw . . , ,. . 

Se tiene: - \— — = - — integral que es inmediata. 

3 J x + 8 3 J w 



1 1 f dw 1 I 1 1 I 3 I 

Luego:- — =-f//w+c = -^r+8+c 
^ » it? ^ ^ ' ' 



w 



e nx dx 1 



_ M r e ax 1 . 1 ■, „i 

Respuesta: — 5 = -£77 x +8 +c 

J x 3 +8 3 ' ! 

2.3.-Encontrar : J (x + 2) s e n(x 2 + 4x - 6)dx 

Solucion.- Sea la sustitucion:w = x 2 + 4x-6, donde: du = (2x + 4)dx 

Dado que: [(x + 2)sen(x 2 + 4x-6)<ix = -[(2x + 4)sen(x 2 +4x-6)(ix, se tiene: 
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1 r 1 r 

= -| (2x + 4)sen(x 2 + 4x-6)<ix = -| senudu, integral que es inmediata. 

Luego: = — \ senudu = —(-cosu) + c = — cosw + c = — cos(x 2 + 4x-6) + c 

2 J 2 2 2 

Respuesta: [(x + 2)sen(x 2 + 4x-6>ix = — cos(x 2 +4x-6) + c 

2.4.-Encontrar : J xs e n(l - x 2 )dx 

Solucion.-Sea la sustitucion: w = l-x 2 , donde: dw = -2xdx 

Dado que: jxsen(l-x 2 )dx = — j (-2.x) s e n(l - x 2 )dx 

lr 1 

Se tiene que: — (-2x)sen(l-x 2 )dx = — senwdw, integral que es inmediata. 

2 J 2 

Luego: — \ senwdw = — (- cos w)dw + c = — cos w + c = — cos(l-x 2 ) + c 

" 2 J 2 2 2 

r 1 

Respuesta: I xs en(l- x 2 )dx = -cos(l - x 2 ) + c 

2.5.-Encontrar: \ xcorgix 2 + l)dx 

Solucion.-Sea la sustitucion:w = x 2 +l, donde: du = 2xdx 
Dado que: \ xcorgix 2 +l)dx = — \2xcoTg(x 2 +l)dx 

1 r 1 r 

Se t\er\e que: - \2x co t g (x 2 +l)dx = -\ cot gudu, integral que es inmediata. 

lp 1 1 I I 

Luego: — I corgudu = — (,rj\senu\ + c = — irj sen(x 2 +1) \ + c 

r lii 

Respuesta: xcorgix 2 + l)dx = -I?] sen(x 2 +l) +c 

j 2 ' ' 

2.6.-Encontrar: [ ^l + y 4 y 3 dy 

Solucion.-Sea la sustitucion: w = l + y 4 , donde: dw = 4y 3 dy 

Dado que: \jl+ y 4 y 3 dy = -\(l + y 4 ) y2 4y 3 dy 

Se tiene que:-[(l + y 4 ) ]/2 4y 3 dy = -\w ]/l dw, integral que es inmediata. 

i 1 r v, i 1 w 1 3 x 1/1 4x 3 x 

Luego: - w /2 dw = + c = -w /2 + c = -(l + y ) /2 +c 

4 i 4 f 6 6 

Respuesta: [ Jl + y 4 y 3 dy = - (l + y 4 ) 3/2 + c 
J 6 

2.7.-Encontrar: f ^ 

Solucion.-Sea la sustituci6n:w = ? 2 +3, donde: du = 2tdt 
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3tdt 3 r 2tdt 



Dado que: . = - — 

•> 3/^73 2J(r 2 +3) 



2tdt 3 r du 



Se tiene que: - — ^ = - — T , integral que es inmediata 

H 2>(t 2 +3) A 2>u K 

. 3 r du 3 r -i/ , 3 w 3 9 2/ 9 , 2 _. y 

Luego:— — rr = - w A du = + c = -u A +c = —(t + 3) A +c 

a 2> u A 2J 2 14 4 



3tafr 9 



Respuesta: f , =-(t 2 + 3) A +c 
2.8.-Encontrar: r T , a y b constantes. 

J (a + &x)' K 
Solucion.- Sea: w = a + bx, donde: dw = bdx 



, r dx lp bdx 1 r dw 1 p ~X 1 w /s 3 K 

Luego: nr = - ;r = - — u- = — w = — +c = — w +c 

J (a + bx) A b i (a + bx) A b i w A b i b\ 2b 



\u-ruA,y u \u~ruA) u w u u 

— (a + bx) + C 
2b 



Respuesta: f ^ = — (a+bx) 3 + c 

J (a + bx) A 2b 



_ _ _ ± r V arcs e n x , 
2.9.-Encontrar: I — dx 



2 
X 



V arcs enx^ _ <• / <ix 

Sea:« = arcs en x , donde:c?M 



_ . ., rvarcsenx f r 

bolucion.- — — dx= varcsenx 

J 1-* J VI- -v 



VT- 



vr: 



x 2 



dx r i/ , 2 3/ 2 



Luego: yarcs e n x , r = m^Jm = — fr 2 + c = — J(arcsenx) 3 + c 
J y^x 7 J 3 3 VV 

_ fVarcsenx , 2 r ~r 

Respuesta: I - 2 — dx = -v(arcsenx) + c 

x 
arcrg — 

2.10.-Encontrar: f ^dx 

J 4 + x 2 

x ll 2wx 
Solucion.- Sea: w = arc re-, donde: dw = T (— )dx = T 

2 l + (f) 2 2 4 + x 2 

f arC ^2^ If fx) 2dx l f . 1 2 1 

Luego: ^-dx = — \arcrg — T-- — \wdw-—w + c = - 

J 4 + x 2 2 J I2J4 + X 2 2 J 4 4 



4-i a- 2' 

arcrg 



Respuesta: f ^-dx = - 

J A. -1- v 2 4 



X A 

arcrg- 

v -v 



' x^ 

arc re — 

v 2 y 



+ c 



2 



+ c 
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•a V ' 

2.1 1 .-Encontrar: — 

J 1 



_ r x-arcrg2x 



dx 



+ 4x 2 
x-arcrg2x , r xdx 



,., . ., r v arcrpz.v, r ay/.v rJarcrg2i 
Solucion.- f — j x= p ^_ 

J l + 4x 2 J l + 4x 2 J 1-' Ajl 



_ + 4x 2 



2dx 

Sea:M = l + 4x 2 , donde: dw = 8xdx; w = arcrg2x, donde: dw = T 

l + 4x 



■Jarcrg2x 1 f 8xdx 1 r / — 2dx 

- - r- — Jarcrg2x — 

l J l + 4x 2 2 JV 1- 



r xdx r\/ ai 

Luego: r-p— 

J l + 4x 2 J l + 4x z 8 J l + 4x z 2 J v " l + 4x z 

1 f du 1 f y , 1 . I I 1 3/ 1 I . 2 1 1 • ^.s 3 / 

= — w /2 aw = -«77w — vv /2 + c = —zn\l + 4x — (arcr#2x) /2 +< 



8 



8 



Respuesta: I — 
2.1 2. -Encontrar: [ 

Solucion.- j" 



_ j-x-arcrg2x^_ 1 g ^ t A ^ 2 \ ' 
+ 4x 2 



dx-— in l + 4x — (arcTg2x) /l +c 
8 ' 3 



dx 



(l + x 2 K7 
dx 



V^ 



x + Vl + x 



dx 



(\ + x 2 )£n 



■y/l- 



Sea:M = ^77 x + vl + x 2 



x + vl + x 



donde: d« 



1 



■>/r 



x+ vl+x 



Luego: J — 
Respuesta: f 



dx 



x+vl+x 
du 



2x 
(1 + — j ) => dw 



dx 



2a/i 



+ x 



Vi 



+ x' 



x + vl + x 2 
dx 



J-^ = J u A du = 2u Yl +c = 2 Jin x + jl + x 2 



+ c 



(l + x 2 )£n 



■yjl- 



x + Vl + x 



2J£n 



■y/l- 



x+ Vl+x 



+ c 



2.1 3. -Encontrar: J 



co Tg(lrjx) 



dx 



Solucion.- Sea: w = £nx, donde: dw ■■ 



dx 



Luego: [ 



corg(lnx) 



X 



r i i i i 

dx= I co Tgwdw=t n \senw\ + c = £n\sen(tnx)\ + c 



. rcoTg(lnx) 



Respuesta: [ 
2.14.-Encontrar: [ 



dx = £ n Is e n(£ 7/x)| + c 



dx 



x(^^x) 



Solucion.- Sea: u = £nx, donde: du 



dx 



Luego: j 



dx 



x{£nx) 



rdur_ 3l u 1 1 
: — r = \u du = \-c = — r- + c = + c 



2u 



2{£nxy 
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Respuesta: f 



p e A 
2.15.-Encontrar: ——dx 

j v 



dx I 

- + c 



x(lr/xy 2(£r/xY 

3 



1 2 

Solucion.- Sea: w = — - , donde: dw = — -dx 



2 ' 3 

X X 



1 /x» 

e +c = — e +c 



Luego: \—r-dx = — \e^ 2 — — = — \e w dw = — 

J x 2 J x 2 J 2 2 

f / 2 1 /7 

Respuesta: \^ r dx = — e +c 

J x 2 

2.1 6.-Encontrar: Je x+2 x<ix 

Solucion.- Sea: u = -x 2 + 2 , donde: du = -2xdx 

Luego: e~ x +2 xdx = — e~ x +2 (-2xdx) = — e"du = — e" +c = — e~ x +2 + < 

J 2 J 2 J 2 2 

Respuesta: jV x+2 x<ix = — e" 2+2 +c 

2.17.-Encontrar: [xV 'dx 

Solucion.- Sea: w = x 3 , donde: dw = 3x 2 dx 

Luego: \x 2 e x3 dx = -\3x 2 e x> dx = -\e w dw = -e x! +c 

2.1 8.-Encontrar: j" (e x + \fe x dx 
Solucion.- Sea: u = e x + 1 , donde: du = e x dx 

3 ( x . -| \ 3 

Luego: Ue" +\fe x dx =\u 2 du = —+c = — —+c 

Respuesta: Ue x +l) 2 e x dx = — — +c 

x 1 

2.19.-Encontrar: f — ^-dx 

J e x +l 

X 1 X -I X X —x 

Solucion.- dx=\— — dx-\ — - — dx= \— - — dx-\ — - — dx 

V+l J e x + 1 V + l J e x +1 J e x + 1 

X —x X —x 

= dx - dx = dx - dx 

V+l J e~ x (> x +1) V+l J l + e x 

Sea: w = e x + 1 , donde: du = e x dx ; w = 1 + e ~* ,donde: Jw = -e ~ x dx 

, p e x , p e~ x , p e x , p -e~ x , p <iw p Jw 

Luego: ax - dx = dx - — — dx = — i- — 

V+l J l + e x V + l J l + g- x V J w 
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= £r}\u\ + c l +£r]\w\ + c 2 =£r}\e x +l\ + £rj\l + e X \ + C = £tj \e x + l\\l+e x \ +c 

X 1 

Respuesta: [ — ^-dx = £r/ \(e x + l)(l + e~ x )\ +c , otra respuesta seria: 

J e x +\ Ll u 

dx = £ri\e +1 -x + c 

J e +1 ' ' 



2x i 

e -1 



2.20.-Encontrar: f— — 

J e 2x + 



-dx 



2 A 



Solucion.- f - d x = f— dx-f — dx 



2x -2x 

e e 



\— ; dx- [— r dx= \— : dx- f — r — dx = [ — r clx - \ r-dx 

J e 2x +3 V x +3 V x +3 V 2x (e 2x + 3) V x +3 J l + 3e" 2x 

Sea: u = e 2x + 3 , donde: dw = 2e 2x dx ; w = 1 + 3e" 2x ,donde: dw = -6e~ 2x dx 

2x -2x -i r\ 2x -t s: —2x 1 J 1 J 

. re , f £ , 1 r 2e , 1 r -oe , 1 fffl I r aw 

Luego: — -. dx- ^-dx = — ]—: dx + -\ z-dx = -\ — + - 

V x +3 J l + 3^ 2x 2 J e 2x +3 6 J l + 3e- 2x 2 J u 6 J 



w 



-^n| M | + -^7|w| + c = -^77|e 2x +3| + -^7|l + 3^ 2x l + c = -^77|e 2x +3| + -^7 
2 ' ' 6 ' ' 2 ! ! 6 ! ' 2 ' ' 6 



1 + - 



+ c 



2 ! '6 



Zx . o 

e +3 



2.v 



+ c = -^77|e 2x +3| + -^77|e 2x + 3|--^77e 2x +c 
2 ' I 6 ' '6 



v 1/6 1 



= £?](e 2x + 3) +£v(e 2x +3) — 2x+c=^7 (e 2x +3) (e 2x + 3) 

/ , \2/3 r 

= iT? (e 2x + 3) -|+c 

Respuesta: [-^^-dx = ^ 77 (e 2x +3) --+c 



X 

— + c 

3 



x 2 +l 



2.22.-Encontrar: f^— 

J x-1 



dx 



Solucion.- Cuando el grado del polinomio dividendo es MAYOR o IGUAL que el 
grado del polinomio divisor, es necesario efectuar previamente la division de 
polinomios. El resultado de la division dada es: 



x 2 + l 



- = (x + l) + , Luego: ("- dx= f x + l + dx=\xdx+\dx + 2\ 

1 x-1 J x-1 >{ x-l) J J J x-1 

Sea u = x - 1 , donde du = dx 

Luego: I xdx+ I dx + 2| = I xdx+ I dx + 2j — = — + x + ^7|x-l| + c 



Respuesta: I dx = — + x+£?j\x-l\ + c 

2.23.-Encontrar: f- — dx 

J x + 1 
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Solucion.- - — = 1 + , Luego: f- — dx= [ 1 + dx=[dx+[ 

x+1 x+1 J x+1 J y x+lj J J x+1 

Sea u = x + 1 , donde du = dx 

\dx+\ — = x + £t]\u\ + c=x + £t]\x + 1\ + c 

Respuesta: f dx = x+£tj\x+l\ + c 

J x+1 

2.24.-Encontrar: [rg 5 xsec 2 xdx 
Solucion.- Sea: w = rgx , donde: dw = sec 2 x 



6 , \ b 6 

w (rgx) rg x 



Tg6x + c 



I f 5 2 j f/ s5 2 j f 5j VV U£W ?g X 

Luego: I rg xsec xax=|(rgx) sec xax=lwaw = \-c = +c = he 

Respuesta: [rg 5 xsec 2 xdx 

J 6 

2.25.-Encontrar: [senxsec 2 xJx 

Solucion.- sen xsec 2 xdx= senx — - — dx = \ 
Sea:w = cosx , donde: du = -senx 



senx 

dx 



cos x * cos x 



r s e n x , r - s e n x<ix r du r _ 2 , u 1 1 

Luego: — 2 —dx = -\ = — = _ — = -\u du = + c = — + c = + c 

J cos x J cos x J u J -1 w cosx 

Respuesta: [sen xsec 2 xdx = secx + c 

2.26.-Encontrar: f ^^ 

J l + rg3x 

Solucion.- Sea:w = l + rg3x<ix, donde: <iw = 3sec 2 3xdx 

, rsec 3xdx 1 r3sec 3xdx I r du 1, M 1 . u . , 

Luego: = - = - — = -£fj\u\ + c--£fj\l+Tg3x\ + c 

J l + rg3x 3 J l + rg3x 3 J u 3 3 

_ . r sec 3xdx 1 . i, _ i 

Respuesta: = -^nl+rg3x+c 

J l + rg3x 3 ' ' 

2.27.-Encontrar: [s e n 3 xcos xdx 

Solucion.- Sea: w = senx , donde: dw = cos xdx 

Luego: j s e n 3 xcos xdx = j (s e n x) 3 cos xdx = j w 3 dvv = j h c =j h c 



4 J 4 



sen x 



- + c 



Respuesta: [sen 3 xcos xdx = j 

2.28.-Encontrar: [cos 4 xsenxdx 

Solucion.- Sea:w = cosx , donde: dw = -senx 

Luego: j cos 4 xsenxdx = j(cosx) 4 senxdx = -j(cosx) 4 (-senx)<ix = -jwVw 
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u 

+ c 

5 



cosx 



- + c 



COS X 



-+c 



Respuesta: cos 4 xsenxdx : 



COS X 



- + c 



2.29.-Encontrar: f 



sec 



cos ecx 



-dx 



Solucion.- \-^—dx= f^-^/x= f 

J ens prx J 1 ■> 



senx 



(cos x) 



dx 



senx 
Sea:w = cosx, donde: dw = -senxdx 



Luego: j 



senx 



sec 4 x 



(cos x) 
+ c 



dx 



(• dw 
J w 5 



- 1 w 5 dw ■ 



w 4 1 1 1 

+ c = 7 + C = T~ 

-4 Aw 4 cos x 



+ c 



sec sec x 
— : — dx = h c 



cos c'cx 4 

rg2x 2 > 



Respuesta: [ 

2.30.-Encontrar: jV 8 * sec z 2xdx 

Solucion.- Sea: u = zg2x , donde: du = 2sec 2 2xdx 

Luego: \e Tglx sec 2 2xdx = -\ e Tg2x (2sec 2 2xdx) = -\ e"du =-e" +c = -e Ig2x +c 



e rs2l sec 2 2xox = -e rg2x 



+ c 



Respuesta: [ 

r 2x-5 
2.31.-Encontrar: — - — dx 

J 3x 2 - 2 

Solucion.- Sea: w = 3x 2 - 2 , donde: dw = 6xdx 

I f ^ x ~- > a _ 1 f 3(2x-5)^ _ 1 p 6x-15^ _ 1 i- 6xdx 15 t dx 

° J^v 2 -? ^J ^v 2 -? ^J^v 2 -? ^J^r 2 -? 1 J °- 2 



3x -2 



3 J 3x -2 
dx 



3 J 3x -2 



3 J 3x -2 3 J 3x -2 
1 r 6xdx 5 r dx 



_lr oxdx r ax _ i r oxax 3 r ax i r oxax z> r 

~3*3x 2 -2~ •'3(x 2 -f)~3-'3x 2 -2 _ 3-'(x 2 -|)~3-'3x 2 -2 _ 3-'x 2 -(7|) 2 

1 r dw 5 r dx 1 . i i 5r dx , , 

j^=—£n\w\ + c, — 1= — ; bea: v = x, donde: dv = dx 

3J w 3Jx 2 -(Vf) 2 3 " ' 3Jx 2 -(Vf) 2 

1— 1,, 5r 

Ademas:a = ^/% ; se tiene: -£?j\w\ + c l — I 



dv 



-ln\3x 2 -2\ + c,-- — ln 
3 ! ' 3 2a 



3 
v-a 



v + a 



+ C 



-^77|3x 2 -2| — j=^-=. 
3 l l V32V2 



77 



Sx-42 



Sx + ^2 



o J 2 2 

3 J v -a 



'rjBx 2 



1 



1 



2VK 
5 



+ C = -^rc3x 2 -2 

3 '! I 2V6 



77 



*-Vx 




V3x- v 


2 



V3X+V2 



+ c 



+c 
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Respuesta: f — = — dx = -£n\3x 2 -2\ ^ln 

hx 2 -2 3 'I I 2V6 

dx 



V3x-V2 



V3x + V2 



+ C 



2.32.-Encontrar:J 



J4-9lr/ 2 x 
dx r dx 



Solucion.- [ — [ 

J XyJA-9£t] 2 x ' 

Sea: u = 3£r/x , donde: dw 



x^4-9£r/ 2 x J x^2 2 -(3£r/x) 2 
3dx 



x 



dx lp 3dx \ : du 1 w 

-arcs en — + c 



. r dx _ 1 (• 3dx _ 1 (• 

'x^2 2 -(3l?]x) 2 3x^2 2 -(3lr/x) 2 3 ■> ^2 2 -(u) 2 3""" ""2 

1 3^x 1 . I ,% 

= — arcs en — - — hc = — arcsen^n x +c 

3 2 3 ' ' 

n f dx 1 „ I I 3 / 

Respuesta: — = -arcsenl/; x +c 

J xj4-9lifx 3 

2.33.-Encontrar:j" ' v 



Ve x -1 



e*-l , donde: du = — , ; Tal que:e v =u + 1 

2Ve x -l 

. r dx r 2<i« _ r dw _ r~ 7 

Luego: . — - — = 2 — — = 2arcTgu + c = 2arcrgyJe +l+c 

J ^-i J « +1 J u + 1 

dx 



Respuesta: [ J^— = 2arcTg\le x +l + c 
J Ve x -l 

2.34.-Encontrar: f dx 

J x + 1 

Solud6n-f 3ca+23C + 2 d r=f (3ca+2x + 1) + 1 < fc=f (3C + 1)2 + 1 < fc=f (j + 1)a+1 < fa 
J x+1 J x+1 J x+1 J x+1 

= [ (x + 1h )dx = \xdx+ \dx + \ , Sea: w = x + l, donde: dw = dx 

J x + 1 J J J x + 1 



dx r , r , r dw x 



L u eg O : j xdx + \dx + \ = j xdx + \dx + \ - — = \-x + lr/\w\ + c 



x 2 



+ x+£rj\x+l\ + c 



_ i r-^+2x + 2, x . 1 ,i 

Respuesta: dx = — + x+£tj\x+1\ + c 

J x+1 2 " ' 



2x 

e 



2.35.-Encontrar: f d x 

Solucion.- Sea: w = e* + 1 , donde: dw = e^dx 
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. f e x rii-1, f 1/ -1/ r y ( -y U A U A 

Luego: , d x = — y-du = {u n -u n )du = u /2 du- u /2 du = he 

V e x + 1 u 2 - " ■ Yi Yl 

A 72 

2x 

Respuesta: f . d x = j Me + 1) 3 - 2 Me x +1) + c 

J M x +l 

2.36.-Encontrar: \W±*L 

J Ir/Ax x 

dx 
Solucion.- Sea:u = tr/4x, donde:<iM = — ; ademas: ir/Ax = (2x2x) = tt]2 + Ir/lx 

X 

^>u = t?]2 + ij]2x^> It]2x = u-1?]2 

Luego: f ^ — = f- ^—du = \du- \-^—du = \ du - £r/2[ — = u - i?]2\u\ + c 

J CrjAx x J u J J w J J w 

= £j]4x-£r/2[lr/(lr/4x)] + c 

Respuesta: \ ML^— = £r/4x -I r/2[lT](lr/4x)] + c 

2.37.-Encontrar : j" x(3x + 1) 7 dx 

W — 1 

Solucion.- Sea:w = 3x + 1, donde:<iw = 3<ix; ademas: w-l = 3x=>x = 

3 

Luego: \x(3x + l) 7 dx=\^-w 1 — = -\(w-l)w 7 dw = -\(w s -w 1 )d 

— v/dw — w 1 dw 

Q J Q J 



W 

3 3 9 J v 9 ■" 

1 W 1 W 1 9 1 



- + c = — w w +c 

9 J 9 J 9 9 9 8 81 72 

1 ,„ „ 9 1 



-(3x + l) y (3x + l) 8 +c 

81 72 

Respuesta: f x(3x + 1) 7 dx 



(3x + l) 9 (3x + l) 8 

he 

81 72 



2.38.-Encontrar: f — dx 

J x 2 + 4 

. . , x -5x + 6 , , 2-5x 
Solucion.- dx = l+ — 

x + 4 x + 4 

, r x 2 -5x+6 , f„ 2-5x N , r , „r rfx ^r *dx 
Luego: — ; dx = (1 + — ; )dx= \dx+2\— 5 — ; 

a J x 2 +4 J x 2 + 4 J J x 2 + 4 J x 2 +4 

Sea:w = x 2 + 4, donde: du = 2xdx ; Entonces: 

x 5 r du x5.ii x 5 . I 2 A \ 

= x -hare re — =x + arc re zri\u\ + c = x -hare rg ln\x +4 \ + c 

2 2 J u 2 2 ' ' 2 2 ! ' 

_ . rx 2 -5x + 6. x 5 „ \ 2 A \ 

Respuesta: . dx = x + arcz-g lnr + 4+c 

J x 2 + 4 2 2 ! ' 
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EJERCICIOS PROPUESTOS 

Usando Esencialmente la tecnica de integration por sustitucion, encontrar las 
siguientes integrales: 

adx ^ . . r At + 6 



2.39.- 

2.42.- 

2.45.- 

2.48.- 
2.51.- 

2.54.- 

2.57.- 

2.60.- 
2.63.- 

2.66.- 
2.69.- 

2.72.- 
2.75.- 
2.78.- 
2.81.- 

2.84.- 
2.87.- 

2.90.- 



3 x e x dx 
1-3* 



3 + 2x 
3t 2 +3 



t-\ 



a + - 



dx 
dt 



x — a 



dx 



Vfl - bxdx 
dx 



3x 2 +5 
6? -15 



3? 2 -2 
xdx 



-dt 



x -5 
xdx 



Vfl 4 -. 



x 



-yjaiCTg3j 



l + 9x 2 



-dx 



dt 



(9 + 9t z )£r/ 
(e'-e')dt 



VT 



t+^ji+t 



a -1 



-dx 



. a 
xl x dx 



(e y ° +iy 3 e' A dx 



-dx 



1—1bx 
-e 

s e n(a + bx)dx 
(cos ax + s e n ax) 2 dx 



2.40.- 
2.43.- 

2.46.- 
2.49.- 

2.52.- 

2.55.- 
2.58.- 
2.61.- 
2.64.- 

2.67.- 
2.70.- 

2.73.- 
2.76.- 

2.79.- 
2.82.- 

2.85.- 

2.88.- 
2.91.- 



a — x 
xdx 



a + bx 

x + 5x + 7 



x + 3 

x 



2.41.- 
2.44.- 

dx 2.47.- 



(x + 1) 2 
xdx 



-dx 



Vx 2 + 1 
x 3 dx 



2 2 

a -x 
3-2x 



5x 2 +7 
xdx 



-dx 



2x 2 +3 
x dx 



1 , 6 
1 + X 



arcs en? 

4-4? 2 
ae^dx 



-(x z +l) 



xdx 



2X 



X' 

e dt 



e'-l 

dx 



2 x +3 
e dt 



VT 



2.50.- 

2.53.- 
2.56.- 
2.59.- 
2.62.- 
2.65.- 

■dt 2.68.- 
2.71.- 

2.74.- 
2.77.- 

2.80.- 

2.83.- 
2.86.- 



cos Vx 



dx 

Vx 



sen xdx 



2.89. 
2.92. 



2t + l 
ax-b 



dt 
■dx 



ax + j3 

4 , 2,-1 
X +X +1 



x-1 

bdy 



dx 



Vx 



.y 



+ ^7x 



^ix 



j 2 -5j + 6 



j 2 +4 
3x + l 



<fy 



V5jc 2 + 1 
ax + b 



a 2 x 2 +b 2 
x dx 



-dx 
■dx 



arcrg(f) 



■dx 



9 + x 2 
4 23x dx 



(e y "-e~ y °) 2 dx 

5 -fx dx 
Vx 

e x \/a-be x dx 
a x dx 



2 A 



;a>0 



1 + a 

x 
cos —j=dx 

V2 



sen(^7x) 



cos xJx 



dx 
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2.93.- sec 2 (ax + b)dx 



2.96.- J 



dx 



3cos(5x-f) 



2.99.- [corg — —dx 
J a-b 



2.102.- 
2.105.- 

2.108.- 

2.111.- 
2.114.- 
2.117.- 
2.120.- 
2.123.- 

2.126.- 

2.129.- 
2.132.- 
2.135.- 
2.138.- 
2.141.- 
2.144.- 



nxv2 



-1 



se 



dx 



tsen(\-2t 2 )dt 



senicosx 



4 



=dx 



cos 2 x-sen 2 x 



tcotg(2t 2 -3)dt 



V 1 + 3 cos 2 x s e n 2xdx 



(cos ax + sen ax) 



dx 



sen ax 



x 3 -l 



-dx 



x 4 -4x + l 
Tg3x-corg3x 



sen3x 
sec xdx 



dx 



dVg 2 x-2 



4x^1 



■dx 



sec xdx 



y]4-Tg 2 x 



y[x-L- 



rg 



dx 



Vx^T 

e arcrgx + x^7(l + x 2 ) + l 



1 + x 2 



(1-sen^) 



-<ix 






sen ad cos ad 



2.94.- j cos rg 2 axJx 2 95 - I" 



2.97.-J 
2.100.- 
2.103.- 

2.106.- 
2.109.- 

2.112.- 
2.115.- 

2.118.- 
2.121.- 

2.124.- 
2.127.- 

2.130.- 
2.133.- 

2.136.- 

2.139.- 
2.142.- 

2.145.- 



dx 



sen(ax + b) 

dx 



*g 



yjx 



yjx 



dx 



senxcosx 
sen3x 



3 + cos3x 



dx 



-dx 



cos x 



x dx 



x 8 +5 
x\5-x 2 dx 

dx 

x + 1 

2 

xe x dx 

dx 



e 
dx 



x£r/ x 
xdx 



dx 



cos% 
xdx 



senx 
x 2 dx 



2 o 

x -2 
5-3x 



V4-3x : 



dx 



V>'-2 



d.v 



2.98.- J 
2.101.- 
2.104.- 
2.107.- 
2.110.- 

2.113.- 

2.116.- 
2.119.- 

2.122.- 
2.125.- 
2.128.- 

2.131.- 

2.134.- 

2.137.- 
2.140.- 

2.143.- 
2.146.- 



dx 
senf 
xdx 

2 2 

COS X 

dx 



cos ax 



dx 



sen ax 



Tg fsec fax 



cosf senf dx 



sen 6xcos6xdx 



l+sen3x 



dx 



cos 2 3x 
cosec 2 3xdx 



b-acorg3x 

3->/2 + 3x 2 



2 + 3x 2 
1+senx 



dx 



■dx 



X + COS X 



a cos xdx 



rg axdx 



Zjl + £?]x 



dx 



x 



s e n x - cos x 



dx 



senx + cosx 



e scn x sen2xJx 



ds 



e s +l 



sen{^f- + cp Q )dt 
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2.1 47.- J 
2.1 50.- J 

2.1 53.- J 



arc cos 



dx 



senxcosx 



\l2-sen 4 



dx 



x 



arc s e n x + x 



^. 



dx 



2ASQ,\\ iTl{x + 47Vx) dx 



2.1 59.- J 



x l + \ 

2 



2.1 



(arcs enx) 



2t 2 -l0t + l2 



-dx 



62.- f^^ 

J t + 



4 



dt 



2.1 48.- J 
2 

I 



dx 



x(4-£tj 2 x) 

2.151.- 

s ecxrgx , 
ax 



vsec 2 x + l 
154.. f^L 

J ^/x + l 



sen x 



dx 



2.1 57.- J 

Vcosx 

2.150.- \e x+e dx 



2.163.- T e -d t 

J e +e 



sec xdx 



2.149.-j\ 

2.152.- f 2 m - 

J sen ?cos ? 



di 



2.155.- I x(5x 2 -3) 7 dx 
r cos ^dx 

21 58 " L 

Vl+sen x 

2.161 .-Jr(4r + l) 7 <ft 



a" (3e) x i 

\-C = hC 



RESPUESTAS 

2.39.-j"3Vdx, 
I (3e) x dx = I {a) u du 

2.40.- f— , 

J a-x 

r acfx p dw . I | . i i 

= -a — = -azr/\u\ + c = -ait]\a — x\ + c 

J a-x J w 

•4? + 6 



Sea: u = x,du = dx,a = 3e 



- + c- 



'/qa 



lr]{3e) £tj3£rje £tj3 + £r}e 

Sea: u = a — x,du = —dx 



3 x e x 3 x e x 

+ c = + c 



7 r/3 + l 



Sea: u = 2t + 1, du = 2dt; 



2t + 3 , 2 
1 + - 



2.41.- dt, 

J 2f + 1 2r + 1 2f + l 

f — —dt = 2[ 1 1 + W = 2 f <i? + 2 f dt=2{dt + 2[ — =2t + 2£n\u\ + c 

J 2f + l J ^ 2f + l/ J J 2f + 1 J J u ' ' 

= 2? + 2^7|2? + l| + c 



2.42.- J 



l-3x , 
dx, 

3 + 2x 

J 1j.? t J 



Sea: u = 3 + 2x, du = 2dx ; 



l-3x 



, 11/ 

3 72 



3 + 2x 



+ - 



% A 



2 2x + 3 



dx 



3+2x 2 2x+3 
3 r , 1 1 r dx 3 r , 1 1 r du 

u 



3 p , llr dx 3p 7 1 1 r . 

: — dx h — = — dx-\ — - 

2 J 4 J 2x+3 2 J 4 J 



3 11, u oi 

— xH zn\2x + 3\ + c 

2 4 ' ' 



2.43.- f — X 

J a + 



£x 



Sea: u = a + bx,du = bdx ; 



X 



1 



(• xdx If, fl f dx If, # f 
•* a + fox Z) - ' b^a + bx b^ b 2 ^ 



a r du 1 a . I I 

= — X jlT]\u\ + C 

u b b 



a + bx b a + bx 

x a 



b b 2 



lij\a + bx\ + c 



41 



2.44, f^^x, 

J ax + /3 



J ax + jB J 



5^ 

„ _ , , ax-b a a 

bea: u = ax + p,du = adx ; 



+ 6 



ax + b a ax 



ap 



a 



+ b 



a/3 + ab 



a ax 
v y 

a r a/? + ab r du _ a a/3 + a& 



LivA- — I Li-A, U Lt-A. — I UvV J 

J a J ax + fi a J a J afi + ab 



-\dx- 



-x- 



a ■" a 2 ^ m a a 2 



? 1 1 a a P + a b „ \„ \ 

lrj\u\ + c = —x — — -5 — ti/a+p+c 



3r+3 



2.45, V-^^dt, 



Sea: u=t — l,du = dt m , 



t 2 + l 
t-\ 



-t + l + - 



t-\ 



■3? 2 +3 , „rf . 2 V r . „r , „r 2 , 3 



3.2 



I d? = 3| t + l + dt = 3\ tdt + 3\ dt + 3\ dt = -t 2 + 3t + 6lr/\u\ + < 

t- A V y 

-? 2 +3? + 6^7|?-l| + c 



2.46, J 



x + 5x + 7 



dx, 



Sea: u=t-\,du = t + \\ 



x +5x+7 



x + 2 + - 



1 



x+3 x+3 x+3 
dx= x + 2-\ dx= xdx + 2 dx+ dx = \-2x + tr/\u\ + c 



x + 3 



x + 3 



x + 3 



2 2 

\-2x + £n\u\ + c- h2x + ^77|x + 3| + c 

2 /M 2 ' ' 



■ x 4 + x 2 + 1 



._ fX +x +1 , 

.47, dx, 

J x-1 



4 , 2,i 

'X +x +1 



\^- dx =i[ x 



,3 , „2 



+ x 2 +2x + 2 + 



Sea: u = x-\,du = dx\ 
3 



x-1 



dx 



dx = x 3 dx + x 2 dx + 2 dx + 3 



43 43 

X X 2 r\ .-» /) I I X X 2r» /-i/>l 1I 

— + — + x + 2 + 31 n \u + c = — + — + x + 2x + 3^ n \x - 1 + c 
4 3 ' ' 4 3 ' ' 



2.48, J 



a + - 



J a + — - dx = J 



x — a 



x-a 

2 



dx , 



Sea:w = x — a,du = dx 



2 A 



2ab b 

+ 

x — a (x-a) j 



w ! ! j dx = a 2 \dx + 2ab 1- b 2 



dx , 2 r dx 
+ & 2 

x-a J (x-a) 2 



2 r. _ . r du , 9 r du 2 ~ -, „ \ \ -,i u 2 ^ r n 1 1 ^ n 

a \dx + 2ab\ vb \ — = ax + 2ablrj\u\ + b \-c = a x + 2ab£rj \x — a\ hc2. 

J J m J w — 1 x-a 



49.-J 



X 



(x + 1) 2 



dx, 



Sea: w = x + 1, du = dx 



r x , f (x + 1) - 1 , fX + 1. r dx r dx r dx , , u 

^-dX= ^— dX= irdX- 7T= ^r = iT?\u\ he 

JCr + n 2 J ( x + l) 2 J(x + 1) 2 J (X + 1) 2 i U i U 2 M -1 



(x + 1) 2 



42 



It) bc+lH hC 

x + 1 

bdy 



.50.- f-^ 



Sea:w =1- y,<iw = -<sfy 



Z?cfy 



Jm 



\-^^-b\^^-b\u^du^-2bu^ + c^-2b(l-y)^ + c 
2.51.- I yja-bxdx , Sea:w = a-bx,du = -bdx 

^ja-bxdx = — w 1 du 



1 M 2 3/ 3 . , .3/ 

hc = w /2 +c = (a-#x) /2 +c 

Z> 4 3& 2b 



2.52.- J 



xdx 



1 



Vx 2 +r 

xdx I r du 1 r -i/ . 1 « 



Sea:w = x +1, du = 2xdx 



i r au if -i/. 1 W" , 2 1N i 

9.!:r = 9.r /2 ^ = y— +c=(x +iy 



Vx 2 + 1 2 J 4u 2 



+ c 



2.53.-J^ + ^ X 

Vx 



■dx . 



Sea'.u = £r]x,du = — 

x 



'r/x 



1/2 2 

X W 



dx = x ll2 dx+ dx= x U2 dx+ udu = 1 \-c 

J x J J x J J 1/2 2 



-*£.*r* 



+ — ; — + C 

2 



2.54.- f -^- 

J 3x 2 +: 



Sea:w 2 = 3x 2 ,w = V3x, dw = V3dx ; a 2 =5; a = V5 



d« 



11 w 11 v3x 

3x 2 + 5 V3 J w 2 +a 2 V3a a V3 V5 V5 15 



(• dx 1 (• 



15 3x 

arc# J— + c 



x dx 



r x ax 
■ 55_ J — F» 



SG3:m = x -a ,du = 2xdx 



a -x 



r x dx r , pa xdx r , 2 f -X^* 



2 2 

x a 



2 2 

x -a 



r , a r du 
- xdx 



2 J M 



:rj\u\ + c 



2.56.- J 



2 2 

y 2 -5j + 6 
j 2 +4 



2 2 

x a 
~2 ~2 



// be -a +c 



<dy, 



j 2 -5j + 6 



-5y + 2 



Sea'.u = y + 4,du — 2ydy 

-5y + 2 (• (• ydy 



dy 



J j 2 +4 J j +4 J J j +4 J J j +4 J j +2 

c / I I / i / y s / I 2 I y 

= y- yLlTj\u\ + /, y,arcTg — + c = y-y~lT]\y +4\ + arcTg — + c 

2.57.- — dt , Sea: u = 3t 2 - 2, du = 6tdt; w = \J3t, dw = -J3dt 

} 3t 2 -2 
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3r-2 J 3r-2 



—5 dt = 6\—. 15 — = = 6 — = 15 

rdu 15 r dw 

? 77|3? 2 -2 



dt 



(V37) 2 -(V2) 2 



w V3 J w 2 -(V2) 
5V6 



■ T]\U\ 



15^3 1 
3 2V2' 



s 



V2 



+ c 



tS-4i 



tS+S 



+ c 



3-2x 



Sea: u = 5x 2 +l,du = lOxdx; w = v5x, dw = v5dx 



2.58.- f^^x, 

J 5x 2 +7 

(• 3-2x , _ (• dx (• <ix _ (• dx 2 r du 

J5x 2 +7 X ~ J5x 2 +7 J5x 2 +7~ ■> (V5x~) 2 +(V7) 2 lO-'V 



dw 



r aw ir 

J ,.?■ ^t.Fi\ 2 _ 7j 



1 rd« 3 1 xv5 1 „ 1 1 

arc rg — j= zt]\u\ + c 



V5 J w 2 +(a/7) 2 5 j u V5V7 " V7 5 

3^35 /5 1 , I. 2 _| 

arcrex. in\5x +/\ + c 

35 V7 5 '! I 



2.59.- f , 3JC+1 dx, 
J V5x 2 + 1 

f 3x + l , _f XOX 



Sea:w = 5x 2 + l,du = 10xdx;w = xv5,dw = v5dx 
dx „ r xdx p dx 



V5x 2 +i ' J V5x 2 +i j TcWfT+F J V5x 2 +i J TcWfT+T 



3j / rfx 



I- 



3 r du lp Jw 



3 u l * I r^~rl 

1,1,1, ■- rr+'plnw+Vw+l+c 

io J V^ V^V^i 7 101/ V5 I I 



+ c 



= - v 5x 2 + 1 + —j= £ 77 \XyJE + V5x 2 + 1 
5 V5 I 

2.60.- f— — -, Sea\u = x 2 +5,du = 2xdx 



x z -5 



r xdx 1 rdu 1 . 1 1 1 . 1 2 _i 

— : = — — = —tn\u\ + c = —£n\x -5\ + c 

Jv 2 - 4 ; oil, 9 'ii 9 'I I 



x -5 2 J u 2 



2.61 .-J 

J 



xdx 

2x 2 +3 



Sg3:m = 2x + 3, dw = 4xdx 



xdx 1 r dw 1 . I I 1 . |_ 2 ol 

- — = -lrj\u\ + c = -lrj\2x +3\ + c 



2x 2 +3 4 J « 4 



2.62.-1^-^, 

J a x +0 



4 



c ax + b , r xdx r dx 

— — t4x = a —— + b 

J n 2 y 2 A-h 2 J n 2 y 2 A-h 2 J 



Sea: u = a x +b ,du = 2a xdx; w = ax, dw = adx 
a r du b r dw 



- + - 



a 2 x 2 +b 2 i a 2 x 2 +b 2 J a 2 x 2 +b 2 2a 2 -' u a*w 2 +b 2 

1 „ I 1 p 1 w 1 . I 2 2 , 2 1 1 &x 
-^pN -rarcrg — Yc-—ir]\a x +b \ + — arcrg \-c 

2 a p b 2 ' ' a b 
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xdx 

4 4 



2.63, J- 

yd —x 
r xdx r 

J l~ 4 4~ J 

V<2 -X 



xdx 



Sea: w = x ,du = 2xdx 
du 1 



(V« 2 ) 2 -(Vx / ) 



II 



"- 2J V(V^ 2 - 2 2 " " ' : 



1 x z 

— arcs en — + c 

2 a 



x Jx 



+ x 



) -u 



Sea: u = x 3 ,du = 3x 2 dx 



arcs en — + c 
a 



2.64,J T 

r x 2 dx r x ax ir 

r= r^" = _ ^- = -arcrg|w| + c = -arcrgx J +c 

J l + x 6 J l + (x 3 ) 2 3 J l + w 2 ' M 



x 2 dx 1 r du 1 



2.65.- J 



x 2 dx 



Sea: w = x , dw = 3x Jx 



1 r c?w 



(• x 2 dx _ (• x 2 dx _ 
•Wx 6 -1~-'V(* 3 ) 2 -1~3 J V M 2 -1~3 

2.66.- f^ r * a " 
J 1 + 



^ 



W + 



VM 2 "I 



+ c = -£t] 
3 



x 3 + 



Vx^T 



+ c 



3Jx 



■dx, Sea\u = l + 9x ,du = l&xdx;w = aicTg3x,dw 
9x 2 l + 9x 2 



jarcrg3 



xdx 



J l + 9x 2 ~-ll + 9x 2 J 1 



■ yJaiCTg3} 



+ 9x 2 



-C?X: 



I r du 1 






18 J w 3 



18 



://« 



lvt/ 
3 3/ 



1 I 9 

+ c = — £n\l + 9x 
18 7| 



2(arcrg3x) /2 



+ c 



arcs en? 



2.67.- [., 

J V 4-4t 2 



dt , 



Sea: m = arcs ent,du 



dt 



VT 



f larcsen? 1 r lares en? 1 fVarcsen? 1 r /— i » 

J Jiz2^ = 2 J V~T^* = 2 J ~vr^ = 2 J VwdM = 71 



4-4T 



1 M /2 1 3/ 

3 



— -^(arcsenO 3 +c 



arcrg( f) 
9 + x 

, -dx = 
9 + x 2 3 



2 ^-dx , 



Sea:« = arcrgf ,du 



2.68.- J 

rarcrg(f) 1 <• 1 u 1 2 arcrg(j) 2 

^ — dX = — \UdU = hC = — W +C = h< 

J 9 + x 2 iJ "3 9 £ £ 

2.69.- 1 

4! 



3dx 
9 + x 2 



(9 + 9t 2 )£rj 

dt 



VT 



t+^i+t 



Sea:M = trj 



1 r du I u / 



VT 



? + vi+? 



, du 



dt 



VT 



+? z 



j(i+t 2 )Jh]t+Ji+? 



L r du 1M" z /- Z r - 7 

3 J (7, 3 1/ 3 3 V ' 



+ c 



45 



2.70.- ae mx dx , Sea: u = -mx, du = —mdx 

f -mx 1 f -mx i [ u i LI u Ci _ mx 

\ae dx = a\e dx = \e du = e +c = e +c 

2.71.- j*4 2 ~ 3x dx, Sea:u = 2-3x,du = -3dx;a = 4 

r _ lp la" 4 2_3x 
4 2 ~ 3x dx = — a"du = \-c = he 



3 irja 



3lr/4 
2.72.- [ (e' - e~' )dt , Sea: u = -t, du = -dt 

\(e' -e~')dt= [e'dt- \e~'dt = [e'dt-[e"dt = e'+e"+c = e' + e~' + c 

2.73.- j" e AxJrX) xdx , Sea: u = -x 2 - 1, du = -2xdx 

e~ <x +l) xdx= e~ x ~ x xdx = — e"du = — e" +c = — e~ {x +1) +c = -, — \-c 

J J 2 J 2 2 2e x+l 

2x , 2dx 2x , 

bea:w = — ,du = ;w = ,dw 

a a a 

j" (e /a - e~ x/ " f dx = j" (e 2 " A + 2e x/ "e~" A + e~ 2 " A )dx = j" e" /a dx + 2J" dx + j" e^ dx 
= — \e du + 2\ dx \e dw = —e +2x e +c = —e" +2x e ° +c 

2 J J 9 J 9 9 9 9 

2.75.- J ^= V -dx, 



2.74.-\(e iA -e'' A ) 2 dx, 



2dx 



2 J 2 2 2 2 

Sea:w = -^,du = -^;w = ^f ,dw -- 



2 



2x j 

■a -1 



•a x Jx r <ix 



rfl —i 7 r a ax r ax r 2 x-v , f -•/ , f v , f -y , 
I — -j=^dx = I — -j=- - I , — = I a /2 dx-\a /2 dx= \a n dx - I a n dx 

yja x \ja' x sa x 



2 f w , -, f u 7 2 a ,v _ a" 2 a V2 _ a /2 

— \a dw + 2\a du = \-2 \-c = \-2 \-c 

3 J J 3 ir/a £rja 3 ir/a irja £rja 3 



2 ,«* - 

( + a /2 ) + c 



-jiW, 



2.76.-{^ 

X 

-^dx = -\ e'du 
j x j 

2.77.- [5^, 

r_jT dx ^r^„ , 2x5" 
5^ =2 5"Jw = 

J V^ J ^75 

2.78.-Jx7 x2 Jx, 

I xl x dx = — I 7"<iM 



-e + c = -e A + c ■■ 



Sea'.u = — ,du 

X 

'Je+c 



Sea:^ = jx,du 



dx 



dx 

24~x 



2x5 Vx 
+ c = + c 



'?]5 
Sea: u = x 2 ,du = 2xdx 



2- 
e'dt 



1 7" 1 T 

+ c = + c 



.79.- f-^- 

J e' -1 



2^77 2^777 

Sea: u = e' -l,du = e'dt 
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e'dt r du 



r e at rail , , i r i 

— — = — = ^«+c = ^e-l+c 
J e -1 J w ' ' 

2.80.- \e x y}a-be x dx, Sea\u = a-be x ,du = -be x dx 

f i- / i 7 1 f r~ 1 M 2 3/ 2 3/ 

e ya-be dx = — vwaw = \-c = u /2 +c = (a-be ) /2 +c 

J hi h V T.U ih 



2.81 .-j* 0^+1) V^/x, 



j" (e x/ ° + 1) X <^ dx = j" ^ + \e A dx = a^u A du 



3b 



Sea:w = e A+ ,du 



e /a 



dx 



au A 3a(e r °+iy 



-+c 



-+c 



2.82.- f-^-, 



2 x +3 



Sea:M = 2 X + 3,du = 2 x tr/2dx 



f dx 1 f 3dx l r 2* + 3-2* 1 r 2" + 3 J 1 f 2 X , l fj l f 
= — = — dx=— dx — dx = — dx — 



1 C Jm 
3 J ~w~ 



ll,i 1 1 ,i 1 ^2* + 3 

— x — ln\u\ + c = —x tn\u\ + c = —x ! - + c 

3 3 M 3 3£rj2 ' ' 3 3£rj2 



a x dx 



2.83.- \J™ 

J l + a 

r adx r a x dx 1 r 

■>l + a 2x "J l + (a x ) 2 ~ lna)~\ 



du 



(a x ) £r/a J l + u 



Sea'.u =a x ,du = a x £r/adx;a > 

1 1 
-arcrgu + c = wcrga +c 



r/a 



r\a 



J l—e 

-bx 



/ —bx \ 2 

(e ) 



dx 



Sea: u = e bx ,du = -be bx dx 
1 r du lr du 1 



1 (• au _ ir 



(-1)0-1) 2/3 



^ 



M-l 



W + l 



+ C 



77 



2/3 
2.85.- J 



e" fa -l 



—bx , 1 

e +1 



+ c. 



e'dt 



\ 



Jm 



Sea: u = e' ,du = e'dt 



= arcsenw + c = arcsene +c 



bea: u = —j= , du = —j= 
V2 V2 



(• e'dt _ (• e'd/ 

2.86.- I cos—^dx, 

v2 

cos —j=dx = v 2 cos udu = v 2 sen« + c = V 2 sen — ;= + c 

J V2 J V2 

2.87.- s e n(a + bx)dx , Sea: w = a + fox, <iw = bdx 

r If 1 1 

sen(a + bx)dx = — senudu = — cosw + c = — cos(a + bx) + c 

J /3 J b b 
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2.88.- j cos yjx—j=, Sea\u = jx,du = — -j= 

Vx 2\jx 

cos v x —j= = 2 cos udu = 2senw + c =2 sen V x + c 

2.89.- \sen(£t]x) — , Sea:u = £r/x,du = — 

J x x 

c dx c 

s e n(£ r]x) — = sen udu = - cos u + c = - cos £tjx + c 
J x J 

2.90.- (cos ax + s e n ax) 2 dx , Sea: w = 2ax, dt< = 2adx 

(cos ax + sen ax) 2 dx = (cos 2 ax + 2cosaxsenax + sen 2 ax)dx 
= (1 + 2cos axs e n ax)dx = \dx + 2 cos axs e n axdx = dx + s e n 2axdx 

= x cos2ax + c 

2a 

2.91.- sen 2 xdx, Sea.'.u = 2x,du = 2dx 

r 2 , r l-cos2x If, If _ 7 If, If 1 1 

sen xax= ax = — ax — cos2xdx= — ax — cos udu = — x senw + c 

J J 9 9 J 9 J 9J4J 94 



2 2 J 2 J 2 J 4 J 2 4 



1 1 

— x — sen2x + c 

2 4 



2.92.- cos 2 xdx , Sea: w = 2x, dw = 2dx 

f 2 , f l + cos2x , If, If ^ , If, If 1 1 

cos xax = ax = — ax + — cos 2xax = — ax + — cos Maw = — x + — senw + c 

J J9 9J9J 9J4J 9 A 



1 1 

— x +— sen2x + c 

2 4 



2.93.- jsec 2 (ax + £)dx, Sea:w = ax + b,du = adx 

sec 2 (ax + b)dx = — sec 2 udu = — Tgu + c = —Tg(ax + b) = +c 
J a J a a 

2.94.- corg 2 axdx , Sea: w = ax,du = adx 

co Tg 2 axdx = — co rg 2 udu = — (cos ec 2 u — \)du = — \ cos ec 2 udu — dw 
J a J a J a J a J 

co rgu u co rgax ax cor pax 

= + c = ^— r + c = x + c 

a a a p, a 

2.95.-I*— , Sea: M = / fl ,d« = <% 

J c /? n ^ 



dx 



[ = [ cos ec f dx = a [ cos ecudu = a£ r/\cos ecu - co t gu\ + c 



sen- 

a 

■ a£ ?j Icos ec x / a - co rg x /\ + c 
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2.96.- J 

J 



dx 



3cos(5x-f) 
dx 



Sea:« = 5x- 7 y, ,du =5dx 



If If 1 i i 

- sec(5x-4)dx = — secudu = — in Isecu + reu \ + c 

3 J 4 15 J 15 ' ' 



3cos(5x-f) 3' 
= —ln\sec(5x-f) + Tg(5x-f)\ + c 



dx 



SGa: u = ax + b,du = adx 



2.97.- f- 

J sen(ax + b) 

= cos eciax + b)dx = — cos ecudu = — £r/\cosecu-corgu\ + c 

J sen(ax + &) J a J a 



? rj Icos ec(ax + Z?) - co zg{ax + b)\ + c 



Sea: « = x , du = Ixdx 



2.98.- M^L-, 

J COS X 
f X(ix f 22jlf2jl 1 2 

; — r-= xsec xax = — sec udu = —Tgu + c = —Tgx +c 



2.99.-fcorg — —dx, 



bea: w = , du = 

a—b a-b 



\C0Tg dx = (a - b)\ co t gudu = (a-b)£r/\senu\ + c = (a-b)£r/ 

J a-b J 

2.100.- frgVx"^, 

J Vx 



sen- 



a-b 



+ c 



Sea:w = jx,du 



dx 

2vx 



\Tg4x— 1= = 2\ t gudu = 2lr/\secu\ + c = 2£r\ secVx 
J Vx J 

2.101.J 



+ c 



dx 

?8i 



Sea: u = x /C,du = dy 



dx 



\ = jcorg fdx = 5\ cot gudu = 5£r/\senu\ + c = 5£r/ 



rg 



sen- 



+ c 



2.102.- f =-lU, Sea:u = xj2,du = yj2dx 

\senxyJ2 ) 

( i Y 

j p - 1 dx = j (cos ecx-42 -Y) 2 dx = j (cos ec 2 xv 2 - 2 cos ecxv 2 + l)dx 

Vsenxv2 J 

= lcosec^ tb -2lcosec,^2 dx+ \dx^jcosec'udu-^cosecudu + \ tb 

= — j=corgu- \/2£ r/\cos ecu - co t gu\ + x + c 

V2 

= 1= CO TgXyj 2 -y/2£r/ cos ecxy/ 2- CO TgXy/ 2 

V2 



+ X + C 
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dx 



2.1 03.- J 

f dx _ r 

J c if n rpnc v J I 



senicosx 
o*x r dx 



senxcosi 



, s e n 2x 



Sea: w = 2x, du = 2dx 
2 cos ec2xdx = cos ecudu =1 n Icos ecw - co Tgu\ + c 



n |cos ec2x - co z g 2x\ + c 
cos ax 



2.1 04.- J 



sen ax 



-dx , 



Sea: w = s e n ax, du = a cos axdx 



r cos ax . 1 r du \u 
; — dx = — —r = 1- c ■ 



1 



sen ax 



a J u a -A 



-4 -4 

u sen ax 

+ c = + c = — 

Aa Aa Aase n* ax 

Sea: u = l-2t 2 ,du = -Atdt 



- + c 



2.105.- $tsen(l-2t 2 )dt, 

r 2 1 r 1 1 2 

\tsen(l-2t )dt = — \senudu=—cosu + c = —cos(l-2t ) + c 

J 4 ■* 4 4 

2.106.- [ dx, Sea:^ = 3 + cos3x,dw = -3sen3xdx 

J 3 + cos3x 

r sen3x 1 r du 1 , , 1 h , 

: — dx = — — = — lTj\u\ + c = — it] 3 + cos3x \ + c 

J ^4-ms^r ^ J 7/ o ' I I o 



3 + cos3x 3 J W 3 

2.107.-jVg 3 fsec 2 fdx 



3w 4 



j"rg 3 fsec 2 fdx = 3JVdw = + c= 8 A +c 

2.1 08.- J 



Sea:^ = rg{ x / i ),du = \ sec 2 (^)dx 



senxcosx 



V- 



cos 2 x- sen 2 x 



=dx, 



Sea:w =cos2x, du = 2sen2xdx 



I 



senxcosx 



cos 2 x-sen 2 x 



Vcos 2x 



dx= I 



senxcosx 



, 1 f sen2x 1 r du \ u' 1 u f 

dx = — \ j =— — ;= = hC = hC 

4J .LkcOy Ai . 



Vcos2x 4 J Vcos2x 4 J Vw 4 



- + c 



<ix, 



2.1 09. J ^ 

r JrgX r / f 1/ W /z 2 3/ L 3/ 

I I a x = I -drgx sec xdx= I jr 2 dw =^y + c = - w /2 +c = — rg /2 x + c 



cos x 



Sea: m = rgx, o*m = sec xdx 



2 3/ 



2.110.- Fcos-sen-dx, Sea:M = 2-y du = 2dx 

J a a ' /a 

fcos-sen-dx = — [sen — dx=— \senudu = cosw + c = — cos — + c 

J aa 2■' a 4•' 4 4" 

2.111.-J ( 'corg(2 ( ' 2 -3)a'?, Sea\u = 2t 3 -3,du = Atdt 

f 2 If 1 1 1 1 1 2 1 

?core(2(' -3)a7 = — corgwdw = — in \senu \ + c = — in sen(2r -3) \ + c 
J 4 J 4 4 
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2.1 12.- J 



x dx 



x +5 



x dx 



r X ax _ r 

J v 8 ^J 



x dx 



If- 



Sea: u = x 4 ,du = 4x 3 dx 
du 11 



w V5 x 4 

-, ,- . - i ,- - ^WCTg—j= + C = 2LXCT2— i= + C 

+ 5 J (x 4 ) 2 +(V5) 2 4V+(V5) 2 4^5 V5 20 J5 



2.113.- sen 3 6xcos6xdx, SeB'.u = sen6x, du = 6cos6xdx 

1 1 ..4 ..4 4 , 

sen 3 6xcos6xdx = — udu 



14 4 4 •" 

m w sen ox 

: hC = hC = hC 

6 4 24 24 



2.114.- fvl + 3cos 2 xsen2xdx, Sea:« 



5 + 3cos2x 



1+cos2x, 



, du = -3 s e n 2xdx 



3 + 3 cos 2x 



[ V 1 + 3 cos 2 x s e n 2xdx = [ . II + 3( ) sen 2xdx = [ . /l + - sen 2xdx 



I 



5 + 3cos2x 



•se 



If/, 1 u A 

n2xdx = — u n du = — ttt + 
t.J i 3/ 



2f 5 + 3cos2x 



H 2 
2.115.- 1 xv5-x 2 dx, 



+ c 



. c- — u n +c 
3 V 9 



Sea: u = 5 - x , dw = -2xdx 



xv5-x 2 dx = — w 5 du = — ^r + < 
J 9 J 9 6/ 



5(5-x 2 ) ; 



. , ,-c- u /5 +c = \-c 

2 J 2 6/ 12 



12 



l+sen3x 



cos 3x 



Jx. 



Sea:M = sen3x,dw = 3dx;w = cosw,dw = -senMdw 



2.1 16.- J 

fl + sen3x 7 r dx r s e n 3x , If 2 , lrs«n« , 
r ax = r h — dx - — s ec udu + — — du 



cos 3x J cos 3x J cos 3x 3 J 3 J cos u 

1 r dw 1 1 1 1 1 „ 1 

^TgU + ~ \-C = —TgU + ~ \-C = —Tg3x + - hC 



= — I s ec 2 udu — I 



3 J w z 3 
(cos ax + s e n ax) 



2.1 17.- J 

r (cos ax + s e n ax) 



3w 3 3cosw 

dx , Sea: u = ax, du = adx 



3cos3x 



sen ax 

2 



sen ax 



r cos 2 ax + 2cosaxsenax + sen 2 ax 
ax = ax 



sen ax 



c cos ax , „ r 
dx + 2 



cos ax 



sen ax 



1 - s e n ax 



s^flfax r s i M j K 2 ax 

dx + I r^ax 



jj^rax 



dx + 2 cos axdx + sen axdx 



sen ax 

dx 



= h 2 cos axdx 



sen ax 



cos ecaxdx + 2 cos axdx = — cos ecudu H — cos udu 

J J /T J /J * 
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1 c I I 2 l * I I 2 

= — zi] cos ecw - co rgM + — senu + c = - £77 cos ecax - co rgaxl + — senax + c 

a a a a 



x 3 -l 



.118.- [^ 

J x + 1 



dx , 



Sea: u = x + 1, du = dx 



x 3 -l 



dx = \(x 2 - x + 1 )dx = \ x 2 dx - x<ix + \dx - 

j x + l J x + l J J J J x + i 

= I x 2 dx - I xdx +\dx-2\ — = h x - 2i? 77 |x + 1| + c 

9 1 1 Q f cos ec ^ x d x 
•* b-acor 

I 



dx 



g3x 



u 3 2 

Sea:w = b-acorg3x,du = 3acosec 3xdx 



cos ec 3xJx I r du 1 



J- 



1 



7«+c = — ^77p-acorg3x +c 
b-acorg3x 3a * u 3a 3a 



r x 3 -l 
2.120.-J— r^ — J.v, 



x -4x + l 



Sea: w = x 4 - 4x + 1, dw = (4x 3 - 4)dx 



1 



x 3 -l 



1 f (4x -4)<ix 1 rdu 1. 1 I 1,14, ,| 

-ax = — — ^ = — — = —zn\u\ + c = —zn\x -4x + l +< 

1 4 J x 4 -4x + l 4 J u 4 M 4 ! ' 

Sea: w = -x 2 ,du = -2xdx 



x 4 -4x + l ' 4 J x 4 -4x + 
2.121.-Jxe^ 2 Jx, 

f -* 1 j * f «^ 1 « , 1 -* 2 , 

\xe dx = — \edu= — e +c = — e + 



3-V2 + 3x 2 



3x 



2.122.- f^^ 

J 2 + 

f 3 -^Pj x = 3f 
J 2 + 3x 2 J 



-dx. 



dx 



Sea:w = x43,du = \/3dx;a = V2 

■(2 + 3x 2 ) x 



I- 



(V2) 2 +(a/3x) 2 J 2 + 3x 2 
3 



-dx 



J_f ^fe f i^^^ -Af ^fe f (2 + 3 x 2 )^x 

V3 J (V2) 2 +(V3x) 2 J >k3x^ 73 J (V2) 2 + (V3x) 2 J 

Af ^ 2 -f(2 + 3x 2 )^x = V3"f *'" 



V3 J (a) 2 + (w) 

J (fl\ 2 + (iA 2 .Rj 



I 



dx 



(«) 2 + ( M ) 2 J V(V2) 2 +(xV3) 2 



Jm 



^ 



M 1 



, z- 1 . arcrg- —=ZT]\u + "Ja 

{af + {uf S ] 4a 1 +u 2 a a ^ 



2 2 

+ W 



+ C 



V3 xV3 v3 I rr rz ; 1 ; j 
— j=arcre — = ln\x^3 + V2 + 3 + X 

V2 V2 3 I 



+ c 



rg3x-corg3x 



2.1 23.- J 

rrgSx-corg^ p 



sen3x 
rg3x-corg3x r cos3 x S en3x 



<ix , 
sen3x cos3x 



Sea: u = 3x, du = 3dx; w = s e n u, dw = cos udu 



dx 



sen3x 



sen3x 



dx=\-^--\ 



cos3x 



cos3x J sen 3x 



dx 
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f _ , f cos 3x , If , lr cos u , If , 1 f dw 

sec 3xdx - = — ax = — sec udu — r — du = — sec udu — — r- 

J J sen 2 3x 3 J 3 J sen 2 M 3 J 3 J w 2 



1 o I I l w_1 1,, Q I 1 

— £/; secw + rgM i-c = — £77 \sec3x+rg3x N he 

3 3-13 3sen3x 



2.124-f * 



x , dx 
bea:w = — ,du = 

2 2 



r dx _ r dx 

Jtt = J 



e ^dx = -2 e"o*w = -2e" + c = -2e ^ + c = —r + c = —j= + < 
Sea: m = x + cos x, 0*w = (1 - s e n x)dx 



2.125- \ l + SeRX d x, 

J x + 



■cosx 



fl + senx, fJw . | i . i i 

— — 0x = — = £77 \u \ + c = £tj x+cosx \ + c 

J x + cosx J u 



2.1 26.- J 



sec xdx 



jrg 2 x-2 

sec 2 xdx f du r~ 2 ~ 

u + \Ju — 2 



Sea: u = rgx, du = sec xdx 



C sec xax _ r 
J /_ 2 ^ = J" 



yjrg 2 x-2 \lu 2 -2 

2.127.- f-^-, 

J x^7 x 

dx r dx 



:/; 



+ c = tr/ 



Tgx + yjzgx 1 -2 



+ c 



dx 
Sea:M -Hnx,du = — 

2 



rax _ r 

J yfn 2 y J 



x£rj x J x(£tjx) 
2.128.- a seI " cos xdx , 



r du u 1 

—5- = — + c = — + c 

J 7/ 



1 



- + c 



1 W ^7 1*1 

Sea: u =senx,du = cos xdx 



I seni 7 Si/7 

a' cos xax = \a du = \-c = 

J J lr/a Irja 



+ c 



=dx , 



2.129.- f-^ 

r xdi _f x dx I r du \ u 

J Vx T + T =J (xV^ = ^J^ 



Sea: u = x +l,du = 3x dx 



1) / 



M % (x 2 + l) % ^/(x 2 + l) 2 

— j— —r + C = \-C = \-C = ~ 

/2/, 2 2 



+ c 



2.1 30.- J 



xdx 

Vl^x 



(• xO*x _ (• xO*x 

1 



Sea: w = x , du = 2xdx 

1 f 2xdx 1 f 2xdx 1 

- , = = — , = — arcs enu + c 

J /1 / 2\2 9 J 



Vl-(x 2 ) 2 ^ ^\-{x 2 ) 2 2->^T^ 



2 2 



-arcs en x +c 



2.131.- rg 2 axdx, 



Sea: w = ax, aw = adx 
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I Tg 2 axdx = I (sec 2 ax - \)dx = I sec 2 axdx - I dx = — I sec 2 udu -\dx = —Tgu - x + c 



1 



- rgax -x + c 



2.1 32.- J 



sec xdx 



^~- 



Tg 2 X 



Sea: u = rgx, du = sec xdx 



sec xdx 



Tg 2 X 



C sec xax _ r 
J /„ 2 7 "J 

2.1 33.- J 



Jm 



dx 



cos y, 



W TgX 

- arcs e n — + c = arcs e n h c 

42 2 -u 2 2 2 

Sea:w = x / ,du = dx / 



a /a 
= sec x / a dx = a\ secudu = at r/\secu + t gu\ + c = at rjlsec / a + t g x A + c 

J ens At/ J J 



dx 



cos y„ 



2.134- f ^V 



Sea:w = l + trjx,du 



x 



r^l + trjx , f Kl w^ 3j/ 3(l + ^77x)^ 
^— e?x = \u A du = — -j + c = + c = — — — 

J x J 4/ 4 4 



+ c 



2.135.- rgvx-1 , , Sea'.u = -Jx—l,du = — , 

J Vx^l 2Vx^l 



dx 



Jm 



[rgVx-1 , = 2\rgu — = 2tr/ secvx-T +c = -2tr/ cosVx-1 

J Vx-1 J u 

2.136.- r-, Sea:u = x 2 ,du = 2xdx 

J senx 

r xdx 1 p dw 1 p 1 . i i 
r- = — = — cos ecudu = —trj\cosecu-coTgu\ + c 



+ C 



senx 2 J senw 2- 



I rj cos ecx 2 — co rgx 2 + c 



2.1 37.- J 



senx-cosx 



s e n x + cos x 



tix. 



Sea: w = s e n x + cos x, dw = (cos x - s e n x)dx 



du 



r s e n x - cos x r 

•* senx + cosx •* u 



:#7 sen x + cosx +c 



2.1 38.- J 



1 



e WCTgx + xtr]{\ + x l ) + \ 
1 + x 2 



Sea: w = arc rgx, du 



dx 
l + x : 



;w = tr](l + x )d,dw 



2xdx 

1 + x 2 



e arcrgI +x^77(l + x 2 ) + l _ f e arcrgx dx f x^77(l + x 2 )dx 



1 + x 2 



C e °(K r x-e ?7U + x ;ax <• 

J i+x 2 + J 1+x 2 + Jl 



dx 



I e'du + — I wdw + I - 



+x J 1+x J 1+x 

dx „ lw 2 „ , Vd + x 2 ) , 

— ^- = e +— — + arcrgx + c = e -\ harcrgx + c 



+ x 



2 2 



.139.- f 4^-. 

J r — 9 
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•> r 2 -9 J V r 2 -?' J i X 2 -2 l4l 



4i 



x + in 

2 



x l -2 
x-yfl 



X 



-42- 



x + 



4i 



+ c 



+ c 



2.140.- \e sen2x sen2xdx ; 



1 — cos 2x 
Se3.'.u = ,du = senlxdx 



l-cos2;c 



I e sen x s e n 2xJx = I e 2 sen 2xdx = I e u du = e u +c = e sen x + c 
2.141,} 



(1-sen^) 



sen t 

2 / 



bea: w = — 1= , du = —j= 

V2 V2 



f (l-sen^) f 
^—dx=\ 



sen 



l-2sen^ + sen 2 ^ 



sen 



V2 



dx = I cos ec^dx-2\ dx+\ sen -j=dx 



= v2 cosecwrfw-2 dx + 42 senudu = y2£ tjlcos ecu — cot gu\ — 2x — \2cosu + c 

= yf2tn 

2.1 42.- J 

, dx = 5 



cosec^-corg^M 

5-3x 

V4-3x 2 
5-3x , _r dx 



■ 2x - v 2 cos -j= + c 

Sea: w = xv3 , dw = v3dx; w = 4 - 3x 2 , dw = -6xdx 
xdx _ r dx „ p xdx 



3 I^=T^J 



4 



V4-3x 2 J V4-3x 2 J ^4-(xV3) 2 J ^4-3x 2 

J- 



5 r du 3 r dw 5 u \ w' 1 5v3 xV3 n i~t 

— p=- , +— — == = — ;= arcs en — H r^ + c = arcs en h V4-3x +c 

V3 J V2 T ^ T 6 J V^ V3 2 2^/ 3 2 



2.143.-1"-^-, Sea:w=l+<r',<fa = -e _ '<fo 

V+l 

p ds p e^ds pdw . i i . i _ s ,i 

= = - — = -lnu+c = -^< +l+c 

V+l V s +1 J u M ' ' 

d6> 



2.1 44.- J 

I 



senaOcosaO 



Sea: w = 2a#, du = 2ad0 



dO 



senaOcosad J Ksen2a# 



= 2 cos ec2a0d0 = — cos ecudu 

J 1/C/»H 9/7/9 J 9/7 J 



2a 



— j?77 Icos ecw - co rgwl + c = —lrj Icos ec2a0 - co rg2a#| + c 
a a 



2.1 45.- J 



Ve 2 *-2 



J*, 



Ue 2 '-!* ^{e s f-2 iS ' V^2 
= £ 7 |e' s + VO' s ) 2 - 2 1 + c = £ 77 \e + Ve 2s - 2 



Sea: u = e , du = eds 

du r~ 2 r 

u + \ju —2 



77 



+ c 



+ c 
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2nt , 2nt , 
bea:w = \-<p ,au = at 



2.146.- j"sen(^- + <p )o7. 

r ,,„ . , T f 7 1 7 1 2;zt 

sen^ + ^jffl = — sen wow = cosu + c = cos( \-<p Q ) + c 

J ' 2n j 2;t 2;r T 

2.147, J 



arc cos 



V4^T 



2^-' 
^x, 



2;r 

Sea:w = arccos — ,o*w = — 



V4^ 



p arc cos % r w 

— , d x = - udu = h 

J 44^7 J 2 



(arc cos ^) 
c = — + c 



2.1 48.- J 



dx 



I 



44-!^) 
ox r dx 



Sea:w = lrjx,du 



dx 



■I- 



r du _ 1 

J? 2 -,, 2 = I 



:iy 



2 + W 



2-M 



+ C = —IT] 

4 



2 + £t]X 



2-£tjx 



x{A-lri 2 x) } x[2 2 -(£r]x) 2 ] ] 2 l -u l 4 
2.149.- \e~ Tgx sec 2 xdx , Sea:^ =-rgx,du = -sec 2 xa*x 

j" g-*** sec 2 xdx = -J e" dw = -e" +c = -e~ Tgx + c 

f senxcosx 2 , ,-> 

2.150.- , d x, bea:H = sen jc, aw = 2senxcosxax 

V2-sen 4 x 

r senxcosx r senxcosx 1 r 

, =dx = , a x = — 

J //-i 4 J /o / 2 ,.n2 9 J 



+ c 



V2-sen 4 x 

senxcosx r senxcosx 1 r du 1 u 

=dx = j a x = — , = — arcs e n — ==■ + c 

V2-sen 4 x J V2-(sen 2 x) 2 2-> ,/2-w 2 2 V2 



1 (sen x) 

= — arcs e n ,= h c 

2 V2 

2.1 51 -j ; gcx ; gx &, 

Vsec 2 x + 1 



Sea: w = sec x, o*w = sec xrgxdx 



r secxrgx , f 
j / 2 , 1 t fa = J- 



dw 



M + 



vV+i 



+ c = £rj 



Vsec 2 x + 1 vw 2 + l 

2.152.-J ^*— ^, 

J sen ?cos ? 

c dt r dt r 

^sen 2 tcos 2 t J (sent cast) 2 J c 1/ ">^ 2 J -- 



s ecx + V s ec 2 x + 1 



+ c 



Sea: w = 2t, du = 2dt 
dt .rdt 



■*l; 



(sentcost) J (Vsen2t) 2 J sen 2t 



4 cos ec 2 2tdt 



2 cos ec 2 udu = -2corgu + c = -2corg2t + c 



r»ii-o rarcsenx + x, 
Z.i 5o.- , — ax. 

Sea: « = arcsenx,d« = 



dx 



VT 



r ; w = 1 - x 2 , dw = -2xdx 



rarcsenx + x, r arc s e n x 7 r x , r , 1 r dw r , lp i/ 7 
, — ax = — , a x + , a x = wdw — — ^= = waw — w /2 dw 

Vl-x 2 VI -x 2 VI -x 2 2 J Vw 2 J 
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u 1 w /2 (arcsenx) 

2 2 1/ 2 

/2 

xdx 



Vl - x 2 + c 

Sea: f = Vx+T => x = ? 2 - \;dx = ltdt 



2.154.- f-^L, 

J Vx + 1 

f x^ =[ (^-l)2^ =2[ ^_ 2V^I7 _^ 

J VxTT J ? J 3 3 

2.155.-j"x(5x 2 -3) 7 dx, 

x(5x 2 -3) 7 dx = — w 7 rfw 



x + l + c 



Sea:w = 5x -3, du = lOxdx 

1 8 8 /c 2 os8 

1 w w (5x -3) 

\-C = \-C = hC 

10 8 80 80 



2.156.- \ x r 7](x+ , 2+l) dx, Sea:u = £? 7 (x + y[x 2 ~+l),du 
J V x +1 



dx 



Vx 2 +1 



77(X + Vx 2 +1) _r^£T](x + ^X 2 +l) 



i r x z\ ^ h 



Vx 2 +1 



<ix = \judu 



- + c 



£rj(x + yjx 2 +l) 



- + c 



2AST,\^dx t 



v. 



cosx 



^ 



cosx 



Sea: m = cos x, <iw = - s e n xdx 

mi- cos x) s e n xdx _ r s e n xdx r i 
J X^TT "J ./^7T ~J 



Vcosx 
(■sen x. psen xsenxdx r(l-cos x)senxdx psenxdx pcos xsenxdx 

\~f^r dx= y 



4 



cosx 



4 



cosx 



4 



cosx 



cos ' % xsenxdx- cos 72 xsenxdx = -\ w 2 du+ w 2 du = -^—r + -^-y + c 

A A 



2w 2 2w 2 2cosx^ 2cosx^ 2vcos" x zvcos~x 

+ + c = + + c = + + c 

3 5 3 5 3 5 



5 2^ 



2.158.-J 



cos xdx 



Vl + sen 2 x 

Sea:? = vl+sen 2 x =>sen 2 x = ? 2 -l;2senxcosxdx = 2tafr 
t 

dt 



\xdx _ p -sit 2 -1 



r cos xdx rvr-l r at „ r. 
Vl+sen x * yjt —\ 



x + senx 



(arcs e n x) 



dx , 



<• (arcsenx) 2 r 2 

I , — ax = I u du 

Vl-x 2 
2.150.-Je +e Vx, 



Sea:w = arcs en x, du 



u (arcs e n x) 
— + c = - — + c 



+ c 



dx 



V^ 



Sea: u = e ,du = e e e x dx 
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I e x+e dx=\ e x e e dx= \du = u + c = e c +c 
2A6-\.-jt(4t + l) 7 dt, 



Sea:u=4t + l^>t 



u — l 



4 



, du = Adt 



I t(4t + l) 7 dt = I u 1 — = — I {u-\)u du = — I (w 8 -u)di 

(4t + \) 9 (4f + 1) 8 



144 



128 
2t 2 -l0t + l2 



A 4 16' 

- + c 



16- 



1 y 1 s 

1 U 1 U 

U = hC 

16 9 16 8 



.162.- f^ 

J t 2 +4 

2t 2 -l0t + l2 



dt 



Se3i'.u=t + 4, du = du = 2tdt 



•" t 

= 2\dt + A\- 



-dt 



2 — * = 2 1 + - dt = 2\dt + 4\- 10 - 

J ? 2 +4 J l r 2 +4 J J V + 4 h 



dt 



+ 4 



2 +4 



■5[ — = 2t + 2wcTg\-5tri\u\ + c = 2t + 2aKTg\-5lri\t 2 + A\ + c 



2.163.- f < ft, 

SGa: m = e ' + l,du = 2e 'dt; w = l + e~ ' , dw = —2e~ 'dt 

e'dt r e~'<i? r e 2 'cfr r e~ 2 'dt I r du I r dw 

o )— + o } — 



f g -e _r edi c e at c e at <•< 

J ~~ T~ ^7"^ = I ~T~ T _ I ~T~ T = I 2r , i _ I 7 
J e +e J e +e J e +e J e +1 J 1 



+ e 



2" ;/ 

-2^ 



W 



— (£n\u\ + iri\w\) + c = - ln\uw\ + c = - tn(e 2 ' + 1)(1 + e z ') + c 
2 2 2 
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CAPITULO 3 

INTEGRACION DE FUNCIONES TRIGONOMETRICAS 

En esta parte, seran consideradas las integrales trigonometricas de la forma: 

) [ s e n m u cos" udu 

i) zg m u sec" udu 

ii) [ co Tg m u cos ec"udu 

O bien, formas trigonometricas reducibles a algunos de los casos ya senalados. 

EJERCICIOS DESARROLLADOS 

3.1 .-Encontrar: [cos 2 xdx 

„ , 2 , l + cos2x 
Solucion.- cos xdx = 

2 

Luego: [cos 2 xdx = f dx = — \dx + — [cos2xdx= — +— sen2x + c , 

a J J 2 2J 2J 2 4 

r 1 

Como: coshxJx = — senhx + c 

J h 

Respuesta: cos 2 xdx = — x + — sen2x + c 

3. 2. -Encontrar: [cos 4 {xdx 

. 2 l 1 + COS X 

Solucion.- cos \x = 

2 2 

Luego: cos 4 1 xdx = (cos 2 |x) 2 dx = dx = — (l + 2cosx + cos 2 x)dx 

= — \dx + —\ cos xdx + — cos 2 xdx , como: cos 2 xdx = yCx+ y\sen2x + c 

I r T 1 r , 1 f 2 , 1 1 1 A 1 

= — \dx + —\ cos xdx + — cos xdx = —x + — senx + — (—x +—sen2x) + c 
4 J 2 J 4 J 4 2 4 2 4 

II 1 1 3 1 1 

= —x + — senx + — x-\ sen2x + c = —x +—senx-\ sen2x + c 

4 2 8 16 8 2 16 

Respuesta: cos 4 ^xdx = — x + — senx-i sen2x + c 

J 2 8 2 16 

3. 3. -Encontrar: [cos 3 xdx 

Solucion.- 1 cos xdx= I cosxcos xdx, como:cos x=l-sen x 
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= j cos x cos 2 xdx = [cos x{\ -s en 2 x)dx = j cos xdx -J cos xs en 2 xdx 
Sea: w = s e n x, dw = cos xdx 



w sen x 



= I cos xdx - I cos xs e n 2 xdx = I cos xdx - I w 2 dw = s e n x h c = s e n x h c 

Respuesta: Jcos 3 xdx = senx-^ + c 

3.4.-Encontrar : [sen x 3 4xdx 

Solucion.- senx 4xdx= sen4xsen 4xdx, como:sen 4x = l-cos 4x 

= [sen4xsen 2 4xdx = [sen4x(l-cos 2 4x)dx = [sen4xdx- [sen4x(cos4x) 2 dx 

Sea: w = cos 4x, dM = -4 s e n 4xdx 

r , , 1 r ? , 1 . 1h 3 cos4x cos 3 4x 

= sen4xdx + — u du = — cos4xH \-c = 1 he 

J 4 J 443 4 12 

_ r , „ , cos4x cos 3 4x 

Respuesta: senx 4xdx = + +c 

J 4 12 

3.5.-Encontrar: [sen 2 xcos 3 xdx 

^^ ■ ■ ^ ■ o ^ p o o ■ o o ■* 

Solucion.- sen xcos xdx= sen xcos xcosxdx = sen x(l-sen x)cosxdx 

= sen 2 xcos xdx- sen 4 xcos xdx ; Sea:« = senx, du = cos xdx 

r 2 , r 4 , m w sen * sen * 

= w dw - w dw = \-c = h c 

J J 3 5 3 5 

n f 2 37 sen * sen x 
Respuesta: I sen xcos xdx = he 

3.6.-Encontrar: [sen 3 xcos 2 xdx 

^^ i ■ a r ^ o ■ o o i o o 

Solucion.- sen xcos xdx = sen xs en xcos xax =(1- cos x) sen xcos xdx 

= (1-cos x)senxcos xdx= senxcos xdx- senxcos xdx 
Sea:w = cosx, du = —sen xdx 



3 5 

U U 



sen xcos 2 xdx- sen xcos 4 xdx = — u 2 du + \ u 4 du = 1 he 



3 5 



cos 3 x cos 5 X 

- + -he 



cos 3 x cos 5 x 



3 5 

_ * f < , cos X COS X 

Respuesta: I sen xcos xdx = + + < 

3.7.-Encontrar: [s en 2 xcos 5 xdx 

^^ I ■ A M ^ 10 01 10 oo ■* 

Solucion.- sen xcos xdx= sen x(cos x) cosxdx= sen x(l-sen x) cosxdx 
= [sen 2 x(l-2sen 2 x + sen 4 x) cos xdx 
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sen x ,sen x sen x 

--2 + + c 



7 



sen x „sen x sen x 

-2 + + c 



= (s e n x) 2 cos xdx - 2 (s e n x) 4 cos xdx + (s e n x) 6 cos xdx 
Sea: u = s e n x, du = cos xdx 

= u 2 du-2\ u 4 du + \ u 6 du = 2 1 he 

J J J 3 5 7 

Respuesta: [sen 2 xcos 5 xJx 

3.8.-Encontrar: [sen 3 xcos 3 xdx 

Solucion.- [sen 3 xcos 3 xdx= [(senxcosx) 3 dx; como:sen2x = 2senxcosx, 

sen 2x 
Se tiene que:senxcosx = ; Luego: 

= (senxcosx) 3 dx = dx = — sen 3 2xdx = — sen2xsen 2 2xdx 



8' 



.2 j 8 J 8- 

= — [sen2x(l-cos 2 2x)dx = - \ s en2xdx — [sen2x(cos2x) 2 <ix 
Sea: u = cos 2x, du = -2 s e n 2x<ix 



-sen 2xdx H -2 s e n 2x(cos 2x) 2 dx = — s e n 2xdx H w 2 dw 

8 J 16 J 8 J 16 J 



16 

, 3 
1 M 



8- 

cos 3 2x 



- + c 



cos 3 2x 
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= cos 2xH \-c = cos2x + - 

16 16 3 16 48 

r t, ~k '1 
Respuesta: I sen xcos xdx = cos2x + 

3.9.-Encontrar: [sen 4 xcos 4 xdx 

Solucion.- [sen 4 xcos 4 xdx = [(senxcosx) 4 <ix= [ 



- + c 



sen2x 



\ 4 



dx = — sen 4 2xdx 



16 J 



If/ 2- x 2 , 1 rf l-cos4x' , 
— I (s e n 2x) dx = — I I dx ■ 



1 r 2 

(1 - cos 4x) dx 

16 J 16 J ^ 2 J 16x4 J 

— (1-2 cos 4x + cos 2 4x)<ix = — dx cos Axdx -\ cos 2 Axdx 

64 J 64 J 32 J 64 J 

1 rl + cos8x 



If, If , , 1 r l + cos8x , 

= — \dx cos 4xax H — — dx 

64 J 32 J 64 J 2 

= — dx cos Axdx H dx -\ cos Sxdx 

64 J 32 J 128 J 128 J 



64- 

1 



1 . 1 1 _ 3xsen4xsen8x 

— x sen4xH x-\ sen8x + c = 1 he 

64 128 128 1024 128 128 1024 



3x - s e n 4x + 



Respuesta: [sen 4 xcos 4 xdx = — 
J 128 

3.10.-Encontrar: [x(cos 3 x 2 -sen 3 x 2 )dx ; Sea: w = x 2 ,du = 2xdx 



sen8x 
8 
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I x(cos x -sen x )<ix = — I 2x(cos x -sen x )dx=— I (cos w-sen w)<^w 

= — cos 3 w du — sen 3 udu = — cos u cos 2 wJw — s e n w s e n 2 udu 

= — cos u(\ -sen 2 u)du — sen u(l - cos 2 u)du 

= — \cosudu — [coswsen 2 w<iw — [senw<iw + — [senwcos 2 w^m 
2 J 2 J 2 J 2 J 

Sea: w = sena,dw = cosj«/w;z = cosu,dz = -senudu 
= — cosudu — w 2 dw — senudu — zdz = — senw 



1 w 3 1 1 z 3 

- + — COSW hC 



2 J 2 J 2 J 2 J 2 2 3 2 2 3 

senw sen 3 w cosw cos 3 w 1 1 3 3 

H he = — (senw + cosw) — (sen w + cos «) + c 



2 6 2 6 2 6 

Dado que: sen 3 w+cos 3 w = (sen w + cos w)( s £ n 2 ^ -senw cos w + cos 2 ) 

O bien:sen 3 w+cos 3 « = (senw + cosw)(l-sen«cosw) ; Lo que equivale a: 

= — (s e n u + cos u) — (s e n u + cos w)(l - s e n w cos u) + c 
2 6 

1 . si. w, 2senwcosw, 

= — (s e n u + cos w) — (s e n w + cos w)(l ) + c 

2 6 2 

1. 1 ... sen2w. 

= — (s e n u + cos w) — (s e n w + cos w)(l ) + c 

2 6 2 

= — (s e n « + cos u) — (s e n « + cos w) — (2-sen2w) + c 
2 6 2 

= — (s e n u + cos w)(6 - (2 - s e n 2w)) + c = — (s e n w + cos w)(4 + s e n 2«) + c 

= — (senx 2 + cosx 2 )(4 + sen2x 2 ) + c 
12 

Respuesta: I x(cos x -sen x )dx = — (senx +cosx )(4 + sen2x ) + c 



12 



3.1 1 .-Encontrar: [s e n 2xcos Axdx 



Soluci6n.-senacos/? = -[sen(a-/?) + sen(a + /?)]; Se tiene que: 

\ \ 

s e n 2x cos 4x = — [s e n(2x - 4x) + s e n(2x + 4x)] = — [s e n(-2x) + s e n(6x)] 



= — [-sen2x + sen6x], Luego: [sen2xcos4xrfx= j — (-sen2x + sen6x)<ix 

= — \sen2xdx + — fsen6xix = — cos2x cos6x + c 

2 J 2 J 4 12 

r 1 1 
Respuesta: sen2xcos4xdx = — cos2x cos6x + c 
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3.12.-Encontrar: cos3xcos2xdx 

Solucion.- cosacos/? = -[cos(a-/?) + cos(a + /?)] ; Se tiene que: 

cos3xcos2x = — [cos(3x-2x) + cos(3x + 2x)] = — [cosx + cos5x] , Luego: 

= Fcos3xcos2xdx = f — [cosx + cos5x]dx = — [cosxdx + — [cos5xdx 

1 ! 

= — senxH sen5x + c 

2 10 

r 1 1 
Respuesta: cos3xcos2xdx =-senn sen5x + c 

J 2 10 

3.13.-Encontrar: [sen5xsenxdx 

Solucion. -senasen/? = -[cos(a-/?)-cos(a + /?)]; Se tiene que: 
sen5xsenx = — [cos(5x-x)-cos(5x + x)] = — [cos4x-cos6x] ; Luego: 
= jsen5xsenxdx = j — [cos4x-cos6x] = — jcos4xdx — jcos6xdx 

1 A l 

= — sen4x senox + c 

8 12 

r 1 1 
Respuesta: sen5xsenxdx =— sen4x sen6x + c 

J 8 12 

3.14.-Encontrar: \rg 4 xdx 

Solucion.- [Tg 4 xdx=\Tg 2 xTg 2 xdx] como:rg 2 =sec 2 x-l; Luego: 

= \tg 2 xTg 2 xdx= \ Tg 2 x(sec 2 x-l)dx = \Tg 2 x sec 2 xdx-\tg 2 xdx 

= (Tgx) 2 sec 2 xdx - r — dx = (Tgx) 2 sec 2 xdx - r dx 

J J COS X J J COS X 

= j (Tgx) 2 sec 2 xdx - j sec 2 xdx + j dx ; Sea: w = Tgx, dw = sec 2 xdx 



= I w 2 dw - I sec 2 x + 1 dx = Tgx + x + c = Tgx + x + c 

Respuesta: \Tg 4 xdx =— — Tgx+x+c 

3.15.-Encontrar: [sec 6 xdx 

Solucion.- sec 6 xdx= (sec 2 x) 2 sec 2 xdx] COmo:sec 2 xdx = l + rg 2 x 

V O i 00 i A 

= (sec x) sec xdx = \(l + Tg x) sec xdx = (1 + 7.Tg x + Tg x) sec xdx 

= j sec 2 xdx + 2 j (rgx) 2 sec 2 xdx + j (rgx) 4 sec 2 xdx ; Sea: u = Tgx, du = sec 2 xdx 
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= i sec 2 xdx + 2\ u 2 du + \ u 4 du = Tgx + —u 3 + — u 5 +c = Tgx + — rg 3 x + — Tg 5 x + c 

Respuesta: [sec 6 xdx = zgx + — Tg 3 x + — zg 5 x + c 

3.16.-Encontrar: \rg 3 2xdx 
Solucion. - 

\rg 3 2xdx= \Tg2xrg 2 2xdx= \Tg2x(sec 2 2x- Y)dx= \Tg2x sec 2 2xdx-\rg2xdx 

Sea:u = rg2x,du = 2sec 2 2xdx; Luego: 

1 1 i ^ 1 i- n ^ O -v- 1 1 

— \udu— \ Tg2xdx = £n\sec2x\ + c - 

?J J 6 9 9 9 '' ' 



2 J J 2 2 2' ' 42 



cos2x 



+ c 



1 



cos2x 



Respuesta: \rg 3 2xdx=— — --—£tj 

3.17.-Encontrar: \rg 2 5xdx 

Solucion.- j rg 2 5xdx = j (sec 2 5x - X)dx = [ sec 2 5xdx - [ dx = — rg5x - x + c 

Respuesta: I Tg 2 5xdx=-rg5x-x+c 

3.18.-Encontrar: \rg 3 3xsec3xdx 

Solucion.- \rg 3 3xsec3xdx= \rg 2 3xrg3xsec3xdx = [(sec 2 3x-Y)rg3xsec3xdx 

= \(sec3x) 2 Tg3xsec3xdx-\Tg3xsec3xdx] Sea:w = sec3x, du = 3sec3xrg3xdx 

1 r 1 r 

Luego: — I u 2 du — 1 3rg3xsec3xdx\ como:<i(sec3x) = 3rg3xsec3xdx , se admite: 

1 f 1 , If?/ 1 3 1 <-> 1 3 -> 1 

— \udu — \d(sec3x) = —u — sec3x + c = — sec 3x — sec3x + c 
3 J 3 J 9 3 9 3 

r 7, I -2 J 

Respuesta: I zg 3xsec3xdx=— sec 3x — sec3x + c 

3.19.-Encontrar: \rg y2 xsec 4 xdx 

Solucion.- [rg^xsec 4 x<ix = [rg^x(sec 2 x)sec 2 xdx = [rg^x(l + rg 2 x)sec 2 xdx 

= (rgxy 2 sec 2 xdx + (rgxy 2 sec 2 xdx ', Sea: u = Tgx, du = sec 2 xdx 

Luego: \u y2 du+\u 1/2 du = -u /l + -u A + c = -Tg 5/2 x + -Tg 9/2 +c 

Respuesta: [zg^xsec 4 xdx =-rg 5/2 x + -rg' >/2 +c 

3.20.-Encontrar: [rg 4 xsec 4 x<ix 

Solucion.- [rg 4 x(sec 2 x)sec 2 xdx= \rg 4 x(l + rg 2 x) sec 2 xdx 

= j (rgx) 4 sec 2 xdx + j (rgx) 6 sec 2 xdx ; Sea: u = rgx, du = sec 2 xdx 
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u 5 u 1 ?g 5 x Tg 7 x 



I f 4 j f 6 j M U ~g X ~8 X 

Luego: u du+ u du = — + — + c = — — + — — + c 

a J J 5 7 5 7 

Respuesta: fre 4 xsec 4 x<ix =^— + ^— + c 

3.21 .-Encontrar:[corg 3 x cosec 4 xdx 

Solucion.- fcore 3 xcosec 4 xdx = fcore 3 x(cosec 2 x)cosec 2 xdx 
Como:cosec 2 x = l + corg 2 x; Luego: 

core x(l + core x)cosec xdx= \corg xcosec xdx+ core xcosec xdx 
Sea: u = co rgx, du = - cos ec 2 xdx , 



4 6 4 6 

M U CO Tg X CO Tg X 



, r i , f s , w » core x core x 
Luego:- \u du-\ u du = + c = - — + c 

J J A & A fi 



4 6 4 



core 4 x core 6 x 

+ c 



Respuesta: [core 3 x cosec 4 xdx 

3.22.-Encontrar: [core3xcosec 4 3x<ix 

Solucion.- core3xcosec 4 3xdx = core3x(cosec 2 3x)cosec 2 3xdx 

core3x(l + core 3x)cosec 3xdx= core3xcosec 3xdx+ core 3xcosec 3xJx 
Sea:« = corg3x,du = -3cosec 2 3xdx; Luego: 

If. 1 f 3 , u u co rg 3x co rg 3x 

— udu — \u du = \-c = h c 

3 J 3 J 6 12 6 12 

i-i f o 4o 7 core 2 3x core 4 3x 
Respuesta: I core 3x co sec 3xJx = + c 

3.23.-Encontrar: [cosec 4 2xdx 

Solucion.- cosec 2xcosec 2xdx= (1 + core 2x)cosec 2xdx 

cosec 2xdx+ core 2xcosec 1xdx\ Sea: m = coTg2x,du = -cosec 2xdx 

i f 2ojlf2j 1 o" 3 core2x core 3 2x 

Luego: cosec 2xax — \u du = — core2x \-c = \-c 

a J 2 J 2 3 2 6 

i-i f 4~ 7 coTglx core 3 2x 
Respuesta: I cosec 2xdx = +c 

3.24.-Encontrar: corg 3 x cosec 3 xdx 

Solucion.- core 3 xcosec 3 xdx= core 2 xcosec 2 xcorexcosecxdx 

Como: co re 2 x = cosec 2 x-1 ; Luego: [(cosec 2 x-1) cosec 2 xco rex cosec xdx 

= I (co sec 4 x co Tgx co sec xdx - I co sec 2 x co rex co sec xdx 
Sea: w = cos ecx, du = - cos ecxco Tgxdx ; 
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u 5 u 3 



Entonces: -\u 4 du+\u 2 du = + — + c 



cosec 5 x cosec 3 x 
+ + c 



_ p 3 3 , cosec x cosec x 
Respuesta: I corg xcosec xdx = 1 \-c 

3.25.-Encontrar: \corg 3 xdx 

Solucion.- [co rg 3 xdx = j co rg 2 xco rgxdx = j (cos ec 2 x - 1) co rgxdx 

= cos ec 2 x co rgxdx- cotgxdx; Sea'.u =corgx,du = -cosec 2 xdx 



CO Tg X 



Luego:- udu- co rgxdx = zr]\senx\ + c = zr]\senx\ + c 



Respuesta: J co zg 3 xdx 



CO Tg X 



Irj senx +c 



EJERCICIOS PROPUESTOS 

Usando esencialmente el mecanismo tratado, encontrar las siguientes integrales: 



3.26, 


tg 2 5xdx 

rcos2x , 
-ax 


3.27, 
3.30, 


senxcosxJx 


3.28, 
3.31, 


• dx 

sec2x 


3.29, 


Vcosxsen 3 x<ix 


rg 2 f sec 2 f dx 




cosx 










3.32, 


Tg 3 Ax sec Axdx 


3.33, 


sen f dx 


3.34, 


p s e n 2x . 

dx 

senx 


3.35, 


(sec x + cos ecx) dx 


3.36, 


sec frgjdx 


3.37, 


Tg 2xsec Ixdx 


3.38, 


sen8xsen3xdx 


3.39, 


cos4xcos5xdx 


3.40, 


sen2xcos3x<ix 


3.41, 


■ ( sec x 


4 

d!x 


3.42, 


P cos x , 


3.43, 


cosec 3x<ix 


4 ax 

' sen x 




3.44, 


(rg 3 f + Tg 4 f)dx 


3.45, 


co rg |<ix 


3.46, 


ZOTg jdx 


3.47, 


dx 


3.48, 


f cos 2 X 


3.49, 


dx 


sen 5 xcosx 


— ~fi — 
' sen x 


sen 2 xcos 4 x 


3 50- 


dx 




3.51, 
3.54, 


C cos 3 x 


3.52, 
3.55, 


cos fdx 




cos 6 4x 


uX 

1 1-senx 




3.53, 


sen fdx 


V 1 - cos xdx 


dx 
















cosec f 


3.56, 


sen 3 f cos 5 f rfx 


3.57, 


sen 2 xcos 2 xd!x 


3.58, 


sen 4 xcos 2 x<ix 


3.59, 


•l-cos2x , 

dx 

1 + cos 2x 


3.60, 


C cos 3 x ^ 


3.61, 


sen 3 2xJx 




Vsenx 




3.62, 


sen 2 2.x 


cos 2 2xdx 


3.63, 


cos 4 x<ix 


3.64, 


rp 4 xsec 2 x<ix 
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3.65.- \rg 3 xsecxdx 3.66.- sec 6 aOdO 3.67.- sec xdx 

3.68.- \coTg 2 2xcosec 2 2xdx „ fi q rsen 3 x 3.70.- j sec 4 3xrg3xdx 

■* cos 2 X 

3.71 .- [ sec" xrgxdx; (n * 0) rcos 3 j 3 73 - f ^ X 

' ■» sen 2 x J sen 4 x 

3.74.- jrg"xsec 2 xdx;(n ^ -1) 3.75.- jsen 6 xdx 3.76.- jsen 4 axdx 

3.77.- [sen" xcosxdx;(/i;£ -1) 3.78.- \coTg"axdx 3.79.- [corg 4 3xdx 

3.80.- J cosx" sen xdx; (n*-l) 3.81.- \rg n xdx 3.82.- jVg 4 xdx 

3.83.-Jcos 2 " +l xdx 

flESPUESTtfS 

3.26.- I rg 2 5xdx = I (sec 2 5x-l)dx = I sec 2 5xdx + I dx = — rg 5 x-x + c 

3.27.- senxcosxdx = — 2senxcosxdx = — sen2xdx = — cos2x + c 
J 2 J 2 J 4 

3.28.- [ = [cos2xdx = — sen2x + c 

J sec2x J 2 

« «« rcos2x , pcos 2 x-sen 2 x , rcos^x , rsen 2 x , 

3.29.- ax = dx = —^dx- dx 

J cosx J cosx J £0<X J cosx 

r el — cos x c c dx c c c 

= cos xdx - dx = cos xdx h cos xdx = 2 cos xdx - sec xdx 



COSX * COSX * _£0<X " COS A' 

1-cos x , p , f dx 

ax = cos xdx - 

cosx J J cosx 

= 2senx-^^ Isec x + Tgx\ + c 

3.30.- [ vcos x sen 3 xdx = [ vcos x sen 2 xsenxdx = [ vcos x(l- cos 2 x) sen xdx 

= [ vcos x sen xdx- [vcosxcos 2 xsenxdx = [cos^xsenxdx- [cos^xsenxdx 

Sea'.u = cosx, du = -senxdx ; Luego:-| u du+\u du = — w 2 +—w 2 +c 

2 3/ 2 7/ 2 / 3 2 / 7 

= — cos /2 +— cos /2 + c = — vcos x + — vcos x + c 

3 7 3 7 

= — cos xvcos x + — cos x 3 vcos x + c 
3 7 

3.31.- Kg 2 f sec 2 fdx= \(Tg f) 2 sec 2 f dx ; SeaiM = rgf,du = -sec 2 f dx 

3J(-rgf) 2 {sec 2 f dx = 3J« 2 dw = w 3 +c = rg 3 f + c 

3.32.- [rg 3 4xsec4xdx = [(rg 2 4x)rg4xsec4xdx = [(sec 2 4x-l)rg4xsec4xdx 

= [sec 2 4xrg4xsec4xdx- [rg4xsec4xdx ; Sea:w = sec4x,dM = 4sec4xrg4xdx 
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1 f 2 , If, 1« 3 1 sec 3 4* sec4x 

= — \u du — \du = u + c = \-c 

4 J 4 J 4 3 4 12 4 

3.33.- s e n 2 1 dx = ^dx = 3 -dx = — [ dx — cos f dx 



— x senf+c 

2 2 3 



_ _. f sen2x , f2s^rfxcosx , _r , 

3.34.- dx = —p dx = 2 cos xdx = 2senx + c 

' senx ' j^e-ilx J 

3.35.- (sec x + cos ecx) 2 dx = (sec 2 x + 2secx cos ecx + cos ec 2 x)dx 

= sec 2 xdx + 2 sec x cos ecxdx + cos ec 2 xdx = sec 2 xdx + 2 dx + cos ec 2 xdx 



cosx senx 



= [sec 2 xdx + 2x2[ h [ cos ec 2 xdx = [sec 2 xdx + 4[ h [cosec 2 xdx 

J J 2cosxsenx J J J sen2x J 

= sec 2 xdx + 4 cos ec2xdx + cos ec 2 xdx 
= tgx +yLlri |cos ec2x - co rg 2x| - co rgx + c 
= rgx + 2£ 77 |cos ec2x - co rg 2x1 - co r gx + c 
3.36.- jsec 3 f rgf dx = j(sec 2 -f)secjr,g-Jdx 
Sea:w = secf ,du = jsec-f rg-f dx, 

1 ^f 2 j „ w 3 4sec 3 f 
Luego:4| u du = 4 — + c= *- + c 

3.37.- \rg 4 2xsec 4 2xdx = jrg 4 2x(sec 2 2x)sec 2 2xdx= \rg 4 2x(l + Tg 2 2x)sec 2 2xdx 
= j(rg2x) 4 sec 2 2xdx + j(rg2x) 6 sec 2 2xdx 
Sea:u = rg2x,du = 2sec 2 2xdx, Luego: 

= — \(Tg2x) 4 2sec 2 2xdx + —\(Tg2x) 6 2sec 2 2xdx = — \u 4 du + —\u 6 du 

1m 5 1m 7 rg 5 2x rg 7 2x 

= + + c = — + — + c 

2 5 2 7 10 14 

3.38.- [sen 8x sen 3xdx 

Considerando: s e n a s e n /? = - [cos(a - /?) - cos(a + /?)] 

Luego: s en 8xsen3x = — (cos 5x-cosllx) ; Se tiene: 

1 r lr lr ... sen5x senllx 

= — (cos 5x - cos 1 lx)dx = — cos 5xdx — cos 1 lxdx = h c 

2 J 2 J 2 J 10 22 

3.39.- [cos4xcos5xdx 

Considerando: cos « cos /? = — [cos(a - /?) + cos(a + /?)] 
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Luego: cos 4xcos5x = —(cos(-x) + cos 9x) ; 

Como:cos(-x) = cosx =^> — (cosx + cos9x) ; entonces: 

cos 4x cos 5 xdx = — ( cos x + cos 9x)dx = — cos xdx H — cos 9xdx 
J 2 ■* 2^2^ 

senx sen9x 

= + + c 

2 18 

3.40.- sen2xcos3xdx 

Considerando:senacos/? = -[sen(a-/?) + sen(a + /?)] 

Luego : s e n 2x cos 3x = — [s e n(-x) + s e n 5x] 

Como:sen(-x) = -senx => — (-senx + sen 5x) ; entonces: 

2 

sen2xcos3xdx = — (-senx + sen5x)dx = — senxdx + — sen5xdx 

•" 2 ^ 2 ^ 2 ■* 

1 l 

= — cosx cos5x + c 

2 10 



rgx 



3. 41 ..n^± j x = j ^l = j 






s C 11 .v 
y pd£x J 



senx 



dx = cos ec xdx = cos ec 2 xcos ec 2 xdx 



= (1 + corg x)cosec xdx= cosec xdx + corg x cosec xdx 
Sea: w = co rgx, du = — cos ec xdx 



i f 2 , f 2 , « corg x 
Luego: I cosec xdx- I w aw = -co rgx he = -co rgx he 



cos x 1 



sen x senx 



dx = co Tg 3 x cos ecxdx 



3.42.- f^-M 
J sen x J 

= j (co r g 2 x) co rgx cos ecxdx = j (cos ec 2 x-Y)corgx cos ecxdx = 

= j cos ec 2 x co rgx cos ecxdx - j co rgx cos ecxdx 

Sea: w = cos ecx, du = - cos ecxco rgxdx 

, f 2 , f , M cosec x 

Luego: — w du+ \du = hw + c = hcosecx + c 

3.43.- I cosec 4 3xdx= j (cosec 2 3x)cosec 2 3xdx= I (l + corg 2 3x)cosec 2 3x)dx 
= j cos ec 2 3 xdx + j co rg 2 3x cos ec 2 3 xdx 
Sea:M = corg3x,dw = -3cosec 2 3xdx 

i f 2 jlf2j 1 0I3 corg3x corg 3 3x 
Luego: cosec 3xdx — u du = — corg3x — u +c = hi 
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3A4.- \(rg 3 j + rg 4 f)dx = \rg 3 fdx + \rg 4 fdx = \(rg 2 i)rgidx + \(rg 2 i)rg 2 fdx 

= j (sec 2 f - l)rg f dx + j (sec 2 f - Y)rg 2 f dx 

= \scc 2 fTgfdx-iTgjdx+\(sec 2 f)Tg 2 jdx-\rg 2 fdx 

= j sec 2 1 rg f dx - j rg f dx + j (sec 2 f )rg 2 f dx -J (sec 2 f - Y)dx 

= jsec 2 frgf dx-[rgfdx+ [(sec 2 f)rg 2 fdx-j sec 2 fdx + jdx 

Sea:w = rgf,du = — sec 2 f dx 

Luego:3Jwdw- [rgfdx + 3 [w 2 dw- [sec 2 fdx + jdx 

3 i 3 i 

= — u 2 - 31 rj |sec f | + w 3 - 3rg f + x + c = — rg 2 f-3lrj |sec f | + rg 3 j - 3rg f + x + c 

3.45.- j co rg 3 fdx = [ (co rg 2 f) coTgfdx=\ (cos ec 2 f - 1) co rg f dx 

= [cosec 2 f corgf dx- [corgf dx; Sea:w = cos ecf,dw = — cosecf corgf dx 

Luego:-3J(cosecf)(- j4 cosecf corgf)dx- icorgf dx = -3\ udu - icorgf dx 

_ 3w 2 .. I | -3cosec 2 f „„ , , 

= 3£ n s e n f + c = -3«nsen{+c 

2 'I 3| 2 '! 3| 

3.46.- j co rg 4 |dx = j (co rg 2 1 ) co rg 2 f dx = j (cos ec 2 f - 1) co rg 2 f dx 

Po o no P o o P o 

= lcosec fcorg fdx-lcorg fdx=lcosec fcorg fdx-l(cosec f-l)dx 
= [cosec 2 fcorg 2 fdx-[cosec 2 fdx+[dx 

Sea'.u = corgf,du = — cosec fdx 

6 

Luego : -6 [ u 2 du - j cos ec 2 f dx + [ dx = -2u 3 +6corg f + x + c 
= -2 co rg 3 f + 6 CO Tg I + X + c 

3.47.- [ ; Como:sen 2 x + cos 2 x = l, 

J sen xcosx 



sen x + cos x, r dx r cos xdx 

- 1 + 5- 

sen xcosx ' sen xcosx J sen x 



. ps en x + cos x , r 

Luego: dx = 

J sen xcosx J 

r s e n x + cos x , r cos xdx r dx r cos xdx r cos xdx 

= 1 3 dX+ \ — =1 +1 — + I — 

J sen xcosx J sen x J sen xcosx J sen x J sen x 

= [ h [(sen x)~ 3 cos xdx + [ (s e n x)~ 5 cos xdx 

J sen xcosx J J 

= — h (sen x)~ 3 cos xdx + (sen x)~ 5 cos xdx 

J senzx J J 

2 

= 2 j cos ec2xdx + j (s e n x) -3 cos xdx + j (s e n x) -5 cos xdx (*) 
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Sea: u = s e n x, du = cos xdx , 



Luego: 



(*) = 2 cosec2xdx+ u 3 du+ u 5 du = lrj\cosec2x-coTg2x\ -+ 

J J J < Oij Aim 



2u l 4w 4 



I rj Icos ec2x - co x g 2x1 - 



I rj Icos ec2x - co r g 2x1 - 



2sen 2 x 4sen 4 x 
cosec 2 x cosec 4 x 



+ c 



■ + c 



... fCOS 2 X, fCOS 2 X 1 , f 2 4 , 

3.48.- t— ax = — ax = \corg xcosec xdx 



sen x sen x 



P o o oio o o 

= I co rg x(cos ec x) cos ec xdx = I co rg x(l + co rg x) cos ec xdx 
= j co rg 2 x cos ec 2 xdx + j co rg 4 x cos ec 2 xdx 
Sea:w = co rgx,du = -cosec 2 xdx , 

. r 2 , r 4 , u 3 u corg 3 x core 5 
Luego: -I w dw- Jw d« = + c = 

dx r s e n + cos x , r dx r dx 



3.49.- J 

= jsec 4 xdx + j 



sen xcos x •'sen xcos x 



I 



+ c 



, r ax r 
dx=\ — + 



cos x •'sen xcos x 



dx 



dx 



(s en xcos x) 



fsec 4 xdx+F = [sec 4 xdx + 4f 

J J ,sen2x s7 J J 



dx 



. ,. .„,i2x 2 

2 



sen 2x 



= j sec 4 xdx + 4 j cos ec 2 2xdx = j sec 2 x sec 2 xdx + 4 [ cos ec 2 2xdx 

= \(l + Tg 2 x) sec 2 xdx + 4 j cos ec 2 2xdx = j sec 2 xdx + j rg 2 x sec 2 xdx + 4\ cos ec 2 2xdx 

Sea: u = rgx, du = sec 2 xdx , 

3 

Luego: j sec 2 xdx + jw 2 dw + 4Jcosec 2 2xdx = rgx-\ 2corg2x + c 



, T S 3x o o , 

: rgx-\ 2corg2x + c 

dx 



3.50.- f 7 — = fsec 6 4xdx = (" (sec 2 4x) 2 sec 2 4xdx = f (l + rg 2 4x) 2 sec 2 4xdx 

J cos 4x J J J 

= [(l + 2rg 2 4x + rg 4 4x)sec 2 4xdx 

= [sec 2 4xdx + 2J(rg4x) 2 sec 2 4xdx + j(rg4x) 4 sec 2 4 xdx 

Sea:u = rg4x,du = 4sec 2 4xdx , Luego: 

f 2 A , 1 f 2 , 1 f 4 , ?"<?4x 1m 3 1m 5 rg4x rg 3 4x rg 5 4x 

sec 4xdx -\ — \u du -\ — \udu~ 



■ + + + c 

4 2 3 4 5 4 6 

_ _ f cos 3 x , pcos 3 x(l + senx) , r cos^ x(l + senx) , 

o.o I .- ax = dx = —p dx 

J 1-senx J 1-sen x J posx 

= cos x(l + s e n x)dx = cos xdx + cos xs e n xdx = cos xdx + — s e n 2xdx 



20 



+ c 
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= senx — cos2x + c 

4 

3.52.- [ cos 3 j dx = [ (cos 2 f) cos fdx = [( 1 - s e n 2 y) cos y dx 
= [cosf dx-\sen 2 fcosfdx 
Sea'.u = serij, du= XijCOSjdx 

i~1 3 <-j 

Luego:= [ cos jdx-7\u 2 du =7seny \-c = 7senf — sen 3 f + c 

3.53.- j s e n 5 f dx = j (s e n 2 f) 2 s e n | dx = j (1 - cos 2 f) 2 s e n f dx 

= j(l-2cos 2 f + cos 4 f)senf <ix = jsenf <ix-2Jcos 2 f senf <3?x+ [cos 4 f senf Jx 

Sea:w = cosy,rfw = — senyrfx, Luego: 

= senyJx + 4 u 2 du - 2 u 4 du = —2 cos f H h c 

J - J J "35 

4cos 3 f 2cos 5 f 

= -2cosf + - + c 

2 3_ 5 

3.54.- vl-cosxdx 

Considerando:sen 2 a = , y 2a = x 

2 

1 cos 2x 

Se tiene:sen 2 f = ; ademas:l-cosx = 2sen 2 f 



Luego : j ^2 s e n 2 fdx = V2 [ sen jdx = -2 v2 cos f + c 

dx r a .. . r , 9.9. rf 1-cos 



3.55.-J aX 4 - = Js g n 4 yrfx = J(s g n 2 f) 2 rfx = J 3 rfx 

= — (l-2cos^ + cos 2 y L )<ix = — \dx — cosy L dx + — cos 2 -y<ix 

If, If 9, 1 fl+COS¥ , If, If ,, If,, As, 

= — dx — cos^-ax + — —dx = — dx — cos^f ax + — (l + cos^)ax 

4 J 2 J 4 J 2 4 J 2 J 8 J 

= — [dx — fcos^rrfx + — \ dx + — fcos^f dx = — \ dx — \cos 2 fdx + — fcos^f dx 
4 J 2 J 3 8 J 8 J 3 8 J 2 J 3 8 J 3 

3 13 , 13 , 3 3sen^f 3sen^ 

= — x sen^fH sen^ + c = —x — H — + c 

822 3 84 3 8 4 32 

3.56.- jsen 3 yCos 5 y<ix= [senysen 2 yCos 5 fdx= [seny(l-cos 2 f)cos 5 fdx 
= senycos 5 y<ix- cos 7 ysenfdx 

Sea:w = cosf ,dw = — senfdx 

2 2 2 
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lu lu u u 

+ + C = + + C 

6 8 3 4 



cos f cos i 



Luego: -2\u 5 du + 2\udu 

3.57.- [sen 2 xcos 2 x<ix = j(senxcosx) 2 <ix = j dx = — \sen 2 2xdx 



-+c 



1 r l-cos4x , If,, ... 1 p , 1 r . , x 1 . 

= — — — dx = — (1- cos 4x)ax = -\dx — cos 4xax = s e n 4x + c 

4 J 2 8 J 8 J 8 J 8 32 

3.58.- sen 4 xcos 2 xdx= (sen 2 xcos 2 x)sen 2 xdx= (senxcosx) 2 sen 2 xdx 



I 



sen2x 



1 - cos 2x 



\dx- 



—sen 2 j 
a) 



1 - cos 2x 



dx 



— \sen 2 2xdx — [sen 2 2xcos2xdx = — [ dx — [sen 2 2xcos2xd*x 

Rj RJ RJ 9 RJ 



8 J 8 J 8 J 2 

= — \dx cos Axdx — sen 2 2xcos 2xdx{*) 

16 J 16 J 8 J 

Sea:u = sen2x,du = 2cos2xdx , luego: 



(* 



) = — dx cos4xJx u 2 du = — x sen4x h 

16 J 16 J 16 J 16 64 16 3 



1 sen4x sen2x 

X hC 

16 64 48 

1 - cos 2x 
'l-cos2x , r 2 



o en fi-coszx, f 2 j fsen x r 2 r 2 

o.oy.- ax = _ d x = - n — dx = Tg xdx = (sec x - l)ax 

J l + cos2x J l + cos2x J cos x J J 

2 

= [sec 2 xdx- \dx = rgx-x + c 

3 
_ __ P COS X f .-1/ 3 f ,-i/ 9 

3.50.- I , — : d x= (senx) /2 cos xdx = (s e n x) /2 cos xcosxax 

J Vsenx J J 

= [(senx) /2 (l-sen 2 x)cosxdx= [(senx) ' 2 cos xdx- [sen" xcosx<ix(*) 
Sea:w = senx,<iw = cos xdx , luego: 

f -v i f y i n v 2Vsen 5 x 
(*) = I u /2 du - I u /2 du = 2u /2 h c 

3.61.- \sen 3 2xdx= [sen 2 2xsen2xdx = [(1-cos 2 2x)sen2xdx 

= \sen2xdx- cos 2 2xsen2xdx(*) 

Sea: u = cos2x, du = -2s en2xdx , luego: 

. . r ~ 1 f« 2 , 1 _ 1m 3 1 _ u 3 

(*) = sen2x + — — du = — cos2xH \-c = — cos2xh he 

J 2 J 2 2 2 3 2 6 



1 _ (cos 2x) 

— COS2XH hC 

2 6 
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1 - cos 4x 



3.62.- jsen 2 2x cos 2 2xdx=\ 



— \dx — cos 2 Axdx = — \dx — 

Ai Ai Ai Ai 



J 



1 + cos Ax 



\ 



1 rH + cos8x A 
~2 j 



dx = — I (1 - cos 2 Ax)dx 
4 J 

dx = — \dx — I (1 + cos Sx)dx 



— \dx — \dx — cos Sxdx = — \dx — cos Sxdx 
Ai rJ rJ rJ rJ 



8 
x s e n 8x 



3.63.- cos 4 xdx = (cos 2 xfdx = 



8- 

1 + cos 2x 



dx = — (1 + cos 2x) 2 dx 



- (1 + 2 cos 2x + cos 2 x) dx = — \ dx H — cos 2xdx H — cos 2 2xdx 

- \dx + — Fcos2xdx + — [ \dx = — \dx + — [cos2xdx + — \ (1 + cos Ax)dx 

4 J 2 J 4 J ^ 2 J 4 J 2 J 8 J 

- f<ix + — [cos2xdx + — [<ix + — [cos4xdx = — [dx + — [cos2xdx + — [( 

Ai ?J RJ RJ RJ ?J RJ 



8 

_1_ 

4 

J_ 

4 
J. 
2 
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- + c 



cos 2xdx + 

4 J 2 J 8 

3 1,1 

= — x +— sen2xH sen4x + c 

8 4 32 

3.64.- jrg 4 xsec 2 xdx 
Sea: w = rgx, du = sec 2 xdx 

Luego: \udu 



cos 2xdx + - | cos Axdx 
2 J 8- 



U Tg X 

— + c=— — + c 
5 5 



3.65.- j rg 3 xsec xdx = j Tg 2 xrgxsec xdx = j (sec 2 x - l)rgxsec xdx 

= (sec 2 x)rgx sec xdx- tgxsecxdx 

Sea: u = sec x, du = sec xzgxdx 

i f 2 , r , w 3 sec 3 x 
l_uego:lw du-\du = u + c = secx + c 

3.66.- J sec 6 aOdO = J sec 4 a6 sec 2 a6>J6> = J (sec 2 aOf sec 2 a&/0 
= j"(l + rg 2 a#) 2 sec 2 aOdO = j(l + 2Tg 2 a0 + Tg 4 a0)sec 2 aOdO 
= sec aOdd + 2 \rg adsec aOdO+\rg adsec aOdO 
Sea:u = rgad,du = asec 2 aOdO , Luego: 

— \du + — w 2 <iw + — u 4 du = — 



W + - 



2w W 



■ + - 

3 5 



+ C: 



_ 2r# aO rg aO 
zga6 + — + — 



+ c 



sec x(rgx + sec x) dx r sec xzgx + sec x 



3.67.- sec xdx = 

' ' rgx + sec x J rgx + sec x 

Sea: u = sec x + rgx, du = (sec xrgx + sec x)dx 

i f^ M n i i * i i 

Luego: — = lr; \u \ + c = £rj secx + rgx +c 



*ix 
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3.68.- \corg 2 2xcosec 2 2xdx 
Sea:u = corg2x,du = -2cosec 2xdx 

. 1 r 2 , u 3 corg 3 2x 
Luego: — \u du = + c = + < 



sen xsenxdx r(l-cos x)senxdx rsenxdx 



cos x 



3.69.- 1 — dx=l =1 

J COS X J COS X J 

Sea:u = cosx, du = -senxdx , 

Luego : - [ u~ 2 du -[sen xdx = — + cos x + c = h cos x + 

J J u cosx 

3.70.- j sec 4 3xrg3xdx = J sec 3 3x(sec3xr g3x)dx 

Sea:w = sec3x, du = 3sec3xrg3xdx 

. If ,, 1m 4 u 4 sec 4 3x 

Luego:- u du = + c = — + c = 

3 J 3 4 12 12 

3.71 .-J sec" xrgxdx = j sec" -1 x(sec xrgx)dx 
Sea: u = sec x, du = sec xrgxdx , Luego 

f B-l 7 M " SeC " X 

w dw = — 



COS X 



(sen xdx 



c = sec x + cos x + c 



- + c 



+ c 



+ c,(n*0) 



3.72.-f^^=f 



'COS xcosx 



sen x 



sen x 



dx = 



(l-sen 2 x)cosx 



sen x 



, f cos xdx r 7 

ax = cos xdx 



sen x 



■senx + c 



senx 



dx 



3.73, J^ = J 



sen x + cos x 



sen x 



senx 
cos x dx 
sen 2 x sen 2 x 



iix= [ — + [ 



dx f COS X , 

+ < — dx 



sen x J sen x 



= cos ec 2 xdx + 

1 3 

= -COTgX COTg X + C 

3.74.- jrg"xsec 2 xdx; (rc ^ -1) 
Sea: u = rgx, du = sec xdx 



cos ec 2 xdx+ co x g 2 x cos ec 2 xdx 



Luego: \u"du= + c = — + c,(n^-l) 

J n+\ n+\ 



3.75.- sen 6 xdx= (sen 2 x) 3 dx = 



l-2cos2x^ 



dx 



- Hl-3cos2x + 3cos 2 2x-cos 3 2x)dx 

— dx - 3 cos 2xdx + 3 cos 2 2xdx - cos 3 2xdx 
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5x sen2x 3sen4x sen 3 2x 

= + + + c 

16 4 64 48 

3.76.- sen 4 axdx= (sen 2 ax) 2 dx = — (l-cos2ax) 2 dx 

= (1 - 2cos 2ax + cos 2 2ax)<ix = — \dx — cos 2axdx + — cos 2 2axdx 

1 1 „ 1,1 1 „ x 3 1 „ 1 

= — x sen 2ax H — (— x H sen 4ax) + c = — x sen 2ax -I sen 4ax + c 

4 4a 4 2 8a 8 4a 32a 

3.77.- [sen" x cos xdx = \-c,(n ^-1) 

J n + l 

3.78.- coTg n axdx= co t g"~ 2 ax corg 2 axdx = coTg" 2 ax(cosec 2 ax-l)dx 

f b-2 2 , f »-2 . 1 core"" ax p „_ 2 , 

= corg axcosec axdx— \covg axdx = \coTg axdx 

' ' a n — 1 ' 

3.79.- jcoz-g 4 3xdx, Haciendo uso del ejercicio anterior: 

corg 3 3x r 2 corg 3 3x <• 2 

= Jcorg 3xax = l(cosec 3x-l)ax 

•J X j y 

corg 3 3x p 2 , , r , corg 3 3x r 2 r 

= Icosec 3xax+lax = Icosec 3xax+lax 

core 3x cor#3x 

= + — + X + C 

9 3 

rc+l 

3.80.- fcosx" sen xdx = \-c;(n ^ -1) 

J n + l 

3.81.- I rg"xdx= I z g n ' 2 xz g 2 xdx = I rg"~ 2 x(sec 2 x-l)dx 
= rg"~ 2 xsec 2 xdx- Tg n ~ 2 xdx = xg"~ 2 xdx 

3.82.- \Tg 4 xdx = ^^-\Tg 2 xdx = ^-\ (sec 2 x-l)dx 

T 8 3 x f 2 j f j ^g 3 * 
= I sec xdx -I ax = rgx + x + c 

3.83.- [cos 2n+1 xdx= [cos 2 " x cos xdx = [(cos 2 x) n cos xdx = [(1-sen 2 x)" cos xdx 

Sea:w = senx,dw = cosxdx.EI resultado se obtiene, evaluando(l-w 2 )" por la 
formula del binomio de Newton y calculando cada sumando, cuyas integrales son 
del t\po:\u"du. 

Las formulas provenientes de los ejercicios 3.78 y 3.81 , se denominan formulas 
de reduccion y su utilidad es obvia. Mas adelante, en otros capitulos, usted 
deducira nuevas formulas de reduccion. 
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CAPITULO 4 



INTEGRACION POR PARTES 

Existe una variedad de integrales que se pueden desarrollar, usando la 
relacion: ludv = uv-\vdu . 

El problema es elegir uydv, por lo cual es util la siguiente identification: 

I: Funcion trigonometrica inversa. 

L: Funcion logarftmica. 

A: Funcion algebraica. 

T: Funcion trigonometrica. 

E: Funcion exponencial. 

Se usa de la manera siguiente: 

EJERCICIOS DESARROLLADOS 

4.1 .-Encontrar: [xcos xdx 

Solution.- I LATE 

X cosx 
u = x dv = cos xdx 

du = dx v = senx 

.". xcosxdx = xsenx- senxJx=xsenx + cosx + c 

Respuesta: xcosxJx = xsenx + cosx + c 

4.2.-Encontrar: [xsec 2 xdx 

Solucion.- I LATE 

x sec 2 3x 
u = x dv = sec 2 3xdx 

du = dx v = ±tg3x 

.'. [xsec 2 xdx = — xrg3x — \ Tg3xdx= £rj\se,c3x\ + c 

J 3 3 J 3 9 ' ' 

Respuesta: [xsec 2 xdx = —^-^--tr/ |sec3x| + c 



4.3.-Encontrar: J x 2 s en xdx 
Solucion.- I LATE 



x 2 senx 
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u = x 2 dv = s e n xdx 

du = 2xdx v = -cosx 
.-. \x 2 senxdx = -x 2 cosx + 2\xcosxdx, integrando por partes la segunda integral: 

u = x dv = cos xdx 

du = dx v = s e n x 

-x 2 cos x + 2xsenx + 2 cos x + c 



x cos xdx'. 



.'. x 2 sen xdx = -x 2 cosx + 2 xsenx- senxrfx 
Respuesta: [ x 2 s e n xdx = -x 2 cos x + 2xsenx + 2 cos x + c 
4.4.-Encontrar : J (x 2 + 5x + 6) cos 2xdx 

Solucion.- 1 L A T E 

4 \ 

x 2 + 5x + 6 cos 2x 

dv = cos 2xdx 

1 



w = x 2 + 5x + 6 
du = (2x + 5)dx 



-sen2x 



.'. (x 2 +5x + 6)cos2xrfx : 



(x 2 +5x + 6) 



1 r 

s e n 2x — (2x + 5) s e n 2xdx 



Integrando por partes la segunda integral: 
I L A T E 

/ \ 

2x + 5 s e n 2x 

dv = s e n 2xJx 



w = 2x + 5 
Jm = 2dx 



1 



v = — cos 2x 

2 

.". j(x 2 +5x + 6)cos2x<ix = — sen2x(x 2 +5x + 6) — (2x + 5)(-j^cos2x)+ [cos2x<ix 
x 2 +5x + 6 



1 



1 1 f 

sen2x +— cos2x(2x + 5) — cos2xJx 
4 2 J 

x+5x+6 _ 2x+5 _ 1 
= s e n 2x H cos 2x — ser\2x + c 

2 4 4 

ii *i%2^ ^x ~, x+5x + 6 _ 2x + 5 . 1 
Respuesta: I (x +5x + 6)cos2xax = sen2xH cos2x — sen2x + c 

Nota.-Ya se habra dado cuenta el lector, que la eleccion conveniente para el u y el 
dv, dependera de la ubicacion de los terminos funcionales en la palabra ILATE. El 
de la izquierda corresponde al u , y el otro sera el dv. 
4.5.-Encontrar: [irjxdx 

Solucion.- ILATE 

i i 
irjx 1 
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u = 


zr/x 
dx 


dv = \dx 


du - 


x 


V = X 



.'. \£rjxdx = x£r/x-\dx = x£rjx-x + c = x(£rjx-Y) + c 
Respuesta: [£ ?] xdx = x(£ ?] x-l) + c 
4.6.-Encontrar: \£rj(a 2 + x 2 )dx 

Solucion.- 1 L A T E 

4 \ 

£?](a 2 + x 2 ) 1 
u = £t]x 
dx 



du 



dv = \dx 

V = X 



2x dx 



:. [£n(a 2 + x 2 )dx = x£n(a 2 + x 2 )-\ * * = x£n(a 2 + x 2 )-\(2 
J ' J a + x J 



2a 2 



2 . 2 
x +a 



)dx 



dx 



x£rj(a +x )-2x-\ -i-arcrg^ + c 

x +a a 



= x£r/(a 2 + x 2 )-2| dx + 2a 2 \ 

= x£r/(a 2 + x 2 )-2x + 2aarctg± + c 

Respuesta: [£rj(a 2 +x 2 )dx = x£rj(a 2 +x 2 )-2x + 2aarcrg^ + c 

4.7.-Encontrar: [£r/ x+Vx 2 -l 

Solucion.- 1 L A T E 

4 \ 



dx 



x + yjx 2 -1 
u = £rj 



1 



dv = ldx 

V = X 



x + 



4x Y ^\ 



1+ 



<iw 



x + vx 2 -1 

.-. [^ x + a/x 2 -1 



— d => <iw = — - — — — p - dx=> du 



dx 



Vx^l 



dx = x£rj 



x + - 



x<ix 



J / 2 1 

1 vx -1 
Sea : w = x + 1, Jw = 2xdx . 

Luego:x^?7 x + Vx 2 -l — f(x 2 -l)^2xdx = x^77 x + Vx 2 -l — [w'^dw 



x£rj 



x + 



v^-i 



2 K 



■ + c = x£rj 



+ 4x 2 - 1 - w^ + c = x£ n \x + Vx 2 - 1 - Vx 2 - 1 + 



Respuesta: [^ x+Vx 2 -l 



dx = x£r/ 



+ \x 2 -1 -Vx 2 -1 +( 
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4.8.-Encontrar: \irfxdx 
Solucion.- 1 L A T E 

i I 
£rfx 1 



dv = Xdx 

du = 2lrjx — dx v = x 

x 



:. \£rj 2 xdx = x£rj 2 x-2\£rjx—xdx = x£rj 2 x-2\£rjxdx 

Por ejercicio 4.5, se tiene: \irjxdx = x(£r/x-l) + c 
Luego\\£r/ 2 xdx = x£T] 2 x-2[x(£r/x-Y) + c] = x£r/ 2 x-2x(£T]x-Y) + c 
Respuesta: J£rj 2 xdx = x£rj 2 x-2x(£rjx-Y) + c 
4.9.-Encontrar : [ arc rgxdx 



IX 

Solucion.- 1 L A T E 

| I 
arc rgx 1 

u = arc rgx 

. dv = \dx 

dx 

du = - J v = x 
l + x 



.'. arc rgxdx = x arc rgx - — 
J J 1 + 

Sea: w = l + x 2 ,dw = 2xdx 



xdx 



2 
X 



, 1 p 2xdx 1 r dw 1 . , . 

l_uego:xarcrgx — ^ = xarcrgx — — = x arc rgx — £rj\w\ + c 

2 J l+x 2 J w 2 



x arc rgx — £ n 1 + x 2 + c 

2 ! ' 



r 1 i i 

Respuesta: I arc rgxdx = x arc rgx — £rj l + x 2 \ + c 

4.1 0.- [ x 2 arc rgxdx 

Solucion.- 1 L A T E 

| I 

arc rgx x 2 

u = arc rgx dv = x 2 dx 

du = v - — 

l + x 2 v " 3 

p 2 » x I r x dx x I r , x 

.". I x arcrgxdx = — arcrgx — I - = — arcrgx — I (; 

J J 1 "T" A J J 



x 2 + l 



)Jx 
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= ^CT 8 X- l -\xdx- l -\^dx 

3 3 J 3 J x +1 

Por eiercicio 4.9, se tiene: f— — = -£n\x 2 +l\ + c 

J x 2 +1 2 'I ! 

x 3 1 r lii x 3 x 2 1 i i 

Luego: — arc rex — \ xdx + —ir/\x 2 + 1 +c = — arc rex h — ^n x 2 + 1 +c 

a 3 3 J 6 '' I 3 6 6 ! ' 

3 2 1 

Respuesta: ix 2 arc rgxdx = — arcrgx \- — £r/\x 2 +1 \ + c 

4.1 1 .-Encontrar: [arccos 2xJx 

Solucion.- 1 L A T E 

| I 
arc cos 2x 1 

m = arc cos 2x 

dv = \dx 



, 2dx 

du 



v = x 



Vl-4x 2 

.'. [arccos 2xJx = x arc cos2x + 2 [ . — = 
J J Vl^4V 

Sea: w = l-4x 2 , dw = -Sxdx 



. 2 p -8xJx _ If -i/, _ 1 vr 2 

Lueqo:xarccos2x — , = x arc cos 2x — w /2 dw=x arc cos 2x r^ + c 

gJ^T^x 7 4J 4|/ 

1 / r 

= xarccos2x — VI -4x +c 

2 

Respuesta:[arccos2xJx = xarccos2x — VI -4x 2 +c 



4.12.-Encontrar: f arcsg " _ d x 

J Vx 
Solucion.- 1 L A T E 

4 \ 

arc s e n Vx 1 

w = arc s e n V x . j/ , 

av = x n dx 

•'• _ 1 dX r- 

du=—f=^=—r= v = 2vx 

VI -x V* 



dx 



.'. [arcsen Vxx^Jx = 2VxarcsenVx- [— p 

Sea: w = l—x,dw = -dx 

Luego: 2Vxarcsen Vx+ . = 2Vx arc s e n Vx + w' 2 dw 

VI -x 

= 2Vx arc s e n Vx + 2 w"- + c = 2 Vx arc sen Vx + 2 VI -x + c 
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Respuesta: == dx = 2VxarcseiWx + 2Vl-x + c 

4.13.-Encontrar: [xarcsen2x 2 Jx 

Solucion.- 1 L A T E 

4 \ 



arc s e n 2x 2 x 




u = arc s e n 2x 2 


dv = xdx 


, 4xJx 
du ~ 


_x 2 
V ~ 2 


Vl-4x 4 


.'. \ xaicsen2x 2 dx = — 

J 2 


- arc s e n 2x 2 - ! 


Sea: w = 1 - 4x 4 , dw = - 


16x dx 



x dx 

Vl-4x 4 
-4x ,dw = -l6x dx 

i * 2 ~ 2 2 r(-16x 3 Jx) x 2 . 2 1 f -it ! 

Lueqo: — arcsen2x H — , = — arcsen2x +- hv /2 aw 

2 16 J V]T^7 2 gJ 

X 2 ^. 2 1 W -K 2 _ 2 1 1/ 

= — arcsen2x H r^ + c = — arcsen2x + — w /2 +c 

2 8 1/ 2 4 

= — arc sen 2x 2 + — v 1 - 4x 4 + c 
2 4 

r x 2 1 / 

Respuesta: xarcsen2x 2 <ix = — arcsen2x 2 + — vl-4x 4 +c 

4.14.-Encontrar: \xe /a dx 

bea: w = — ,dw = — 
a a 

Luego: xe /a dx = a 2 —e /a — = a 2 \ we w dw , integrando por partes se tiene: 

Solucion.- 1 L A T E 

| I 

w 

w e 
u = w dv = e w dw 

du = dw v = e K 

2 \ w i 2 ( w [ „ w j \ 2 ( w w , \ 2 ( w w \ , 

..a we dw = a \we -\e dw\ = a \we -e +cj = a [we -e J + c 

2 fx y y~] 2 y.X ,. 

= a\ —e /a -e /a \ + c = a e /a { — l) + c 
\a ) a 

Respuesta: \xe /a dx = a 2 e x/ "(--l) + c 

4.15.-Encontrar: [x 2 e 3x Jx 

Solucion.- 1 L A T E 
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4 


4 






2 
X 


-3x 

e 


2 


dv = e~ x dx 


U = X 


1 -3x 

v = — e 

3 


du = Ixdx 


. f 2 -3xi 1 2 

. . \ x e dx = — x 
J 3 


2 f 

e" 3x +- xe~ 3x dx, integrando por partes la segund 
2 j 


1 L A T E 




4 4 




-3* 




u = X 


dv = e~ x dx 


du = dx 


1 -3* 

v = — e 




3 


.'. x 2 e~ 3x dx = — x 2 
J 3 


-3x 2 

e + — 
3 


— xe 3x + -fe 3x dx 
V 3 3-1 y 


2 — 3x r> r> 

x e 2 , x 2 

— Tj" 1 


— AC T^ 

3 9 9 


2 — 3x o 

x e 2 _ 3jc 


2 -3x , 

27 


— At. 

3 9 



-\e~ 3x dx 



Respuesta: [x 2 e 3l <ix = — 



X +—X+— 

V 3 9 



+ c 



x 3 e x dx 



4.16.-Encontrar: f. 

Solucion.- \x 3 e ~ x ~dx = \x 2 e '^ xdx 

Sea: w = -x 2 , dw = -2xdx , ademas:x 2 =-w 

Luego: \x 2 e~ x \dx = — \x 2 e~ x ' x(-2xdx) = — \-we w dw = -\we" 'dw , integrando por 

j 2 •* 2 ^ 2 ^ 



Partes se tiene: 




I L A T E 




4 4 




w 

w e 




u = w 


dv = e w dw 


du = dw 


W 

v = e 



. . — \we dw = —\we - e dw) = — we — \e dw = - 
9 J 9 V J / 9 9 J 9 



we e +c 

2 2 



1 2 -x 2 1 -x 2 , 1 -x 2 , 2 , n , 

— xe e +c = — e (x +l) + c 

2 2 2 



x 3 e * Jx 



e" x (x 2 +l) + c 



Respuesta:[ 

4.1 7.-Encontrar : f (x 2 - 2x + 5)e ~ x dx 

Solucion.- 1 L A T E 

4 4 
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x 2 -2x + 5 



u = x - 2x + 5 dv = e x dx 

du = (2x — 2)dx v = —e~ x 

:. Ux 2 -2x + 5)e x dx = -e ~ x (x 2 -2x + 5) + [(2x-2)e ~ x dx , integrando por partes la 

segunda integral: 
I L A T E 

I I 
2x-2 e~ x 

u = 2x - 2 dv = e~ v dx 

uW = ZCIX y = — £ 

.'. I (x 2 - 2x + 5)e~ x dx = -e~ x (x 2 - 2x + 5) + -e~ x (2x - 2) + 2 1 e~ x dx 

= -e~ x (x 2 -2x + 5)-e~ x (2x-2) + 2J e~ x dx = -e x {x 2 -2x + 5)-e~ x (2x-2)-2e~ x +c 

= -e~ x (x 2 ^Zx + 5>2x ^2r<Z) + c = -e~ x (x 2 + 5) + c 
Respuesta: J (x 2 - 2x + 5)e ~ x dx = -e~ x (x 2 + 5) + c 

4.1 8.-Encontrar: W" 1 cos bxdx 

Solucion.- 1 L A T E 
/ 4 

cos bx e ax 

dv = e m dx 



u = cos bx 

du = -b sen bxdx 



v = —e 

a 



:. \e" x cosbxdx = + —\e ax senbxdx , Notese que la segunda integral es 

semejante a la primera, salvo en la parte trigonometrica; integrando por partes la 
segunda integral: 
I L A T E 
/ I 

senbx e ax 



u = senbx 
du =b cos bxdx 



dv = e ax dx 

*- ax 

v = —e 

a 



e 1 ™ cosbx b 

+ — 

a a 



V 



e ax senbx b r ax , , 
\e cos bxdx 

n J 



a a • 

2 



J 



e cos bx be senbx b r ,., , , . , , . 
+ \e cosbxdx, Notese que: 



a 



a 



a 



r ax , , e™ cos bx be ca senbx b 2 r ... , , , . . . 
e cosbxdx = + ^ r e cosbxdx, la integral a encontrar 

aparece con coeficiente 1 en el primer miembro, y en el segundo con coeficiente: 
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— j. Transponiendo este termino al primer miembro y dividiendo por el nuevo 
a 



coeficiente:l + 



7,2 2 , ; 2 

b a + b 



-, se tiene: 



a + b i r „ r . , ae m cos bx + be ax senbx 



\\e ax cos bxdx 



- + c 



ae ax cos bx + &e m senbx 



c ax i r 0~ e ax (acosbx + bsenbx) 
\e cosbxdx = ; — ; + c = s ; 1 c 



( 2^j^ 

a +b 



a +b 



e ax (a cos bx + bsen bx) 



2 , 7 2 

a +b 



+ c 



Respuesta: \e ax cos bxdx 

4.1 9.-Encontrar : J e x cos 2xdx 

Solucion.- Este ejercicio es un caso particular del ejercicio anterior, donde:a = ly 
b = 2. Invitamos al lector, resolverlo por partes, aun cuando la respuesta es 
inmediata. 

_ f , _ , e x (cos2x + 2sen2x) 
Respuesta: I e cos 2xdx = — 

4.20.-Encontrar : fe"sen bxdx 
Solucion.- 1 L A T E 
/ 4 

senbx e ax 

dv = e ax dx 



- + c 



u = senbx 
du=b cos bxdx 



1 a 

v = —e 
a 



:. \e ax senbxdx = \e ax cosbxdx , integrando por partes la segunda 

J a a* 

integral: 

I L A T E 

/ 4 

cosbx e ax 



u = cos bx 



dv = e ax dx 



du = -bsen bxdx v = —e 

a 



f ax ii e ax senbx be ax cosbx b r „, , , 

.'. \e senbxdx = h— \e senbxdx 

J a a\ a a J 



e m senbx be ax cos bx b 
a a a 



—r\e ax sen bxdx , 
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Como habra notado el lector, la integral a encontrar aparece con coeficiente 1 en 

b 2 
el primer miembro, y en el segundo con coeficiente: — r . Transponiendo este 

a 

i2 2 i2 

termino al primer miembro y dividiendo por el nuevo coeficiente: 1 + — = — - 2 — , se 

a a 

tiene: 

a + b | r „> , , ae"* senbx- be ax cos bx 

+ c 



lessen bxdx ■ 



2 J ™^ 2 

y a J'' a 



ae™ senbx- be ax cos Z?x 



f a x , , # r ffl , , « (asen£>x-£>cos£>x) 
e sen bxdx = 7 — r \-c = \ e sen bxdx = h c 

J f 2 , 1,2^ J n 2 +h 2 



a +b 



Respuesta: \e ax senbxdx 



e^iasenbx-b cos bx) 

2 , ; 2 



+ C 



a +o 

4.21 .-Encontrar: J xVT+xrfx 

Solucion.- Cuando el integrando, esta formado por el producto de funciones 
algebraicas, es necesario tomar como dv, la parte mas facil integrable y «como la 
parte mas facil derivable. Sin embargo, la opcion de "mas facil" quedara a criterio 
del lector. 

dv = {\ + x) l//l dx 



u = x 



2 
du = dx v-—(l + x) 3/ 

3 



r r. , 2 „ ,3/ 2r,, x y , 2 „ ,3/ 2(l + x) /2 

.-. xVl + x<ix = -x(l + x) /2 — (l + x) /2 <ix = -x(l + x) /2 — ' / +c 
J 3 3 J 3 3 5/ 



'2 



2 „ ,v 4(l + x) /2 
-x(l + x) /2 — — + c 

3 15 



4(1 +xy 



Respuesta: f xVl + xrfx = - x(l + x) K — - — -— +c 



3 15 



4. 22. -Encontrar: J 



2 



X fi?X 



vr 



+ x 



x dx 



Solucion.- f , = \x 2 {\ + x)' /l dx 

J vr+^ J 

M = x 2 Jv = (l+x)" x dx 

du = 2xdx v = 2(1 + x) 72 

.-. f -. = 2x 2 Vl + x-4[xVl + x<ix, integrando por partes la segunda integral: 

J Vl + x J 
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U = X 

du = dx 



dv = {\ + xy 2 dx 



v = -(l + xY 
3 



x dx 



VI 



2x 2 VT+^-4 



+ x 



3/ 

-x(l + x)^--f(l + x) 2 Jx 



„ 2 fi 8 „ ,y 8(1 + X) /2 „ 2 /: 8 „ s y 16 „ x y 

= 2x 2 Vl + x--x(l + x) /2 +- ' +c = 2x 2 Vl + x--x(l + x) /2 + — (l + x) /2 +c 

3 3 5/ 3 15 

Respuesta: J ^=L = 2x 2 VT+x - T x(l + x) Yl + — (1 + x) % + c 



VI 



+ x 



15 



4.23.-Encontrar: [ — 



Solucion.- j"^^ = \xe x dx 



I L A T E 



a = x 
<iw = dx 



dv = e x dx 

—x 

v = -e 



.'. xe x dx = —xe x + \e x dx = —xe x — e x + c = e x (— x -l) + c — —e x (x + 1) + c 
Respuesta: f^— =-e~ x (x+l) + c 

J X 



4.24.-Encontrar: [x 2 ^77 Jl-xdx 

u = ln\J\-x 
1 1 



Solucion.- .-. 



du 



3 

dx = — In 
3 



{\-x) /l {-\)dx^>du 



-dx 



2(1- x) 



dv = x dx 

3 
X 

v = — 



.'. \x 2 tn v 1 - x dx = — in y/l-x + — — 
J 3 6 J 1- 



1 j J 

-dx = — £77 
■x 3 



^1-1} 



, , x z + x + 1 lix 

6 J l 1-xf 



VT 



1 X 1 X 1 1 . I, I 

x — ln\l-x\ + c 

6 3 6 2 6 6 ' ' 



-I 3 2 

c 1 „ I, I X X X 

VI -x — zn\l-x\ he 

I 6 ' ' 18 12 6 



. I y 1 v y y 

Respuesta: Fx 2 ^77k/l-x(ix = — ^n vl-x — ^nll-xl +c 

J I " 3 6 ' ' 18 12 6 

4.25.-Encontrar: [xsen 2 xdx 

Solucion. - 
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U = X 

du = dx 



dv = sen xdx 

1 l i 
v = —x — senzx 

2 4 



I 



1 - cos 2x 



dx 



:. xsen 2 xdx = —x 2 — xsen2x — xdx + — senlxdx 
J 1 A ?J A* 



1 , ! 
— x 

2 4 



2 4 2 J 4- 

1 2 1 „ 1 2 1 

— x — cos2x + c = — x — 

4 8 4 4 



xsenlx — x — cos2x + c = — x — xsen2x — cos2x + c 



_ r 2l # xsen2x cos2x 
Respuesta: xsen xdx = + c 

J 4 4 8 

Otra solucion.- 

f 2 , f l-cos2x If, If ,-. , lx 2 lf 

xsen xax= x dx = — xdx xcos2xax = 

J J 2 2 J 2 J 2 2 2 J 



xcos2xJx 



1 r 
— I xcos2xdx ; integrando por partes, la segunda integral: 



X 

~4 2 



U = X 

du = dx 



dv = cos 2xdx 

v = — sen2x 

2 



I xsen 2 xdx - 



4 2 



senlx — sen 2x<ix = s e n 2x H — sen 2x<ix 

?J A A AJ 



X _I 

2 
x 2 x 1 , 1 „ N x 2 x „ cos2x 



4 4 



sen2x + — ( — cos 2x) + c = s e n 2x - - 

4 4 4 2 4 4 8 



- + c 



Respuesta: [xsen 2 x<ix 
4.26.-Encontrar : j" x(3x + 1) 7 dx 



X 

4 



xsen2x cos2x 



- + c 



Solucion. 



u = x 
du = dx 



dv = (3x + 1) dx 

v = ^-(3x + l) 8 
24 



(v = j"(3x + l) 7 dx) 



.-. fx(3x + l) 7 Jx = — (3x + l) 8 - — \(3x + lfdx = — (3x + l) 8 - — - 
J 24 24 J 24 24 3 



1 l(3x + l) 9 



24 

x n „„ (3x + l) 9 

— (3x + l) he 

24 648 



+ c 



(3x + l) 9 



Respuesta: fx(3x+l) 7 Jx = — (3x + l) 8 -— — -+c 



24 



648 



EJERCICIOS PROPUESTOS 

Usando esencialmente el mecanismo presentado, encontrar las integrales 
siguientes: 
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4.27.- 


x(2x + 5) i0 dx 


4.28.- 


arcs e n xdx 


4.29.- 


x s e n xdx 


4.30.- 


xcos3xdx 


4.31.- 


x2~ x dx 


4.32.- 


2 3xi 

x e dx 


4.33.- 


x 3 e~"dx 


4.34.- 


xsenxcosxrfx 


4.35.- 


x £nxdx 


4.36.- 


"Inx , 
— -^-dx 

X 


4.37.- 


p inx , 
\jx 


4.38.- 


x arc tgxdx 


4.39.- 


x arcs en xdx 


4.40.- 


• xdx 
sen x 


4.41.- 


e x sen xdx 


4.42.- 


3 X cos xdx 


4.43.- 


sen(£nx)dx 


4.44.- 


(x 2 -2x + 3)£nxdx 


4.45.- 


xlrj 


l-x 
l + x 


dx 


4.46.- 


tlrfx , 
— —dx 

X 


4.47.- 


x 2 arcrg3xdx 


4.48.- 


x(arc tgx) 2 dx 


4.49.- 


(arcsenx) 2 dx 


4.50.- 
4.53.- 


pares en x , 


4.51.- 


parcsenvx , 
i — dx 

y/l-X 


4.52.- 


psen 2 x , 

//y 


j UX 

X 

rg xsec xdx 


LIA, 

X 

e 




4.54.- 


x £n xdx 


4.55.- 


x£n(9 + x 2 )dx 


4.56.- 


arcs en si xdx 


4.57.- 


xarctg(2x + 3)dx 


4.58.- 


e x dx 


4.59.- 


cos 2 (£rjx)dx 


4.60.- 


r£n(£nx) , 
— dx 

X 


4.61.- 


£rj\x + l\dx 


4.62.- 


x e x dx 


4.63.- 


cos" xdx 


4.64.- 


sen" xdx 


4.65.- 


x m (£nx)"dx 


4.66.- 


x 3 (£nx) 2 dx 


4.67.- 


x n e x dx 


4.68.- 


x 3 e x dx 


4.69.- 


sec" xdx 


4.70.- 


sec xdx 


4.71.- 


x£ nxdx 


4.72.- 


x n £n\ax\dx,n ^-1 


4.73.- 


arcs e n axdx 


4.74.- 


xs en axdx 


4.75.- 


x 2 cos axdx 


4.76.- 


x sec 2 axdx 


4.77.- 


cos(£ r/x)dx 


4.78.- 


' £n{9 + x 2 )dx 
arc sec v xdx 


4.79.- 
4.82.- 


xcos(2x + l)dx 


4.80.- 
4.83.- 


x arc sec xdx 


4.81.- 


Vfl 2 —x 2 dx 


£rj\l-x\dx 


4.84.- 


lT](x 2 +Y)dx 


4.85.- 


arcrg\Jxdx 


4.86.- 
4.89.- 


-xarcsenx^ 




xarcTgyl 




4.88.- j 


• x arc r ex 
(x 2 +l) 2 


, ax 

Vl-x 2 


4.87.- 


x -Idx 


r xdx 






cU.V-'lj C- 11 -A. i 

Vd-x 2 ) 3 


4.90.- 
RESF 


x 2 vl - xdx 
'UESTAS 










4.27, j 


'x{2x 


+ 5) 1 


dx 











Solucion. 
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U = X 

du = dx 



dv = (2x + 5) w dx 

(2x + 5) n 
v — 

22 



[x(2x + 5) l0 dx = —(2x + 5) n -—[(2x + 5) n dx = — (2x + 5) n - — (2x + 5) n + c 
J 22 22 J 22 44 



= — (2x + 5) n — —(2x + 5) n + c 
22 528 

4.28.- arcs en xdx 

Solucion.- 

u = arcs enx 

dx 



du 



VT 



[ arcs e n xdx = xarcs enx-\ 



dv = dx 

v = x 

xdx 



Ademas: w = l-x 2 ,<iw = -2xdx 



vn 



x arcs e 



x 



1 r rfw r j 

nx + — — — = xarcs en x + vl-x +c 
9 J 



w 



4.29.- xsenxdx 

Solucion.- 

u = x dv = sen xdx 

du = dx v = — cos x 

[ xs e n x<ix = -xcos x + [cos xrfx = -xcos x+senx+c 

4.30.- \xcos3xdx 

Solucion.- 

dv = cos 3xdx 

1 



U = X 

du = dx 



v = — sen3x 
3 



xcos3xdx = — sen3x- — sen3xdx = — sen3xH Yc 

J 'x J q q q 



4.31.- J x2 x dx 

Solucion.- 



W = X 

<iw = dx 



dv = 2 x dx 

2~ x 



I x2 x dx ■ 



x2~ x 1 
- + - 



?^2 tr/2 



I 2 *dX : 



0.TJ2 

x2~ x 1 
- + - 



?^2 tr/2 



7^2 



+ C: 



1 



2 x tr/2 2~ x irf2 



-+c 



4.32.-JxVWx 
Solucion.- 
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U = X 

du = 2xdx 



2 



dv = e 3x dx 

1 

v = — e 
3 



3 a 



\x 2 e 3x dx = — e 3x — \xe x dx, integral la cual se desarrolla nuevamente por partes, 



esto es: 



u = x 
du = dx 



dv = e x dx 



v = —e 
3 



3v 



x 3x 

— e — 
3 3 



2^ 



X 3a 

— e 

3 3 



— I e 3x dx 



X -i Y 2. 



2x 



3a ** 3a , ^ f 3a j -"• 3a x " /V 3a , -^ 3a 

— e — xe +—\e dx = — e e -\ e -re 

3 9 9 J 3 9 27 

4.33.-J*V*<fr 

Solution. - 

Jv = e~ Ai dx 

v = -3e~' A 
\x 3 e ~' A dx = -3x 3 e ~* A +9\x 2 e~ A dx, integral la cual se desarrolla nuevamente por 

_ 2 

partes, esto es: 

du = 2xdx 

= -3x 3 e' A + 9 (-3x 2 e~' A + 6 J xe~* dx) = -3x 3 e A - 21x 2 e~ A + 54J" xe A dx 

, la nueva integral se desarrolla por partes, esto es: 
u = x dv = e~ A dx 

du = dx v _ -2e' A 



u = x 

du = 3x dx 



dv = e A dx 

v = -3e A 



3x 21 x ^.1 ~ -'/, „r -'/ , \ 3x 21 x 162x 



+ 5A(-3xe~ A +3\e~ A dx} = — 



e" e" 

3x 3 21 x 2 162.1 486 



e* 



+ l62(-3e~' A ) + c 



4.34.- xsenxcosxdx 
Solution. - 



u = x 
du = dx 



- + c 



dv = sen 2xdx 
cos2x 



2 
f 



xsenxcosx<ix = — xsen2xdx = — — cos2x + — cos2xdx 
J 2 J 2^ 2 2 J 

i . If . . x „ 1 

= — cos2x + — cos2xax = — cos2x +— sen2x + c 
4 4 J 4 8 

4.35.-jV^?7xdx 



Solution. 
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u-lr/x dv = x 2 dx 

. dx x 3 

du = — v = — 

x 3 

f 2„ 7 x 3 inx 1 r 2 7 x 3 inx x 3 

x inxdx = \ x dx = he 

J 3 3 J 3 9 

"?7x 



4.36.- \^fdx 



x 
Solucion.- 

u = £rjx dv = x~ 3 dx 



du 



dx 1 



v ■■ 



x 2x 2 

rtr/x, r _ 3 . , ^x l f _ 3 , ^x 1 
— ^-dx= x irixdx = h r + —\x dx = —. T + c 

J r 3 J ?r 2 9 J 9r 2 4r 2 



4.37.- f^Jx 
J Vx 

Solucion.- 

u = £r]x 



dv = x /2 dx 



+ c 



du=— v = 24~x 

x 

I —i=- dx- I x _/2 ^ jyxdx = 2v x^ 7X - 2 1 x _/2 <ix = 2\/x£ rjx - 4 v x 

4.38.- j x arc rgxdx 

Solucion.- 

m = arc Tgx dv = xdx 

dx x 2 

dU = r- y - 

1 + x 2 2 

T dx 
x J 

x 2 1 r , 1 r dx x 2 1 arc rex 

1 -'- ' ' - arcrgx — xH he 



r ,x lfxdxx Iff, 1 
xarcr#xax = — arcrex — - = — arcrex — 1 

J 2 2 J l + x 2 2 2 J l 1 + . 

-arcrex — \dx + — \- 
2 2 J 2 J l+x 

4.39.- xarcsenxdx 

Solucion.- 

w = arcsenx dv = xdx 

7 dx r 2 

du = , v - — 



Vl + x 2 



2 

2 i 2 



p x 1 r x dx 

lxarcsenx<ix = — arcsenx — I , integral para la cual se sugiere la 

2 2 y/l + x 2 

X = S £ T\ @ 

sustitucion siguiente: .'. 

dx = cos OdO 
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x 2 1 r sen 2 9s&ff&d9 
■ — arcs enx -? 



2 ' 2 J pztf) 

x 2 1 t( l-cos26>^ ,. x 2 1 r , . If _ . ,. 

— arcs enx — at/ = — arcs enx — \dU+—\ cosl&du 

2 2 J ^ 2 / 2 4 J 4 J 

x 2 1 . 1 _ . x 2 1 2sen6>cos6> 

— arcs enx — U+—sen2U+c= — arcs enx — arcs e n x H 1- c 

2 4 8 2 4 8 



Como: s e n 9 = x, cos 9 = Vl - x 2 ; luego: 



1 ! /T 

arcs enx — arcsenx + — xvl-x +c 

2 4 4 



xdx 



■* sen 2 x 






Solucion.- 






w = x 




dv = cos ec 2 xdx 


dw = dx 




v = - co rgx 


r Xfifx r 

— = x cos ec 

J sen x J 


2 xdx = 


-xcorgx+ corg 



4.41.- je l sen xdx 

Solucion.- 

w=senx dv = e x dx 

du = cos xdx v = e x 

\e x senxdx = e x senx-\e x cosxdx, integral la cual se desarrolla por partes, esto es: 

w = cosx dv = e x dx 

du = - s e n xdx v - e x 

= e x s e n x - 1 e x cos x + e* s e n xdx J = e x s e n x - e x cos x - \e x s e n xdx 

Luego se tiene: [e v senxdx = e l senx-e v cosx- (Vsenxdx , de donde es inmediato: 

2 e l senxdx = e x (senx-cosx) + c 

X 

I e l senxdx = — (senx-cosx) + c 

4.42.- \y cosxdx 
Solucion.- 



u = cosx 

du = -senxdx 



dv = 3 x dx 
3 X 



!?]3 
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r 3 X 1 r 

1 3* cos xdx = cos x + I 3* sen xdx, integral la cual se desarrolla por partes, 

-C / / Jj K, II J? 



esto es: .-. 



u = senx 



du = cos xdx 



dv = 3 X dx 
3 X 



lr/3 



COSX h- 



1 



? tj3 £rj3 



!tj3 



-se 



n x 3 x cos xdx 

£rj3 i ) 



3 X 3 x senx 1 r. x , . 

cos.v — -■ t— — ~P cosxdx.luego. 



lrj3 £rj z 3 £rj l 3- 



3 X cos xdx 



£rj 



f 



cos x + - 



senx 



1 



V 



3 A 



1 r 
(1 + — — ) 3* cos xdx 

£rj 2 3 J £tj3, 

JTf 2 3 + h [v , 3 X 

( 3 — ) 3 cos xdx = -p 

£rj % 3 J pf3 

3 X cos xdx : 



rj3 J tr/ 2 3 
f 



\3 X cos xdx , de donde es inmediato: 



senx 

COSXH \ + C 



f 



COS x + - 



lT]3 



senx 



V 



ltj3 



+ c 



3 x £rj3 



, rj 2 3 + l 



COSX + - 



senx 



>.rj3 



+ c 



4.43.- j s e n(£ rjx)dx 

Solution. - 

u = sen(£rjx) 

, cos(£ rjx) , 
du = dx 



dv = dx 

V = X 



[sen(£rjx)dx = xsen(£rjx)-\cos(£rjx)dx, integral la cual se desarrolla por partes, 

esto es: 

u = cos(£r/x) 



-sen(£r/x) , 
du = — dx 



dv = dx 

V = X 



= xsen(£rjx)- x cos(£ tjx) + sen(£rjx)dx = xs e n(£ tjx) - xcos(£ rjx) - sen(£rjx)dx 

Se tiene por tanto: 
\sen(£r/x)dx = x[sen(£r/x)-cos(£i]x)]-\sen(£r/x)dx , de donde es inmediato: 

2\sen{£rjx)dx = x[sen(^^x)-cos(^^x)] + c \sen(£r/x)dx = — [sen(£ tjx)- cos(£ tjx)] + c 

4.44.- J (x 2 - 2x + 3K Tjxdx 
Solution. - 
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u = irjx 
dx 
x 



du 



dv = (x -2x + 3)dx 

3 

v — x + 3x 

3 



3 2 
j(x 2 -2x + 3)£rjxdx = ( x 2 +3x)£tjx- j( x + 3)dx 



3 2 

X X 



= ( x 2 + 3xK 77 x - — dx - xdx + 3 dx = ( x 2 +3x)^^x l-3x + c 

4.45.- j" xi 



1-x 



Solucion. - 

u = Irj 



1 + x 
1-x 



dx 



Jx^ 



dw 



1-x 



1 + x 

2dx 

~7^i 



4.46.- j 



1 + x 

, l-.v 

•7: 

1 + x 

Irfx 



dx = — £ n 

2 



1-x 



1 + x 

dx 



dv = xdx 

2 



J J x -1 2 



2 

1-x 



fxdx x 1-x r 1 

- -5 — = — ^7 (I + -5 — )dx 

J x 2 -1 2 1 + x J x 2 -l 



1 + x 



-x in 

2 



x-1 



x + 1 



+ c 



dx 



Solucion. 
u = 



Vx 



2£ 71 X 

du = dx 



dv = x dx 

1 



v = -- 



?7 2 x 



? 7 2 x 



4 



- dx = ' h 

J x z X " X 

por partes, esto es: 

u = inx 

dx 



r/x , ^n 2 x 
-Vdx = — + 



2J"x 2 lr/xdx , integral la cual se desarrolla 



dw 



dv = x dx 

1 



'7 2 x 
x 



+ 2 



'.r/x r dx 



x 



■ + 



x 



?7 x 2^7x 



+ 



4.47.- [x 2 arcrg3xdx 
Solucion. - 

U = 2KCTg3x 

3dx 



du 



l + 9x 2 



2\% 

J v 



?n 2 x 2^nx 2 
— + c 



dv = x dx 

.3 



x 



y : 
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.A. W^v ^v 



lr x dx 



f 2 oj x „ r x ax x l r x a 

x sxcTg3xdx = — arcr#3x- r- = — arcr#3x — . -, 

J 3 J l + 9x 2 3 9 J 1/ + 



, 1 
= — arcrp3x 

3 9 



I 



x- 



x 2 +k 



x 3 x 2 1 

= — arcr#3x 1 in 

3 18 162 

4.48.- j x(arc rgx) 2 dx 

Solucion.- 

w = (arc Tgx) 2 
2 arc rgxdx 



x 2 + - 



dx 



+ c 



x , lx lp xdx 

— arcrp3x 1 — 

3 9 2 81 J r 2 + 1/ 



dv = xdx 

2 



du 



x 



1 + x 2 

2 



V : 



x dx 



x(arcrgx) 2 dx = — (arcrgx) 2 - (arcrgx) — —5-, integral la cual se desarrolla por 
j 2 J !■' - 



+ x 



partes, esto es: 

u = arc rgx 

dx 



dv 



x 2 dx 



du = 

(xarcrgx) 
2 

(xarcrgx)' 

2 
(xarcrgx)' 



1 + x 2 

2 



1 + x 2 
v = x - arc tgx 



dx 



(x - arc Tgx) arc Tgx - \ (x - arc Tgx) - 

J l + x\ 

. 9 r xdx p arc Tgxdx 

Tgx + (arcTgx) +1- —I— r 

J 1 + x J 1 



■xarc 



l + x 



r ' , /1 2s (arcrgx)' 
■xarcrgx + (arcrgx) + — zn(l + x ) 



2 



+ c 



4.49.- (arcsenx) 2 dx 

Solucion.- 

m = (arcs en x) 2 
2 arc sen xdx 



du 



VT 



dv = dx 

V = X 



xdx 



f (arcs enx) 2 dx = x(arcsenx) 2 -2J" arcs enx-|^, integral la cual se desarrolla por 



vrr 



u = arcsenx 



partes, esto es: .-. 



x(arcsenx) 2 -2 



du 



dx 



dv 



xdx 



VT 



-Vi- 



-V 1 - x 2 arcs e n x + dx 



c(arcs e n x) 2 + 2vl - x 2 arcs e n x - 2x + < 



96 



4.50.- J 



arcs e n x 



-dx 



Solucion.- 

u = arcs e n x 



du 



dx 



dv = x dx 

1 



VT 



rarcs enx , r _ 2 , 

I dx = I x arcs e n xdx 



x 

arcs enx 



- + 



dx 



x 
arcs enx 



x\Jl-. 



4.51 .-J 



x 
arcsenVx 



Solucion.- 

u = arcs e n v x 

. dx 1 

du 



iWi-* 2 

dx 



+ c 



dv 



dx 



VT 



Vl-x 2v^ 



v = -2vl - x 
r dx 



[ , — dx = -2 vl - x arcs e n v x + [ — j= = -2 v 1 - x arcs e n v x + 2 V x + c 



VT 



4.52.- J 



sen x 



€/x 



Solucion.- 

u =sen x 
dM = 2senxcosx 
sen 2 x 
e 



dv = e *dx 



psen x , p 2-i7 -x 2 -,f -it 

I — dx=lsen xe dx = -e sen x + 21 senxcosxe dx 

= -e~'sen 2 x + / 2 / f — -7 — e x dx, * Integral la cual se desarrolla por partes, esto es: 



dv = e *dx 
v = -e 



u = sen2x 
dw = 2cos2xdx 
= -e"' sen 2 x+2[cos2xe l dx, Integral la cual se desarrolla por partes, esto es: 

u = cos 2x dv = e x dx 

du = - 2s en 2xdx v - - e x 

sen 2xe"*dx = —e~ x s e n 2x + 2 1 —e' x cos 2x - 2 s e n 2xe~ l dx J 

sen2xe _I dx = -e~ x sen2x-2e" I cos2x-4 sen2xe~ v dx, de donde: 
5 s e n 2xe~ v dx = -e ~* (s e n 2x + 2 cos 2x) + c 
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r _ — e 

Isen2xe x dx = (sen2x + 2cos2x) + c, Sustituyendo en: * 



sen xdx _ x 2 
= —e sen i- 



2e~ x 



(s e n 2x + 2 cos 2x) + c 



I 

4.53.- [rg 2 xsec 3 xdx = j(sec 2 x-l)sec 3 xdx = [sec 5 xdx{*)- [sec 3 xdx(**) 
Solucion.- 

C 5 , u = sec 3 x dv = sec 2 xdx 

* I sec xdx , bea: 

du = 3 sec 3 xrgxdx v = Tgx 

sec xdx = sec x sec xdx = sec xrgx - 3 sec xrg xdx 

c , , _ w = secx dv = sec 2 xdx 

** sec xax, bea: , , 

J dM = sec xrgxdx v = T g X 

sec 3 xdx = sec x sec 2 xdx = sec xrgx - sec xrg 2 xdx = sec xrgx - sec x(sec x 2 - \)dx 

= sec xrgx - sec 3 xdx + sec xdx , luego: 2 sec 3 xdx = sec xrgx + sec xdx 

f 1 

Esto es: sec xdx = — (sec xrgx + i'n sec xrgx) + c, ahora bien: 

J 2 

rg 2 xsec 3 xdx = sec 5 xdx- sec 3 xdx , con ( * y * * ) 

r g 2 x sec 3 xdx = sec 3 xrgx -3 sec 3 xrg 2 xdx — (sec xrgx + ^n|secxrgx|) + c 

Deloanterio^J^^sec^^ec'^-Icsec^^Hse-H)- 

J" r\ t X 'I X I I 

Esto es: rg xsec xdx = — sec xrgx — (sec xrgx + £>i|secxrgx|) + c 

4.54.-j"x 3 Vxdx 
Solucion.- 



U =11] X 

2-^ 77X 

du = dx 

x 

,4 



dv = x dx 

A 



X 



V ■ 



. x 4 1 - 

I x 3 £rj 2 xdx = — itfx — I x 3 £r/xdx, integral la cual se desarrolla por partes, esto es: 



4 
u = £nx 

. dx 
du = — 



dv = x dx 

4 



X 

4 1 f .A 

X I) 2 M 

— in x 

4 2 



4 



x 
4 



77X X 3 dx 

4 J 



4 -i i 4 

■* /J 2 '-An AX 

£77 X X £nxH hC 

4 8 8 4 



4 i 4 

"*- /i 2 A 4 „ X 

£77 X X £HXH hC 

4 8 32 
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4.55.-jx£rj(9 + x 2 )dx 

Solucion.- 

u = £tj(9 + x 2 ) dv = xdx 



2xdx x 



du = r- v 

9 + x 2 2 

2 3 2 / q > 

\xlri(9 + x 2 )dx = — lri(9 + x 2 )-\^^dx = —lri(9 + x 2 )-\\x p 



9 + x z 2 J l x z + 9 



c/.v 



V 



2 j 2 2 



^^(9 + x 2 )-f^x + 9f-^ = ^^(9 + x 2 )-^ + ^ 

2 j j 9 + x 2 2 2 

1 [^(9 + x 2 )-l] + -^(x 2 +9) + c 



2 L J 2 

4.56.- farcsenvxdx 

Solucion.- 

u = arcs e n yjxdx 

dv = dx 
dx 1 

du =—j^=^ — ;= v = x 

ViT^2V^ 

p /— , /— r xdx 1 /"If v x<ix 

arcsen Vxax = xarcsen vx- , — ;= = x arcs en vx — , 
J J Vl^x 2vx 2 J Vl^ 

Para la integral resultante, se recomienda la siguiente sustitucion: 
y/l-x = t,de donde: x = 1 - 1 2 , y dx = -2tdt ( ver capitulo 9) 

= xarcsenVx —r^- — — = x arcs e n Vx + *K-fdt , Se recomienda la 

2 / 

sustitucion:? = sen 9 , de donde: ^Jl-t 2 = cos6>, y dt = cos OdO . Esto es: 
= x arcs en vx + [cos 2 6W# = x arcs en Vx + — [(l + cos2#)<i# 

= x arcs e n v x + — # + — sen2# + c = x arcs e n vx + — O +—sen0 cos # + c 

2 4 2 2 

/— arcsen? ? r 7 /— arcsenvl-x vl-x /— 
= x arcs en VxH h — V1-? +c = x arcs en VxH 1 vx + c 

2 2 2 2 

4.57.- j x arc rg(2x + 3)dx 

Solucion.- 

u = aicrg(2x + 3) dv = xdx 

2dx x 2 



du = T r = — 

l + (2x + 3) 2 2 



jxarcrg(2x + 3)dx = — arcrg(2x + 3)- j — 



x dx 



4x 2 +12x + 9 
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X 

~2 



arcrg(2x + 3)- j 



.A. LtvV J\i 

4x 2 +12x + 10~^ 



arcrg(2x + 3)- j 



1 



3x+ 5 / 



4 4x 2 + 12x + 10 



Jx 



x 2 lp r 3x+% 

— arcrj?(2x + 3) — \dx+\ — z — - 
2 4 J J 4x 2 + 



12x + 10 



-dx 



x 1 r x 7fi 

— arcr#(2x + 3) — x + 3 — ; — dx 

2 4 J 4x 2 +12x + 10 

x 2 1 3f 8x + 4 % 

— arcr#(2x + 3) — x + — — ; — — dx 

9 6 A »J,- 



4 8 J 4x z + 12x + 10 



x 

2 



1 3 8x + 12-32/ 
-arcr#(2x + 3) x + — — -^-dx 

A «J 



1 j f 

-arcr#(2x + 3) — x + — 
4 RJ 



4 8 J 4x z + 12x + 10 

1 3 r (8x + 12)Jx 3 32 



dx 



2 " 4 8 J 4x 2 + 12x + 10 8 6 J 4x 2 + 12x + 10 
= — arcrg(2x + 3) x + -^n|4x 2 +12x + 10|-2f- 

9 ° A 8 'I I J , 



X 



- arc -, 



-arc; 



4 8 

1 3 

-x + - 
4 8 

1 3 

-x + - 
4 8 



rg(2x + 3)--x + -^77|4x 2 +12x + 10|-2f 

ov A 8 'I I J 



4x 2 +12x + 10 

dx 
(2x + 3) 2 +l 



rg(2x + 3)--x + -^rc|4x 2 +12x + 10|-- f 

4 8 'I I 9 J 



2dx 



2 J (2x + 3) z +l 



x 1 3 i i 

— arc r# (2x + 3) — x + — £n 4x 2 + 1 2x + 10 - arc Tg (2x + 3) + c 
2 4 8 ' ' 



1 3 i , i 
(x 2 -2)arcrg(2x + 3) — x + -£n 4x 2 + 12x + 10 

2 4 ' ' 



+ c 



4.58.-j"e^x 
Solucion.- 



u = e 



du 



e x dx 

i4x~ 

1 r xe <x dx 



dv = dx 
v — x 



[e^dx = xe^ --[ — ^, Se recomienda la sustituci6n:z = Vx,<5fe = — ■= 

J 2 J 2vx 2vx 

= xe^ — \z 2 e z dz , Esta integral resultante, se desarrolla por partes: 



dw = 2zdz 



dv = e z dz 

v = e z 



xe 



rx --[z 2 e z -2\ze z dz) 



xe 



z 2 e z 



+ \ze z dz, integral que se desarrolla por 



partes: 



100 



u = z dv = e z dz 

du = dz v = e z 

1 z 1 z Jx 

J~x z e , ( , , J~ x z e , r x xe r- r x n 

xe h ze - \e~dz = xe \-ze~-e +c = xe v^xe —e +c 

2 J 9 9 



2 
4.59.- $ cos 2 (I ?jx)dx 

Solucion. - 

u = cos(2^ jjx) 



n dv = dx 

\sen(2£r}x)]2dx 
du--- v = x 

x 

r i,„ x i r l + cos(2^77x) , If, lr ... 

I cos (£tjx)dx = I dx = — I ax + — I cos(2£^x)ax 



1 1 

-£ + - 

2 2 



2 2 J 2- 

r "1 x x c 

xcos(2£r/x) + 2\ sen(2£r/x)dx = — + —cos(2i tjx) + \ sen(2£r/x)dx ! 



2 2 
Integral que se desarrolla por partes: 

u = s e n(2i T]x) 

. n dv = dx 

\cos(2£r}x)\2dx 
du--- v = x 

x 

xx r 

* = — + — cos(2^ r]x) + x s e n(2i tjx) - 2 1 cos(2^ r/x)dx , 

Dado que aparecio nuevamente: J cos(2£rjx)dx , igualamos: * 

£ +— [cos(2^^x)<ix= £ +— cos(2£r]x) + xsen(2£r]x)-2[cos(2£r]x)dx, de donde: 

5 r x 

— \cos(2£r/x)dx = —cos(2£rjx) + xsen(2£T]x) + c 

1 (* X X — . 

- I cos(2^ Tjx)dx = — cos(2^ /;jc) + — s e w{2£ r/x) + c, Por tanto : 



10 5 

[ cos 2 (£ r/x)dx = — H cos(2/ tjx) +—se n(2£ r/x) + c 

11 — dx, Sustituyendo por.w = £r/x,dw = — 

X X 

Solucion.- 



r Z 771 t 77X ) (XX 

4.60.- — '—-!— -dx, Sustituyendo por.w = £r/x,dw = — , Se tiene: 

J x x 

Solucion. - 

J "^ " dx=\£rjwdw, Esta integral se desarrolla por partes: 



X 

u = £t]w 

dv = dw 
dw 
du = — v = w 

w 



w£r/w-\dw = w£tjw-w + c = w(£tjw-Y) + c = £tjx[£tj(£rjx)-l\ + c 
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4.61.-Jl77|x+l|<fr 

Solucion.- 

u =irj\x+')\ 

dx 



du 



x + l 



dv = dx 

v = x 



dv = e x dx 

x 

v = e 



[ £r/\x + l\dx = x£rj\x + l\— [ = xf 77IX + ll — [ 1 dx 

J -* x + l V x + lj 

= xlrj\x + l\-x + tr/\x + l\ + c 
4.62.-JxVdx 

Solucion.- 

2 

U = X 

du = 2xdx 
[ x 2 e x dx = x 2 e x - 2 [ xe x dx 

Integral que se desarrolla nuevamente por partes: 
u = x dv = e x dx 

du = dx v = e x 

= x 2 e x - 2 xe x - I e x dx = x 2 e x - 2xe x + 2e x + c 

4.63.- [cos" xdx = [cos"" 1 xcosxdx 
Solucion.- 



u = cos" ' x 



dv = cos xdx 
v = senx 



du = (n - 1) cos" 2 x(-senx)dx 
= cos"~' xsenx + (n-l)[sen 2 xcos"~ 2 xdx 

= cos""' xsenx + (rc-l) (l-cos 2 x)cos"~ 2 xdx 

= cos" _1 xsenx + (n-l) cos" 2 xdx-{n-\)\ cos" xdx, Se tiene: 

[cos" xdx = cos"" 1 xsenx + (n-l)[cos"~ 2 xdx-(rc-l)[cos" xdx, EstO es: 

n cos" xdx = cos" -1 xsenx + (n-l) cos" -2 x<ix 

r _ , cos"" xsenx (ft-1) r „_ 2 , 

cos xax = 1 cos xdx 

J n n J 

4.64.- [sen" xdx = [sen"" 1 xsenxdx 
Solucion.- 



u = sen n x 



du = (n — 1) sen" x(cosx)<ix 
-sen"" 1 xcosx + (n-l) cos 2 xsen"~ 2 xdx 

-sen"" 1 xcosx + (rc-l) (1-sen 2 x)sen"" 2 xdx 



dv = s e n xdx 
v = -cosx 
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= -sen n_I x cos x + (n -1)[ s e n"~ 2 xdx-(n-l)\sen" xdx , Se tiene: 

sen" xdx = -sen" _1 xcosx + (rc-l) sen"" 2 xdx-(rc-l) sen" xdx 

n sen" xdx = — sen" -1 xcosx + (n-l) sen"" 2 xdx 

r „ . -sen"" xcosx (n-l) r „_ 2 , 

sen xdx = 1 sen xdx 

J n n J 

4.65.- J x m (I ?]x)" dx = x m+1 (i t]xf - n j" x m (i tjx)"'' dx - m\ x m (i t]xf dx 

Solucion.- 

u = x m (£T]x)" 



dv = dx 

du = x m n(£ r/x) n ~ \- mx m ~ (I r/x)" dx v = x 

x 

Se tiene : (m + 1) j" x m (i t]xf dx = x m+1 (t t)xf - n\ x m (i tjx)"^ dx 

\ x m (I r]x) n dx = X " ,+ {ir,X)n — \ x m {1 7]x)"- 1 dx 

J ' (m + 1) (m + l) J 

4.66.-jV(^x) 2 dx 

Solucion.- 

Puede desarrollarse como caso particular del ejercicio anterior, haciendo: 

m = 3,n = 2 

\x\ir,xfdx= X ^ {irtX)1 -— \x\ir,xT x dx = * {illX)1 --\x\ir,x)dx* 
J 3+1 3+l J 4 2 J 

Para la integral resultante: \x 3 (£T]x)dx* 

c x ($nx\ 1 r x (inx\ x 

\x (lijx)dx = — — — x dx = — ' + c, introduciendo en:* 

J 4 4 J 4 16 

f -irn \2, X 4 (£T]X) 2 X 4 X 4 

x (£nx) dx = — —!— (£nx) + — + c 

J 4 8 32 

4.67.-jVeWx 

Solucion.- 

u = x" <iv = e*dx 



7 n—\ j x 

du=nx dx v = e 



JVeWx = xV-nfx"Vrfx 

4.68.-j"xVdx 
Solucion.- 



m = x <iv = e x dx 

Jm = 3x 2 dx v = e x 



Puede desarrollarse como el ejercicio anterior, haciendo: n = 3 
[xV<ix = xV -3\x 2 e x dx*, Ademas: 
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* [ x 2 e x dx = xV - 2 [ xe x dx * * , Ademas: [ xe^dx = xe x -\ e x dx = xe x - e x + c 
Reemplazando en** y luego en * : 

I x 3 e x dx = x 3 e x - 3 x 2 e x - 2(xe x -e x ) \ + c 

I x 3 e x dx = e x (x 3 - 3x 2 + 6x - 6) + c 

4.69.- [sec" xdx = [see" -2 xsec 2 xdx 
Solucion.- 

u = sec"" 2 x dv = sec 2 xdx 

du = (n- 2) sec"" 3 x sec xzgxdx v = rgx 

= sec"" 2 xrgx - (n - 2) j rg 2 x sec"" 2 xdx = sec"" 2 xrgx - (n - 2) j (sec 2 x - 1) sec"" 2 xdx 

= sec"~ 2 xrgx -(n- 2) [sec" xdx+(n-2)[sec"" 2 xdx, Se tiene: 

[ sec" xdx = sec" -2 xrgx - (n - 2) [ sec" xdx +(n - 2) [ sec"" 2 xdx 

(n - 1) [ sec" xdx = sec"" 2 xrgx + (n - 2) [ sec"" 2 xdx 

f » ^ sec"" 2 xrgx (n-2) r „_ 2 

sec xdx = 1 sec xdx 

J (n-1) (n-l) J 

4.70.- [sec 3 xdx 

Solucion.- 

Puede desarrollarse como caso particular del ejercicio anterior, haciendo: 

n = 3 

r 3 , sec " xrgx 3-2 p 3 _ 2 , sec xrgx 1 r 

sec xdx = 1 sec xdx = h — sec xdx 

J 3-1 3-l J 2 2 J 

sec xrgx 1 . . , 

= v — tri sec xrgxl + c 

2 2 ' ' 

4.71.- \xlrjxdx 

Solucion.- 

u = lrjx dv = xdx 



, dx 
dM = — 



2 
X 



x 2 

x „ r xdx x „ I 



r . , x . r xax x . i 2 
\xZT]xdx = — zt]x-\ = — irjx — x +c 

4.72.- [x"£rj\ax\dx,n^ -I 

Solucion.- 

u = irj\ax\ dv = xdx 



, dx 
du = — v : 

x 



n+l 



n + l 



x"^^|ax|dx = £rj\ax\ x"dx = ^laxl - + c 

J n + l ' ' n + l J n + l ' ' (n + l) 
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4.73.- arcsenaxo*x 

Solucion.- 

u = arcs en ax 

dv = dx 



, adx 

du 



\ll-a 



2 2 
X 



V = X 



axdx 1 f (-2a x)dx 



2 2 

a x 



p . p axax i r i-za 
arcs e n axax = x arcs en ax— . =- = x arcs enax-\ — ;= 

J J Vl-a 2 x 2 2a J V]T 

1 (l-a 2 x 2 )^ 1 r ^r 

= xarcsenaxH — ; \-c = xarcsenax + — yl-a x +c 

2a y a 

4.74.- xs en axdx 

Solucion.- 

dv = s e n axdx 
w = x 

du = dx v = — cos ax 

a 

xsenaxdx = cosaxH — cosaxdx = cos ax H — -senax + c 

J a a J a a 

1 x 

= — senax cos ax + c 

a a 

4.75.- x 2 cos axdx 

Solucion.- 

dv = cos axdx 
w = x 

du = 2xdx v = — senax 

a 

2 .-j 

[x 2 cos axdx = — senax — [xsenaxdx, aprovechando el ejercicio anterior: 

J a a J 

2 Vl \ 2 



x 2 
— senax 



1 xix 2 2x 



v 



senax cos ax \ + c = — senax r-senax -cosax + c 

a a J a a a 



4.76.- xsec 2 axdx 
Solucion.- 



dv = sec axdx 



u = x 

du = dx v = — Tgax 

a 

f 2 j * If j X 11/>I I 

xsec axdx = — vgax — rgaxdx = —Tgax zrjlsec ax\ + c 

J a ' a J a a a 

x l«i I 

= — Tgax ^17] sec ax + c 

a a 

4.77.- j cos(^ r/x)dx 
Solucion.- 
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u = cos(lrjx) 

, sen(lnx) 
du = dx 



dv = dx 

V = X 



\cos(lr/x)dx = xcos(£r/x)+\sen(lrix)dx, aprovechando el ejercicio:4.43 
\ s e n(£ r/x)dx = —[s e n(£ r/x) - cos(£ tjx)] + c , Luego: 

-v- XX 

= xcos(£rjx) + — [sen(£rjx)-cos(£rjx)] + c = xcos(£rjx) + —sen(£rjx) cos(^^x) + c 

= — [cos(^^x) + sen(^^x)] + c 

4.78.-j>?/(9 + x 2 )dx 

Solucion.- 

u = £?](9 + x 2 ) 
2xdx 



du 



9 + x 2 



dv = dx 

V = X 



x dx 



\£?j(9 + x 2 )dx = x£?j(9 + x 2 )-2^^^ = x£?j(9 + x 2 )-2Ul 



9 + x 2 



9 + x 2 



dx 



= x£?](9 + x 2 )-2\dx + l$[-^ T =x£?](9 + x 2 )-2x + 6arcTg x / + i 
J J 9+x /5 

4.79.-[xcos(2x + l)dx 



Sol 


ucion.- 






u = 


X 




du 


= dx 



dv = cos(2x + l)dx 

v = — sen(2x + l) 

2 

C X If 

x cos(2x + Y)dx = — sen(2x + l) — sen(2x + Y)dx 

x 1 

= —se n(2x + 1) + — cos(2x + 1) + c 

2 4 

4.80.- x arc sec xdx 

Solucion.- 

u = arc sec x 

. dx 



dv = xdx 

2 



cvx 2 -1 



X 



y : 



x arc sec xdx = — arc sec x — 



1 r xdx 



2 J Vx^l 2 



arcsecx — Vx 2 -1 

2 



+ c 



4.81 .- j arc sec Vxdx 
Solucion.- 
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u = arc sec x 
1 dx 



du 



dv = dx 

V = X 



lr dx 



2 XVX-1 

\ arc sec v xdx = x arc sec x — \ , 

J 2 J V^~r 
4.82.- va 2 — x 1 dx= —j= Jx = a 2 

/7 * 



x arc sec x - vx - 1 + c 
x dx 



Va -v 
xdx 



■J 



Va 



2 2 



a arcs en | x 

a 



r~2 2 

■\ja -x 



Vfl" -x" 

* , integral que se desarrolla por partes: 



Solucion.- 



u = x 
du = dx 



dv 



xdx 



J 



2 2 

a -x 



r~2 2 

v=-ya -x 
* = a 2 arcsen — l-xyja 1 -x 2 + [yja 2 -x 2 dx), Se tiene que: 

\Ja 2 — x 2 dx = a 2 arcs en — \- x^ja 2 —x 2 — \Ja 2 — x 2 dx , De donde: 



2 v« —xdx = a arcs en — \-x\a —x +c 
J a 

2 
f / 2 2~ i & XX I 9 2~ 

V« -x ax = — arcsen — + — \ja -x +c 

J 2 a 2 

A.S3.-^£rj\l-x\dx 



Solucion.- 

u = It]\^-x\ 

dx 



du 



1-x 



dv = dx 
v — x 



I £n\l- x\dx = x£n\l- x\- \ = x£n\l—x\— \\ In 

J " ' " ' J x-1 " ' H x-l 



dx 



= x^77 1-x - dx- = x£i] 1-x \-x-ln x-l + c 

1 ' J J x-1 ' ' ' ' 

4.84.-J^^(x 2 +l)Jx 

Solucion.- 

w = ^7(x 2 +l) 
2x<ix 



du 



x 2 +l 



dv = dx 

V = X 



rl-v I 1 

$ t?](x 2 +l)dx = xl?](x 2 + l)-2\^ r ^ = xtr/(x 2 + l)-2tt 1 — - — 
= x^ rj(x 2 + 1) - 2x + 2 arc tgx + c 



dx 
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4.85.- j arc rg^jxdx 
Solucion.- 

u = arcrgy/x 



dv = dx 

, dx 1 

du = -7= v = x 

l + x2Vx 



dt 



\wcTg4xdx = xwcTg4x--\ x x * En la integral resultante, se recomienda la 
J 2 J 1 + x 

sustituci6n:Vx = ?, esto esx = t 2 ,dx = 2tdt 

/— 1 rtltdt i— p t 2 dt i— r( ' 1 
= xarcrgvx — 7 ;- = xarcr£Vx- ^xarcrgvx- 1 t 

/ J \ + t 2 J 1 + ? 2 J ^ 1 + ? 2 

= xarcTgyfx- \dt+ \ T = xaicTgyfx-t + aiCTgt + c 

J J l + r 

= xarcrg-Jx - -six + aiCTgyJx + c 

. __ pxarcsenx , 
4.86.- — , d x 

J VT7 

Solucion.- 

u = arcs e n x xJx 

dv 



, dx yJl-X 2 

du - 



Vi-x 2 v = -VT 



2 



pxarcsenx, r j t r j 

I — , a x = -yl-x arcs en x+ I dx = -\]l-x arcsenx + x + c 

^Jl-x 2 
4.87.- jx arc rg^x 2 -\dx 
Solucion.- 

u = arcTg\jx 2 -l dv = xdx 



. dx x 

du = — , v = — 

x\x 2 -l 2 



[xarcrevx 2 -Idx- — arcrWx 2 -1 [ , = — wcrg^jx 2 -1 — v* 2 -1 + 

J 9 9 J O 7 9 9 



2 ' 2JV^7I 2 



4.88.- \^^dx 

J (x 2 + l) 2 



■ x arc rgx 

c 

Solucion 



, xdx 

w = arc rgx dv = — r - 

(x +1) 
. ax 
du = — -1 

X +1 V = r 

2(x 2 +l) 
x arc rgx -arc rgx lr dx 



dx = — — — +— f — ; ^*, Se recomienda lasiguiente sustitucion: 



(x 2 +l) 2 2(x z + l) 2 J (x 2 +l) 
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x = rgO , de donde: dx = sec 2 OdO ; x 2 + 1 = sec 2 



-arc rex 1 (• sec 2 OdO 



arc rex 



2(x 2 +l) 2 J sec 4 # 



2(x z +l) 



+ 1) 2 J 



cos 2 0d0 = - 



arctgx 1 (• 1 + cos WdO 



- + 



2<y+i) 2- 



arcrex 1^1 ,^ arcrex 1 1 _ _ 

1 - + — + -sen20 + c = ; h — arc rex + — senOcosO + c 

8 2(x 2 + l) 4 4 



2(x z +l) 4 

arc rex 1 1 

- + — arcrex + 



2(x 2 +l) 4 

arc rex 1 

+ — arcrex + 



2(x z + l) 4 

1 

+ c 



2(x 2 +l) 4 
4.89.- arcsenx 

Solucion.- 



4Vx T 7IVx T 7T 

X 

5 + c 

4(x 2 +l) 



xdx 



JO^xy 



u = arcs e n x 

, <ix 

aw 



Jv 



xdx 



VT 



1 



^ 



xJx 



arcs e n x 



arcsenx- 



4.90.-Jx 2 Vr^xJx 



C a 



x' 
dx 



x 



arcs en x 1 . 

-+-£tj 



^ 



x 



1-x 



1 + x 



+ c 



Solucion.- 

u = v 1 - x 



<iw 



dx 



dv = x dx 

.3 



X 



2VlT 



V : 



1 r x dx 



\ x 2 VI - xdx = — V 1 - X + — , 

J 3 6 J yfl^C 

sustituci6n:Vl-x = ?, sea:x = l-r 2 , De donde: dx = -2tdt 

3 / J / 3 3 J 



Se recomienda usar la siguiente 



— yf[^X--{a-3t 2 +3t 4 -t 6 )dt = — ViT^ 



3 

X -^x- X - 

3 3 



-, 3 3r 5 r 7 . 

x--(t-t + ) + c 

3 5 7 

Vi^ - a - x) ViT^ + - a - x) 2 ViT^ - - a - x) 3 ViT^ 



+ c 



VT^ 



x 3 -l-(l-x) + -(l-x) 2 --(l-x) 3 
5 7 



+ c 
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IMPORTANTE: En este capftulo ningun resultado, o casi ninguno, se presentaron 
en su forma mas reducida. Esto es intencional. Una de las causas del fracaso en 
estos topicos, a veces esta en el mal uso del algebra elemental. 
He aqui una oportunidad para mejorar tal eficiencia. Exprese cada resultado en su 
forma mas reducida. 
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CAPITULO 5 



INTEGRACION DE FUNCIONES CUADRATICAS 

Una funcion cuadratica, es de la forma: ax 2 +bx + c y si esta aparece en el 
denominador, la integral que la contiene se hace facil de encontrar, para la cual 
conviene diferenciar dos tipos esenciales en lo que se refiere al numerador. 

EJERCICIOS DESARROLLADOS 

5.1. -Encontrar: f— 

J x 2 +2x + 5 

Solucion.- Completando cuadrados, se tiene: 

x 2 + 2x + 5 = (x 2 + 2x + _) + 5 - __ = (x 2 + 2x + 1) + 5 - 1 = (x 2 + 2x + 1) + 4 
x 2 + 2x + 5 = (x + l) 2 +2 2 , luego se tiene: 

[— = \ ; -. Sea: w = x + l,dw = dx;a = 2 

J x 2 +2x + 5 J (x + l) 2 + 2 2 

r dx r dw 1 W 1 X + l 
5 T = — : T = -arcrg — + c = -arcTg + c 

J (x + l) 2 + 2 2 J w 2 + 2 2 2 a 2 2 

_ p dx 1 x + l 
Respuesta: — : = -arcr? + c 

J x 2 + 2x + 5 2 2 

dx 



r c 

5.2.-Encontrar: — — 

J 4x 2 + 



4x + 2 

^ , . , r dx p dx 1 r dx 
Solucion.- — = —r- = - -j 

J4x 2 + 4x + 2 ^A{x 2 +x + Y 2 ) 4 } x 2 + x+% 
Completando cuadrados: 

2 1 / / 2 si / 2 1\ 1 1 /• 2 1\ 1 

x +x+%, = (x+x+ ) + — =(x +x + -) + = (x +x + -) + - 

/2 2 — 4 2 4 4 4 

(x 2 +x + -) = (x + -) 2 +(-) 2 , luego se tiene: 

1 r dx 1p dx „ 1/ , , 1, 

7 r/ = T m TTT' Sea:w = x + V;,<iw = (ix;a= V, 

4 J x 2 +x+ 1 / 4 J ( X + l/) 2 +(l/) 2 /2 A 



4 J x 2 +x + / l/ 4J( x + )/) 2 +(^/) 2 ' ' /2 ' ' /2 



lp <ix _lr 

4->rr+ 1/V + rlA 2 ~4J 



Jw 11 w 11 x+ /7 

2 2" = T — arcT S — hc = TTV arcr <? — i/ L + c 



4 J (x+-l/) 2 + ( ; l/) 2 4 J w 2 + a 2 4a a " 4 -1/ " ' ^ 

2x + l 

— arc re — 4 I- c = — arc r#(2x + 1) + c 

2 J_ 2 

i 



in 



Respuesta: f 



dx 



1 



Ax +Ax + 2 2 
2xdx 



arcrg(2x + l) + c 



5.3.-Encontrar: f - x x 
J x 2 -x + l 

Solucion.-M = x 2 -x + l,du = (2x-l)dx 

2xdx r (2x — l + Y)dx r (2x — Y)dx 



r 2xdx _ r(2x-l + Y)dx _ r(2x-Y)dx r dx _ r du r 
•* x 2 - x + 1 •* x 2 -x + l •* x 2 - x + 1 •* x 2 - x + 1 •* w ■* 



dx 



x -x + 1 J x — x + 
Completando cuadrados: 



x -x + 1 



1 



x - x + 1 = (x - X + ) + 1 = (x - x + — ) + 1 



x -x 
■du 



4 



+ 1 = (x 2 - j/) 2 + - , Luego se tiene: 



rdur dx _ r du r du _ r du r 

1 u •'x 2 -x + l •* w "* / l/s.2 3 J u /„_ 1 

\ x /i) ' . \X / 



dx 



■#+■< 



w = x — ,dw = dx;a = — , luego: 



1V + 1 



dx 



ix-ys+i^A) 2 



(S/ 



r du r dw 



2 , 2 

w +a 



(a %) 2 +o%V 



.ill w 

'.tj\u\ +— arc zg — he 
a a 



1 



2x-l 



?/7 x 2 -x + l + 



1 



V3> 
/2 

2xJx 



-arcrg- 



2 



2 , I 2 ii 2V3 

^ + c = £^x -x + lM arcrg 



Respuesta: -_■ = £rj\x -x + l\ + arcrg 

J x -x + 1 ' ' 3 



3 
2x- l 



V3"/ 



■ + c 



- + c 



5.4.-Encontrar: [ 

Solucion.- 
r x 2 Jx 



x dx 



x +2x+5 



!' 



2x + 5 



dx = I dx - I 



2x + 5 
x +2x+5 



-dx , 



J x +2x + 5 J v x +2x + 5y 

Sea: w = x 2 + 2x + 5, du = (2x + 2)dx 

Ya se habra dado cuenta el lector que tiene que construir en el numerador, la 

expresion:(2x + 2)dx. Luego se tiene: 



\dx-\ 



(2x + 2 + 3) 



dx = \ dx — 



(2x + 2)dx 



+ 



3 I- 



dx 



x 2 + 2x + 5 J J x 2 + 2x + 5 J x 2 + 2x + 5 

Completando cuadrados, se tiene: 

x 2 + 2x + 5 = (x 2 + 2x + _) + 5-__ = (x 2 + 2x + l) + 5-l = (x 2 + 2x + l) + 4 = (x + l) 2 + 2 2 
Luego se admite como forma equivalente a la anterior: 

jdx-j 3\ j — 2' Sea: w= x+l,dw-dx;a = 2, luego: 

U \X "T l) "t Z* 
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^-l^i 



du 
u 

2 



dw 



2 , 2 

w +a 



ill w 

x-ir/\u\-3 — arcTg — \-c 
a a 



■ x-£i]\x z + 2x + 5 — arc re he 

1 I 2 2 



x <ix 



= x — £n x 2 + 2x + 5 — arc re he 

2x+5 ! ' 2 2 



Respuesta: f— =— 

J X + 

5.5.-Encontrar: f— — dx 

J x +2x + 2 

Solucion.- Sea:w = x 2 + 2x + 2,<iM = (2x + 2)dx 

r 2x-3 , r2x + 2-5. p 2x + 2 , _r dx 

— ; dx = — dx = — dx - 5 — 

J x 2 +2x + 2 J x 2 + 2x + 2 J x 2 + 2x + 2 J x 2 + 2x + 2 

= J — dx-5\ — , Completando cuadrados: 

x 2 + 2x + 2 = (x + l) 2 + l 2 . Luego: 

= (" — dx-5f — -, Sea\w = x + l,du = dx;a = l. Entonces se tiene 

J u J (x + 1) 2 +1 2 



(x+iy 

dx „ I I - 1 w . I 2 . ,1 . , ,, 

2 j= "-V \u _ 5 — arc re — vc-ir] \x +2x + 5 -5arcre(x + l) + c 

r 2x-3 i i 

Respuesta: -_■ dx = irj x 2 + 2x + 5 -5arcre(x + l)-hc 

J x +r 

5.6.-Encontrar: [ 

vx 2 -2x-8 

Solucion.- Completando cuadrados se tiene:x 2 -2x-8 = (x-l) 2 -3 2 
dx r rfx 



2x + 2 
dx 



I 



i 



Vx 2 -2x-8 J V(x-l) 2 -3 2 
>Jw -a 



, Sea: w = x-\, dw = dx;a = 3 



,77 w + - 
dx 



+ c 



;-l + Vx 2 -2x-8 



:-l + Vx 2 -2x-8 



-he 



J r^ r 

Vw -a 

Respuesta: J . = £77 

Vx 2 -2x-8 

5.7.-Encontrar: [ . = 

J Vx 2 -2x + 5 

Solucion.- Sea:w = x 2 -2x + 5,<iw = (2x-2)<ix. Luego: 
xdx 1 r Ixdx 1 r 2x-2 + 2 



+ c 



I 



I! 



V^ 2 -2x + 5 2 Vx 2 -2x + 5 ^ V^ 2 -2x + 5 



I 



=<ix 



1 f (2x-2)Jx 2 



■J 



+ ■ 



'■I- 



dx 



1 r du r 



dx 



2 J Vx 2 -2x + 5 2 J ^/ x 2 _2x + 5 2 J V^ J Vx 2 -2x + 5 
Completando cuadrados se tiene:x 2 + 2x + 5 = (x-l) 2 + 2 2 . Por lo tanto: 
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dx 



— u ' 2 du + \ - i 

2J J V(x-l) 2 +2 

1 p -1/ , p dw \ u 

— \u /2 du + \ 



. Sea: w = x - 1, du = dx; a = 2 



Vw 2 + a 2 



x - 1 + v x 1 - 2x + 5 



■ V> 



w + \lw 2 +a 2 



+ c = u /2 +lr/ 



■ Vv 



vv + Vw 2 + a 2 



+ c 



+ c 



xdx 



jx 2 -2x + 5+tr/ x-l + Vx 2 -2x + 5 



+ c 



= \l x 2 + 2x + 5 + Irj 

Respuesta: \—=— 

vx 2 -2x + 5 

5.8-Encontrar:J ( ^ + 1) ^ 

\J2x-x 2 

Solucion.- Sea\u = 2x-x 2 ,du = (2-2x)dx .Luego: 

(x + l)dx _ 1 r-2(x + l)dx_ _1 r(-2x-2)dx _ 1 r(-2x + 2-4)dx 
9 J /TI 3" O J /TI IT " 9 J 



I 



V^ 



V^ 



x-x 



\e(2-2x)dx 4 



+ - 



dx 



2 \J2x-x 2 2 

I r du _ r dx 



V2x^ 



2 v2x-x 2 ^ -n/2x- "" 






■x" z -" V^x-x" 2 Vw V2x-x 2 

Completando cuadrados: 2x - x 2 = -(x 2 - 2x) = -(x 2 - 2x + 1 - 1) = -(x 2 - 2x + 1) + 1 
= -(x-l) 2 + l = l-(x-l) 2 . Luego la expresion anterior es equivalente a: 

= — \u^du + 2\—^= 



Jl-(x-l) 2 



. Sea: w = x-l,dw = dx;a = l. Entonces: 



1 r u' 



= — t \ - . du + 2\ , = -w 2 + 2 arcs en — h c = - v 2x - x +2 arcs e n(x - 1) + c 

7 J 1/ J / 2 2 /7 

/ £ 

Respuesta: J * = = -yJ2x-x 2 + 2 arcs en(x - 1) + c 



xdx 



42~x 

5.9.-Encontrar: f- 

J V5x 2 -2x + l 

Solucion.- Sea:M = 5x 2 -2x + l,<iw = (10x-2)dx. Luego: 
r xdx _ 1 (• lOxdx _ 1 (• 
J /clz " , , ~ 1 n J [73 o Z , 1 ~ 1 n J 



1 f (10x-2 + 2)dx 



V5x 2 -2x + l 10 J V5x 2 -2x + l 10 J ^5x 2 -2x + l 

1 <• (I0x-2)dx 2 r dx _ I r du If 

in J [73 o-. , 1 in J ./73 T~ , , ~ inJ ,/I7 <J 



dx 



1 <• (10x-2)<ix 2 p dx _ 1 f rf« 1 

10-'V5x 2 -2x + l + To-'V5x 2 -2x + l~To'vr + 5JV5x ; 2v! 1 
1 (• du 1 (• 

To' V^ + 5' 



dx 



5{x 2 - 2 / 5 x+ y 5 ) 



= = — \u ' 2 du H 1= 

1A 10 J 5^5 J 



dx 



(* 2 -%x+y 5 ) 



Completando cuadrados: x 
2 ill 



(x — x + — ) + - 

5 25 5 25 



2 1 t 2 2 1 

' -x + - = (x — x+ ) + -- 
5 5 5 — 5 "" 

1/ ^ 2 -i- ^2/ ^ 2 i npnn p« pnnjvalente: 



(x- Vc) +(y<) > Luego es equi 
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= — \u ^du H 1= 

10 J 5V5 J 

Entonces: = — lu^du + — 1= \ 

10 J 5V5 J 



= , Sea: w = x - yc,dw = dx;a = yC 



(x-y 5 YHf 5 ) 



dw 



1 «* l . 



Jw 2 +a 2 10)/ 5^5 



vv 



w + \lw 2 + a 2 



+ c 



^5x 2 -2x + l 1 „ 
5 5^5 

xdx 



1 ^5x 2 -2x + l 

X 1 ;= 

5 S 



+ c 



Respuesta: [ 



^5x 2 -2x + l y/E e 

, = = + — trj 

V5x 2 -2x + l 5 25 



1 V5x 2 -2x + l 

x 1 = 

5 V5 



+ c 



5.10.-Encontrar: [ 



xJx 



V5 + 4x-x 2 
Solucion.- u = 5 + Ax - x 2 , du = (4 - 2x)dx . Luego: 

xdx 1 r -2xJx 1 r (-2x + 4 - 4)<ix 



I 



-w 



V5 + 4x-x 2 2 V5 + 4x - x 2 2 ^5 + 4x- 



-,r- 



X 



1 f (4-2x)dx 4 



41 



+ - 



: f 



dx 



I r du ., r 



dx 



2 V5 + 4x-x 2 2 V5 + 4x-x 2 2 4u yJ5 + 4x-x 2 
Completando cuadrados: 5 + 4x - x 2 = -(x 2 - 4x - 5) = -(x 2 - 4x + 4 - 4 - 5) 
-(x 2 -4x + 4) + 9 = 9-(x-2) 2 =3 2 -(x-2) 2 . Equivalente a: 

clx 

\ ll "(III ! 2\ — 



= — \u ' 2 du + 2\ - r 

2J } ^ 2 -(x-2) 

1 r -i/ _f dw \ u 

= — \u n du + 21 



. Sea: w = x-2,dw = dx;a = 3 . Entonces: 



w 



, , , + 2 arcs en — he 

yja 2 -w 2 A Vj a 



[Z ' 2 r> X—2 

-V5 + 4x-x +2 arcs en he 



Respuesta: J 



xdx 



V5 + 4x-. 



/I " 7 _ x-2 
-V5 + 4x-x +2 arcs en he 



dx 



5.1 1 .-Encontrar: J- _ 

V2 + 3x-2x 2 
Solucion.- Completando cuadrados se tiene: 

2 + 3x - 2x 2 = -(2x 2 - 3x - 2) = -2(x 2 - % x - 1) = -2(x 2 — x-\ ) 

/ 2 2 16 16 



1 



,2 3 9 25 

(X XH ) 

2 16 16 
dx r 



-2 
dx 



(*- 



v2 + 3x-2x 2 



{(X> 2 -^ 



3/V 



V-r 5 /) 2 l = 



dx 



luego: 



4~2 



(%) 2 -(x-%) 2 



Sea: w = x- y. ,dw = dx,a = y. . Luego: 
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-3/ 
lr dx 1 r dw 1 w 1 x /4 

= —j= , = = —j= , = — = arcs e n — h c = — ==■ arcs e n — '. + c 

V2 4x-3 
= arcs e n h c 

2 5 

_ p dx v2 4x-3 
Respuesta: , ^= = — arcs en + c 

"W2 + 3x-2x 2 2 5 

5.12.-Encontrar: f — 

J 3x 2 + 12x + 42 

Solucion.- 
C dx _ (• dx _ 1 r dx _ 1 r dx _ 

J 3x 2 + 12x + 42 ~J 3(x 2 +4x + 14) ~ 3 J (x 2 +4x + 14) ~3* (x 2 + 4x + 4 + 10) ~ 

lr dx 1 r dx 11 x + 2 

~3'(x + 2) 2 + 10~3'(x + 2) 2 +(Vi0) 2 ~3Vl0 arC ^ Vl0" + C 



Respuesta: f — - n — - — 

J 3x 2 +12x + < 



dx V10 x + 2 



- arc Tg . — + c 



5.13.-Encontrar: f— dx 

J x 2 -4x+: 



■42 30 Vio 

3x-2 

-5 

Solucion.- Sea:w = x 2 -4x + 5,dw = (2x-4)dx, Luego: 

r 3x - 2 , _ r xdx _ r dx _ r (x - 2) + 2 _ r dx 

— = dx = 3 — r 2 — = 3—5 2 — ^ 

J x -4x + 5 J x -4x + 5 J x -4x + 5 J x -4x + 5 J x -4x + 5 

„ r (x — 2) . r dx _ r <ix 3 r du , r dx 
= 3 -^ ^_ + 6 — 2 — = - — + 4-, 

J x -4x + 5 J x -4x + 5 J x -4x + 5 2 J u J x -4x + 5 

3 r du . p dx 3 . i 2 -i ,, f dx 

= - — + 4 — ; = -£n\x -4x + 5+4 - — 

2 J u J (x 2 -4x + 4) + l 2 ! I J (x-2) 2 +l 

3 I 2 I 

= —£n\x -4x + 5 +4arcTp(x-2) + c 

2 'I I 

Respuesta: f— 5 — dx = -^?7|x 2 -4x + 5| + 4arcz-g(x-2) + c 

J x -4x + 5 2 ' ' 



EJERCICIOS PROPUESTOS 

Usando Esencialmente la tecnica tratada, encontrar las integrales siguientes: 

5.14.-JVx 2 +2x-3dx 5.15.-jVl2 + 4x-x 2 dx 5.16.-JV* 2 + 4xdx 

5.17.-JVx 2 -8xdx 5.18.-JV6x-x 2 dx 5.19.- f (5~4x)dx 

J Vl2x-4x 2 -8 
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5.20.- 
5.23.- 

5.26.- 
5.29.- 
5.32.- 

5.35.- 

5.38.- 

5.41.- 



xdx 



^21 + 6x- 



dx 



J4x 2 + 4x + 10 

2 (• {x + Y^dx 

3J9x 2 -12x + 8 
3dx 



I 



V80 + 32x-4x 2 



K 



I 



l2-Sx-4x dx 
(1 - x)<ix 



V8 + 2x-x 2 
(x + 2)dx 



Jx 2 + 



2x + 2 
(x-l)dx 



5.21. 


C (x - \)dx 


>3x 2 -4x + 3 


5.24. 


C (2x + 2)dx 
' x 2 -Ax + 9 


5.27. 


C (x + 6)dx 


\J5-4x-x 2 


5 30 


C dx 




■" Vl2x-4x 2 -8 


5.33. 


- Ax 2 -x+ Adx 


5.36. 


r xdx 

* x 2 +4x + 5 


5 3Q 


C (2x + l)dx 



x 2 +Sx-2 



5 22 f ^ 2x ~ 3 ^ x 
■* x 2 + 6x + 15 

525 r (2x + 4)& 
■" a/4x-x 2 

5.28.- [ - dx 

J 2x 2 + 20x + 

5dx 



60 



5.31 .-j 

J V28-12x-. 

5.34.- f -^ 

J x -2x + 5 

_ _ r (2x + 3)dx 
O.o7.- — 

J Ax +Ax + 5 
5.40.- J (/ 



V —x 2 — 6x 



x +2jc + 2 



RESPUESTAS 



5.U.-j^x 2 -2x-3dx 

Solucion.- Completando cuadrados se tiene: 
x 2 -2x-3 = (x 2 -2x + l)-3-l = (x-l) 2 -4 = (x-l) 2 -2 2 
Haciendo:w = x- l,du = dx;a = 2, se tiene: 

I vx 2 -2x-3dx= I yj(x-l) 2 -2 2 dx= I vw 2 -a 2 du 

= —u\ju 2 -a 2 — a 2 ^nL + Vw 2 -a 2 +c 

2 2 I I 

= |(x-l)V(x-l) 2 -2 2 -^2 2 ^|(x-l) + V(x-l) 2 -2 
= -(x-1)a/x 2 -2x-3-2£?7 (x-1) + a/x 2 -2x-3 



+ c 



+ c 



5.15.-jVl2 + 4x-x 2 dx 

Solucion.- Completando cuadrados se tiene: 

12 + 4x-x 2 =-(x 2 -4x-12) = -(x 2 -4x + 4-12-4) = -(x 2 -4x + 4) + 16 

= 4 2 -(x-2) 2 

Haciendo: w = x-2,du = dx;a = 4 , se tiene: 

|Vl2 + 4x-x <ix=ly4 -(x-2) dx = |va -« du = —u^]a -u + — a arcsen — + c 
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= -(x-2)J4 2 -(x-2) 2 + -4 2 arcsen^^ + c 

2 v 2 4 

1 / (x-2) 

= -(x-2)V12 + 4x-x 2 + 8arcsen- -+c 

2 4 

5.16.- \\lx 2 +4xdx 

Solucion.- Completando cuadrados se tiene: 

x 2 + 4x = (x 2 + 4x + 4)-4 = (x + 2) 2 -2 2 
Haciendo: w = x + 2,du = dx;a = 2 , se tiene: 

I Vx 2 +4xdx= I y](x + 2) 2 -2 2 dx= I Vw 2 -a 2 du 



i r 

— U\llt 



1 



,2 2 - 1 2/;„ 

/w -a — a «?7 

2 2 



Vti 



m + Vw 2 -a 2 +c 



-(x + 2)7(x + 2) 2 -2 2 --2 2 ^ (x + 2) + ^/(x + 2) 2 -2 
( * + 2) Vx 2 +4x-2l?7 (x + 2) + V* 2 + 4x 



+ c 



5.17.-jVx 2 -8xdx 

Solucion.- Completando cuadrados se tiene: 
x 2 -8x = (x 2 -8x + 16)-16 = (x-4) 2 -4 2 
Haciendo:w = x-4,<iw = <ix;a = 4 ! se tiene: 

i / o o loo A/'i'iXo loo 

U/(x-4) -4dx = \Ju —adu = —usu —a — atr/u + \lu -a 
= I( x -4)^/(x-4) 2 -4 2 --4 2 ^77 (x-4) + ^(x-4) 2 -4 : 



+ c 



+ c 



+ c 



= U_4)^ JC 2_ 8jc _ 8 ^ ( x _4) + > / x 2 _8x 

2 

5.18.- I v6x-x 2 dx 

Solucion.- Completando cuadrados se tiene: 

6x-x 2 = -(x 2 -6x) = -(x 2 -6x + 9-9) = -(x 2 -6x + 9) + 9 = 3 2 -(x-3) 2 

Haciendo:w = x-3,du = dx;a = 3, se tiene: 

V I o to o too A / o o A o *& 

V6x-x dx = ^3 -(x-3) dx = \a —u du = —u\ja —u -\ — a arcs en — he 

J 2 2a 

= — (x-3)a/3 2 -(x-3) 2 + — 3 2 arcsen he 

2 ^ 2 3 

(x-3) r, 7 9 x-3 

= vox-x + — arcs en he 

2 2 3 

g i 9 _f (5-4x)<ix 

" J Vl2x-4x 2 -8 
Solucion.- Sea:« = 12x-4x 2 -S,du = (12-Sx)dx 
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(5-4x)dx 



(-4x + 5)dx 1 r 2(-4x + 5)dx 1 r (-8x + 10)<ix 



Vl2x-4x 2 -8 J Vl2x-4x 2 -8 2 J Vl2x-4x 2 -8 2 J ^/i2 x -4x 2 -8 
1 r(-8x + 12-2)<ix 1 r (-8x + 12)<ix r <ix 



r 



i 



i 



2 J Vl2x-4x 2 -8 2 J Vl2x-4x 2 -8 J Vl2x-4x 2 -8 
1 f (Sx + I2)dx f dx l f (Sx + I2)dx 1 



1 



! 



J- 



I- 



dx 



2 J Vl2x-4x 2 -8 J ^4(3x-x 2 -2) 2 J Vl2x-4x 2 -8 2 J ^3x-x 2 -2 
Completando cuadrados se tiene: 

3x-x 2 -2 = -(x 2 -3x + 2) = -(x 2 -3x + --- + 2) = -(x 2 -3x + -) + --2 



4 4 



4 4 



:-(x-%) 2 +i = (i) 2 -(x-^) 2 
/2 4 2 2 

1 f (-8x + 12)dx 1 



1 C dx 

"2* / r lA2_ rr _ 



2 J Vl2x-4x 2 -8 2^ ( |/ ) 2_ (x _3/ )2 

Haciendo:w = 12x-4x 2 -8,dw = (12-8x)dx y w = x-^,Jw = <ix ! entonces: 
1 r du lr dw 1 u' 



i r au i (• aw _ i w 

2 J vr~2JTw=7"7T 



1 w 

- — arcs e n — -j + c 

2 >2 



= w^ — arcsen2w + c = V12x-4x 2 -8 — arcs e n(2x - 3) + c 

2 2 

5.20.- J- V V 



v 27 + 6x - x 2 
Solucion.- Sea:w = 27 + 6x-x 2 ,dw = (6-2x)dx 

xdx 1 r -2xdx _ 1 r (-2x + 6 - 6)dx 



V27 + 6X- 



4! 



2 J V27 + 6x- 



2 J V27 + 6x- 



1 r (—2x + 6)dx 
2 - 1 V27 + 6x- 



+ 



3/ 



dx 



I r du 



dx 



V27 + 6x- 



f-^ + 3f-. 

2 J V^ J V27 + 6 



x-x 



X V^/+DX-X 

Completando cuadrados se tiene: 

27 + 6x-x 2 =-(x 2 -6x-27) = -(x 2 -6x + 9-9-27) = -(x 2 -6x + 9) + 36 



6 2 -(x-3) 2 , Luego: 



— I w ^Jm + 3) 



dx 



1 w /2 „ x-3 

+ 3 arcs e n h c 



K -> x_ 3 

-m /2 + 3 arcs e n h c 



V6 2 -(x-3) 2 X^ 

V 27 + 6x - x 2 +3 arcs e n 



6 
x-3 



6 



- + c 



5.21.-J 



(x - l)dx 



3x 2 -4x + 3 

Solucion.- Sea:M = 3x 2 -4x + 3,dw = (6x-4)dx 
r (x-l)dx 1 r (6x-6)dx _ 1 r (6x - 4 - 2)dx _ 1 r (6x-4)dx 1 r 



dx 



3x -4x + 3 6 J 3x-4x + 3 6 J 3x -4x + 3 6 J 3x -4x + 3 3 J 3x -4x + 3 
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I rdu I r dx 1 r du 1 r dx 

6 J h 3-'3x 2 -4x + 3~6-' u 3-L, 2 4 



3(x z — x + 1) 
3 



dx 



1 rdu If 
fiJ ./ Q J , 



6 J u 9 J ( x 2 -4^x + l) 



Completando cuadrados se tiene: 
x 



2 4 , . 2 4 4^ , 4 , 2 4 4, 5 
" -x+l = (x — x+-) + l -'- 



3 9 

dx 



(x — x + — ) + — = (x- 
9 3 9 9 



2A2 + r V5 



r+(^ j xr 



1 



1 rdu If 

6 J u 9 J ^ : _2/)2 + (^/-,: 6 



(x-%y+cy 3 y 



■ T]\U\ 



1 1 X ~ 

- arc rg 



9^/5/ 



>& 



- + c 



1. I, 2 , .1 V5 3x-2 

= — zn\3x -4x + 3 arcr# — i^ + c 

6 '' ! 15 V5 



5.22.- j 



(2x-3)dx 
x + 6x + 15 



Solucion.- Sea:u = x 2 + 6x + l5,du = (2x + 6)dx 
(2x-3)dx r(2x + 6-9)dx r (2x + 6)dx 



r {zx-3)ax _ m zx + o - yjax _ t 
*x 2 + 6x + 15~* x 2 + 6x + 15 "■> 



: , c -9|„ 2 



dx 



If- 9 !--* 



dx 



x +6x + 15 



6x + 15 J x + 6x + 15 J x +6x + 15 
, Completando cuadrados se tiene: 



2 + 6x + 15 = (x 2 +6x + 9) + 15-9 = (x + 3) 2 + 6 2 =(x + 3) 2 + (V6) 2 



^ . I 2 , iclr>l X + 3 

p= — = £77x +OX + 15 -9— ^arcrg — ;^ + c 

(x + 3) 2 + (V6) 2 ' ' V6 V6 



, I 2 , id 3V6 x + 3 

:ij\x +OX + 15 arcrg — — + c 



s 



5.23.- f , dx 

J 4x +4x+ 



10 



Solucion. - 
dx 



I 



4x +4x + 10 



1 



dx 



-I 

4 J , 



dx 



4(x 2 +x+5^) 4 J (x 2 + x +5 / /) 



, Completando cuadrados: 



x +x + - = (x +x + -) + = (x + -)+- = (x + -)+(-) 

2 4 2 4 2 4 2 2 



If 

4J , 1 



dx 



1 1 



x + 



— — = —— v aiCTg — -^T 

4 J / , !n2 , ,3 2 4 3/ 3/ 

(x + -) +(-) /2 /2 



7 1 2x + l 

— + c = — arcr? he 

6 3 



(2x + 2)dx 



5.24.- f ^ zx + z ^ 
•" x 2 -4x + 



Solucion.- Sea:w = x 2 -4x + 9,dM = (2x-4)dx 
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■(2x + 2)dx _ c(2x-4 + 6)dx f (2x-4)dx 
x 2 -4x + 9 



c 2 -4x + 9 



x -4x + 9 



+ 



"I 



dx 



x -Ax+9 



•du 



dx 



= f — + 6f— - — , Completando cuadrados setiene: 

J u J x 2 -4x + 9 

x 2 -4x + 9 = (jc 2 -4jc + 4) + 9-4 = (jc-2) 2 + 5 = (jc-2) 2 + (V5) 2 ! 

rdu , r dx . I I , 1 x-2 

= ho p= — = £n w +6— ;=arcr£ — ^ + c 

J u J (x _2) 2 + (V5) 2 M V5 V5 

, I 2 , n i 6^5 x-2 

= zr]\x -Ax + 9 H arcrg — — + c 



V^ 



5.25.- J 



(2x + 4)<ix 



^4x - x 2 

Solucion.- Sea: w = 4x-x 2 +9,du = (4-2x)dx 
r(2x + 4)dx r(-2x-4)dx r (-2x + 4 - S)dx r(-2x + 4)dx 



V4 



x—x 



-■ 



-jY^w + 8J" 



J4x- 
dx 



-■ 



44x~- 



-■ 



44x~- 



x~ V4x-x~ V4x-x 2 

Completando cuadrados se tiene: 



+ 



8 J 



dx 



44x~- 



x 



4x-x 2 =-(x 2 -4x) = -(x 2 -4x + 4-4) = -(x 2 -4x + 4) + 4 = 2 2 -(x-2) 2 



-ju /2 du + SJ 



dx 



V2 2 -(x-2) 2 
x-2 



_ i/ _ x-2 
-2w /2 + 8 arcs e n h c 



. n 7 „ x-z 
-2v4x-x +8 arcs en he 

2 



5.26.-IJ 



2 r (x+ -%)dx 



3 J 9x -12x + 8 
Solucion.- Sea\u = 9x 2 -l2x + S,du = (lSx-l2)dx 

2 f ( X + X )rfx _ 2 1 r (18x + 27)rfx _ 1 r (18x + 27)rfx _ 1 r (18x-12 + 39)rfx 
3 J 9x 2 -12x + 8 ~ 3 18 ■> 9x 2 -12x + 8 ~ 27 ■> 9x 2 -12x + 8 ~ 27 ■> 9x 2 -12x + 8 



1 f (18x-12)dx 39 



+ - 



dx 



27 J 9x-12x + 8 27 J 9x-12x + 8 27 J w 27 



I r du 39 (• 

J ;/ 97 J 



dx 



4 8. 

" -x + -) 

3 9 



9(x 



1 r& 



- + - 



39 



dx 



27 J u 27x9 J , 2 4 8 

(x — x + — ) 

3 9 

Completando cuadrados se tiene: 

2 4 8 . 2 4 4. 8 4 . 9A2 4/ , 

x — + - = (x--x + -) + = (*-%) + % = (*- 

3 9 3 9 9 9 /3 / 9 



.2/f + (2/)2 



1 rdu 39 r dx 1 

97 J u 97vQJ ,' ' " ' ' -"' " ' 



27 J u 27x9 J (x-2/) 2 + (2/)2 27 



39 1 

27x9 2/ 



x- 



rarcrg- 



- + c 
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— £n9x -12x + 8 arcr? + c 

27 ' '54 2 



5.27.- J 



(x + 6)dx 



•v 5 - 4x — x 2 
Solucion.- Sea\u = 5-4x-x 2 ,du = (-4-2x)dx 

(x + 6)dx 1 f (-2x-l2)dx 1 t (-2x-4-S)dx 

2 



r (x + 6)dx _ 1 r(-2x-l2)dx_ 1 r 

■" 75-4x-x 2 2J ^5-4x-x 2 2-> ^5-4x- 



x 



1 r (-2x-4)dx r dx I r du .r dx 



r \-lx-<\)cix .t ax i r au .t 

-]\ ... „2 +4 J /. r 2 = -ofTT +4 f 



■x 2 



2 J V5-4x-x 2 J V5-4x-x 2 2 J V^ J 75-4x- 

Completando cuadrados se tiene:5-4x-x 2 =9-(x + 2) 2 =3 2 -(x + 2) 2 

1 r du , r dx i— . x + 2 
= — —= + 4 , =-\lu +4 arcs en he 

2 J 7^ J ^/3 2 -(x + 2) 2 3 

fZ A 2 A X+ 2 

= -V5-4x-x + 4arcsen he 

3 

5.28.- f . dx 

J 2x 2 +20x + 60 

Solucion.- 

-\— : , Completando cuadrados se tiene: 

9 J y 2 4-lflr-l-'!n 



J 2x 2 +20x + 60 2 J x 2 + 10x + 30 

x 2 + 10x + 30 = (x 2 +10x + 25) + 5 = (x + 5) 2 + (V5) 2 



dx 11 x + 5 V5 x + 5 

-(75 
3dx 



r arc tg — =r- + c = — arc r g — =- + c 



2 J (x + 5) 2 + (75 ) 2 2 75 "" " ' 6 75 ' " 1 "' " ' * 75 

5.29.- f- 

J 780 + 32x-4x 2 
Solucion. - 
r 3dx _ (• 3dx _ 3 r dx 

J 780 + 32x-4x 2 J 7 4 (20 + 8x-x 2 ) 2 J ^/(20 + 8x-x 2 ) 
Completando cuadrados se tiene: 

20 + 8x-x 2 =-(x 2 -8x-20) = -(x 2 -8x + 16-20-16) = -(x 2 -8x + 16) + 36 
= -(x-4) 2 + 6 2 =6 2 -(x-4) 2 

3 r dx 3 x-4 

= — : = — arcs e n h c 

2 J 76 2 -(x-4) 2 2 6 

5.30.- f . dx 

J 7l2x-4x 2 -8 
Solucion. - 
r dx _ (• dx _ 1 (• dx 

"'7l2x-4x 2 -8 , '7 4 (-- :c2+3 - :c -2) 2J^(_ X 2 +3 X _2) 
Completando cuadrados se tiene: 
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-x 2 +3x-2 = -(x 2 -3x + 2) = -(x 2 -3x + - + 2--) = -(x 2 -3x + -) + - 

4 4 4 4 

: (l/\ 2 -(x- 3 /V 
V2 } { /2' 



2- 



hi 



dx 



(y y-(x-%) 



3/^ 2 2 



1 x- 

- arcs en — 



t4-^- + c = — arcs e n(2x - 3) + c 

1/ 2 



5.31.-J- 



5dx 



V28-12x- 
Solucion.- 
r 5dx 



* 



dx 



, Completando cuadrados se tiene: 



x + 6 

5arcsen he 

8 



"W28-12x-x 2 J V28-12x- 
28-12x-x 2 =8 2 -(x + 6) 2 

= 5f ■ dX 
J V8 2 -(x + 6) 

5.32.- J Vl2-8x-4x 2 dx 

Solucion.- Sea:w = x + \,du = dx;a = 2 

J Vl2-8x-4x 2 Jx = J ^A{3-2x-x 2 )dx =2 J ^3-2x-x 2 dx 

Completando cuadrados se tiene: 

3-2x-x 2 =-(x 2 + 2x-3) = -(x 2 +2x + l) + 4 = 2 2 -(x+l) 2 

2 -y2 2 -(x + l) 2 Jx = 2 \Ja 2 —u 2 du = 2(—u^ja 2 —u 2 H arcsen— ) + c 

J J 2 2a 

= (x + 1) v -x 2 - 2x + 3 + 4 arcs e n h c 

2 

5.33.- Jx 2 - x + % Jx 

Solucion.- Sea:w = x- yi,du = dx;a = 1 

Completando cuadrados se tiene: 

x 2 -x + ^ = (x-j^) 2 +l 



x" -x+ y,dx = A{x- Vj) 2 +ldx = vw 2 + a 2 du 



1 / 2 2~ A 2/) / 2 

—u\u +a H — aznu + \lu +a 



+ c 



1 



1 



2 (x-)/)^x 2 -x+5^+-^ 
-(2x-l)^x 2 -x + ^+-f^ 



1/ i / 2 _ 4- 5/ 

X /V\ "1" J / Ji JL "T" / yl 



- 1/ 

2 " V 
- !/ + Jx 2 -x+ 5 / 



+ c 



+ c 



5.34.- J 



dx 

x 2 -2x + 5 
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Solucion.- Completando cuadrados se tiene: 

x 2 -2x + 5 = (x 2 -2x + 4) + l = (x-2) 2 + l 

r dx r dx , 

— r = = arcTg(x-2) + c 

J x 2 -2x + 5 J (x-2) 2 +l 

(1 - x)dx 



5.35.- J 



V8 + 2x- 



■x 2 



Solucion.- Sea:w = 8 + 2x-x ,du = (2-2x)dx = 2(l-x)dx 

r (l-x)dx 1 r du 1 f -i/ , /— r ~ 2 

. = — \—^ = — \u /2 du = \lu+c = ylo + 2x — x +c 

"W8 + 2x-x 2 2->^ 2J 

5.36.- f-5^ — 

J x +4x + 5 

Solucion.- Sea:w = x 2 + 4x + 5,dw = (2x + 4)dx 
r xdx If 2xdx _ 1 f (2x + 4)-4^ 

■'x 2 +4x + 5 2Jx 2 + 4x + 5 2Jx 2 + 4x + 5 

1 r (2x + 4)dx ^r dx 1 pdw „r dx ^ . , , . 

= - — : 2 — = 2 — , Completando cuadrados se 

2 J x 2 +4x + 5 J x 2 + 4x + 5 2 J u J x 2 + 4x + 5 

tiene: x 2 + 4x + 5 = (x 2 + 4x + 4) + 1 = (x + 2) 2 + 1 

1 (du .t dx 1 . I I _ 

= — 2 = —zn\u\-2arcTg(x + 2) + c 

2 J u J (x + 2) 2 +l 2 M 

1 I 9 I 

= -£n \x +4x+5 -2arcre(x + 2) + c 

2 'I I 

5.37.- [ ^ + 3 )^ 

J 4x 2 +4x + 5 

Solucion.- Sea:w = 4x 2 + 4x + 5,dw = (8x + 4)dx 

c (2x + 3)dx _ 1 r (8x + 12)dx _ 1 r (8x + 4) + 8 

••4x 2 + 4x + 5 4-Mx 2 +4x + 5 4-Mx 2 + 4x + 5 

1 r (8x + 4)dx r dx lfrfa f dx 1 r du t dx 



r isx + ^)ax ^r ax i rau ^r ax i rau ^r 

-]—. + 2[^ = -[ — + 2[— = = -[ — + 2[ 

4 J 4x +4x + 5 J 4x +4x + 5 4 J m J 4x +4x + 5 4 J « J4( x 2 + x + 5/) 

= -(" — +— f -=-r, Completando cuadrados se tiene: 

4J u 2J( x 2 + x+ 5/) 

x 2 + x + - = (x 2 +x + -) + l = (x+ K) 2 + l 

44/2 

lrd« I: dx 1 . 1 1 1 . 1 /. 
1-— — ; = — in \u +— arcre(x+ L A) + c 

J w 2J(x+l/) 2 + l 4 /M 2 /2 7 



4 J k 2 J ( X +^) 
(x + 2)dx 



.38.- 1*-^ 

Jx 2 +: 



■2x + 2 
Solucion.- Sea:w = x 2 + 2x + 2,dM = (2x + 2)dx 
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dx 



r (x + 2)dx _ 1 r (2x + 4)dx _ 1 r (2x + 2) + 2 _ 1 r (2x + 2)dx r 

J v 2 4-9v-.-9 9 J ^ 2 4- 9v-i. 9 9 J x 2 + 2x + 2 2Jx 2 + 2x + 2 J x 2 + 2x + 2 

I; 



2 J x 2 + 2x + 2 2 J x 2 + 2x + 2 
dx I r du r dx 



r CM r (.... r 

J w J x 2 +°~ ■ ° _1 ' •• J '- " 2 



■2x + 2 2 J 



(x+ir+i 



x +2x + 2 
I edit 

~2 

111 I I 2 I 

= — It]\u\ + arc Tg(x + l) + c = —tr/\x +2x + 2 +arcrg(x + l) + c 

5.39.. f (2x+Ddx 

J x 2 +8x-2 
Solucion.- Sea:w = x 2 + 8x-2,dM = (2x + 8)dx 
(2x + l)dx r(2x + 8)-7dx r(2x + 8)dx 



J 



x 2 + 8x-2 
tdu r 



•I- 



x 2 + 8x-2 
dx 



Mzx + s;ax r 
•"x 2 + 8x-2 J 



dx 



(x 2 +8x + l6)-l8 



rdw r 



x 2 + 8x-2 
dx 



(x + 4) 2 -(3V2) 2 



; 7|w|-7 



l 



2(3^2) 



:/; 



(x + 4)-(3V2) 



+ c 



= ^|x 2 + 8x-2|- — ^7 



(x + 4) + (3V2) 
(x + 4)-(3V2) 



12 



(x + 4) + (3V2) 



+ c 



dx 



5.40.- J - 

v -x 2 - 6x 
Solucion.- Completando cuadrados se tiene: 



I 



■ 6x = -(x 2 + 6x) 
dx 



V3 2 -U + 3) 2 

(x-l)dx 



-(x 2 + 6x + 9) + 9 = 3 2 

x + 3 
arcs e n h c 



■(x + 3) 2 



5.41 .-J 



x 2 + 2x + 2 



Solucion.- Sea:w = x 2 + 2x + 2,dw = (2x + 2)dx 

(x-l)dx l r (2x + 2)-4, l f (2x + 2)dx „ f 

-dx = — — r 2 

I 9J-r 2 4-9-r-l-9 J 



dx 



x 2 +2x + 2 2 J x 2 + 2x + 2 
1 



1 r du _ r dx _ 1 (• dw _ r dx 1 

2 j m J x 2 + 2x + 2 2"' m 



2 J x +2x + 2 

■ 2 I; 



(x + l) 2 +l 2 



x 2 + 2x + 2 
?]\u\-2arcTg(x + l) + c 



Itj x +2x+2 -2arcz-g(x+l) + c 
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CAPITULO 6 

INTEGRACION POR SUSTITUCION TRIGONOMETRICA 

Existen integrales que contienen expresiones de las formas:a 2 -x 2 ,a 2 +x 2 
x 2 -a 2 , las que tienen facil solucion si se hace la sustitucion trigonometrica 
adecuada. A saber, si la expresion es:a 2 -x 2 , la sustitucion adecuada es: 
x = asen0 6 x = acos0 . Si la expresion es:a 2 +x 2 , entonces:x = asecO 

EJERCICIOS DESARROLLADOS 



1. Encontrar:[ 



dx 



Solucion.- Dada le expresion: 4 -x 2 , la forma es:a 2 -x 2 , la sustitucion adecuada 

es\x = asen0 o sea: x = 2sen0 :. dx = 2cos0d0 . Ademas:sen6> = - . Una figura 

a 

auxiliar adecuada para esta situacion, es: 

2. 




I 



dx 



I 



dx 



I- 



2 cos OdO 



I- 



2 cos OdO 



V(4-x 2 ) 3 J V(2 2 -* 2 ) 3 J V(2 2 -2 2 s e n 2 ^) 3 * ^ (2 \l-sen 2 0)] 
IcosOdO r2cos0d0 r2cos0d0 I r dO 1 



I 



■I: 



f 



i. 



j" sec 2 OdO 



7(2 2 cos 2 Of J (2cos6>) 3 J 2 3 cos 3 6> 2 2 J cos 2 4 

lr 1 

-lsec 2 #<i# = -z-g# + c. A partirde la figura triangular se tiene 



4 



4 



X 1 I X 

TgO = —^=r, Luego: —rgO+c= — , i c 



Respuesta: [ 



4 



4^ 



dx 



1 X 



V(4^x T ) T 4^4^ 



: + C 



6.2.-Encontrar: [ ^?x 



Solucion. 
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pSfc.p^E 



-dx , laformaes:a 2 -x 2 , luego: 



Sea:x = 5sen#.\ dx = 5 cos OdO , V5 2 -x 2 = 5cos# 



Ademas:sen6>: 



r V5 2 -x 2 _ |- X cos 6>5cos 6d6 r cos 2 OdO r (1 -sen 2 fl)rffl 



/sen<9 



sen^ 



sen# 



J6> 



5 [ 5 [ s e n OdO = 5 [ cos ec# - 5 [ s e n OdO 



sen^ 

= 5lri |cos ec^ - co TgO\ + 5 cos # + c . 
De la figura se tiene: 



cosec0 = —,coTgO 



V2fT 




, luego: 



= 5£r/ 



5 V2T 



+ 



X 



V2fT 



X 



- + c = 5^7 



5-725^ 



+ 



725^ 



x +c 



Respuesta: f 



V2fT 



-dx = 5irj 



dx 



5-4^- 



x 



+ 



V25^ 



2 , 

X +c 



6.3.-Encontrar: f- , 

J V(4x-x 2 ) 3 

Solucion.- 4x-x 2 =-(x 2 -4x) = -(x 2 -4x + 4-4) = 4-(x 2 -4x + 4) = 2 2 -(x-2) 2 
dx r dx 



I 



I 



la forma es:a -u , 



V(4x-x 2 ) 3 J (V2 2 -(x-2) 2 ) 3 

Luego: x-2 = 2sen0:.dx = 2cos0d0 , ^2 2 -(x-2) 2 = 2cos6> 
x-2 



Ademas:sen6> 



I 



dx 



2cOS0rf0 1 r dO 1 r 2 -_. 1 . 

r— = - sec OdO = -TgO + c 



r zc 



(^2 2 -(x-2) 2 ) 3 J 2 3 cos 3 4 J cos 2 6> 4 • 



De la figura se tiene: 

x-2 




Pero:rgO 



V4x^ 



luego: -rg6> + c 



x-2 



^4-(x-2) 2 =^4x-x 2 



Respuesta: f 



dx 



4 
x-2 



4^4^ 



■ + c 



7(4x-x 2 ) 3 \4\x-x 



- + c 
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6.4.-Encontrar: [ 



x dx 

(a 2 -x 2 Y A 



Solucion.- 



x dx 



i 



x dx 



, la forma es:a -x 



. 2 2 



'(a 2 -x 2 )^ J (Va 2 -x 2 ) 3 
l_uego:x = asen#,<ix = acos#, Va 2 -x 2 = acos#, ademas:sen# : 



X 

a 



p x 2 dx _ ra 2 sen 2 0acos0d0 _ r // sen 2 0p0^0d0 _ rsen 2 Odd 
'(Va 2 -x 2 ) 3 ~' (acostf) 3 "' /^e^cos 2 ^ ~' cos 2 # 



cos 2 # 



cos 2 6> 



De lafigurase tiene: 




X XX 

Pero: rgd= , ademas:sen# = — y # = arcs en — 

4a 2 -x 2 a a 

x x 

Luego:TgO-0 + c = —j^^^=-arcsen — + c 

\Ja 2 -x 2 a 



Respuesta: [ 



x dx 



4(a 2 -x 2 ) 3 va 2 -x 



x x 

arcs en — + c 



6.5.-Encontrar: [ 



dx 



x 2 V9-x 2 



Solucion.- 
p dx 



dx 



..2^9- ~- z J - 2 ^ 2 " 2 



x vy-x x 



^ 



la forma es: a -x 



2 2 



Luego: x = 3s e n 0, dx = 3cos 6>d#, ^3 2 - x 2 = 3cos 6> , ademas: s e n = — 



dx 



r $^d0 1 r d0 lr 2/3J/3 1 _ 

— z^ = — \ -r, — = — cosec 0d0 = — core0 + c 



! ^3 2 -x 2 J 3 2 sen 2 #>0^ 9 J sen 2 # 9 



De lafigurase tiene: 
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J9-X 2 1 J9-x 2 

Pero:coTgd = , luego: -corgd + c = + c 

x 9 9x 

_ r dx V9-x 2 
Respuesta: — , +c 

J x 2 V9^7 9x 

6.6.-Encontrar: f , 

J V9^x T 
Solution.- 

(* JC CIjC C JC CIjC if 99 

. . la forma es: a -x 

"W9-x 2 J V3 2 -x 2 

Luego:x = 3sen6>,dx = 3cos6>d6>,V3 2 -x 2 = 3cos6>, ademas:sen# = - 

Usaremos la misma figura anterior, luego: 

r x 2 dx r3 2 sen 2 #le0St?d6> „r 2 ^,^ „r (l-cos26')J6' 

— ; = -p. = 9 sen 6d6 = 9\ 

J V3 T ^x T J >o§^ J J 2 

9 r 9 r 9 9 9 9 

-\0 — \cos20d0=-0 — sen26> + c = -<9 — 2sen6>cos# + c 

2 J 2 J 2 4 2 4 

9 9 x J9-x 2 

= -0 — sen6>cos# + c, de la figura se tiene que:sen6> = -,cos# = y 

2 2 a M 3 3 

6> = arcsen-, luego es equivalente: 



9 x 9 x49-x 2 9( x V9-x 2 

— arcsen hc = — 

2 3 43 3 2 



arcs e n - 

3 9 

V V 



+ c 



_ . r x dx 9 

Respuesta: , = - 



x v9-x 

arcs en 

3 9 



+ c 



6.7.-Encontrar : f 4x 2 -Adx 

Solucion. - 
[Vx 2 -4Jx= [Vx 2 -2 2 <ix ! la forma es:x 2 -a 2 

Luego: x = 2sec0,dx = 2 sec Org Odd, 4x 2 - 2 2 = 2rg# , ademas: sec# : 



X 

2 



J 4x 2 -2 2 dx = j" 2rg92 sec #r£#d# = 4 J sec #r£ 2 #d# = 4 J sec #(sec 2 - X)dO 
= 4J"sec 3 &/<9-4J"sec&/6> 

Se sabe que: \ sec 3 0d0 = s ^—^— + -tr/\secO + TgO\ + c , luego lo anterior es 
equivalente a: 
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1 



— secdrgd + — £r/\secd + Tgd\ -4£r/\secd + Tgd\ + c 

2* L J 

■■ 2 sec OxgO + 2£rj Isec + rgO\ -4£rj |sec 9 + Tg6\ + c 
2sec Or g6 -2lrj\sec6 + z g6\ + c 



De lafigurase tiene: 




x v x — 4 
sec 6 = — , TgO = , luego: 



■2£r/ 



x vx 2 -4 

— + 

2 2 



_/ x \jx 2 -4 

t\x 2 -4 _„ I /~i ~ 
— 2£rj\x + 4x 2 -4 



x4x 2 - 4 
+ c = 2lr/ 



x + 



Vx^4 



+ c 



■2i?j2 + c 



Respuesta: (Vx 2 -4dx = f^ 21 r/ 



x + 



47^1 



+ c 



6.8.-Encontrar: [ 



x dx 
Vx 2 -16 



Solution. 
x 2 dx 



x 2 dx 



-, la forma es:x 2 -a 2 



t x ax _ r 
•Wx 2 -16~-Wx 2 -4 2 

Luego: x = 4sect,dx = 4sectzgtdt, 4x 2 -4 2 = 4zgt , ademas: sec? = - 

r x 2 dx ,4 2 sec 2 1{/ sect zgtdt) , 

i = -7 — y^- = 16 sec tdt 

J V7^4 T J /&? J 

ri i , , "i ,i 

= 16 —sectrgt + — lT]\sect + Tgt\ + c = 8sectTgt + 8tr/\sect + Tgt\ + c 



4x--2 2 



De lafigurase tiene: 
Vx 2 -16 




sec? = —,rgt ■ 
4 



4 



luego equivale a: 



xVx 2 -16 

8 + 8^77 

4 4 



x Vx 2 -16 

— + 

4 4 



+ c = -Vx 2 -16+8^77 

2 



cv* 2 -16 



4 



+ c 



-Vx 2 -16 + 8^7/ xVx 2 -16 -8^4 + c = -Vx 2 -16 + 8^?7 xVx 2 -16 



+ c 



Vx 2 -16 
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Respuesta: [ 



x dx 



4. 



6.9.-Encontrar: J 



a- -16 2 

dx 



-4x 2 -16 + 8^7 xVx 2 -16 



+ c 



xV x 2 - 1 
dx 



la forma es:x -a 



Solucion.- 
C dx c 

J r~2 7 J r~i Vi 

xvx -1 xvx -1 
Luego: x = sec t,dx = sec trgtdt,^Jx 2 -l 2 =rgt, ademas: 
r dx rse&trgidt , 



xv x 2 - 1 




VT^T 



De lafigurase tiene: 

Dado que:sec? = x=>? = arcsecx, luego: 

t + c = arc sec x + c 

Respuesta: [ — . x 

xv x 2 - 1 

6.10.-Encontrar: [ 

Solucion.- 



I 



dx 



: arc sec x + c 

dx 

(V / 4x 2 -24x + 27) 3 

dx 



1 



dx 



(V4* ! -24* + 27) ! J 1 / 4 (^-6. l+ 2J/ 4 )' ^(^-6^+2%)' 
If 

8 J 



8J /(x 2 -6x + 27 //) 3 



, Se tiene: 



2 27 2 27 

x -6xH = (x -6x+ )h 

4 4 



(x 2 -6x + 9) + — -9 
4 



(x 2 -6x + 9)-- = (x 2 -6x + 2 3/) = (x-3) 2 -(^) 2 , la expresion anterior equivale a: 



if 

8 J 



dx 



<j* 2 -6.1+27/)' S 



if 



dx 



(x-3) 2 -(%) 2 



siendo la forma: u - a 2 , luego: 



x - 3 = % sec ?, dx = % sec trgtdt , ademas : sec t ■ 



x-3 




•6 + 27/ 
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De lafigurase tiene: 
Vx 2 -16 



sec? = — ,vgt 
4 



if 

8 J 



<ix 



(x-3) 2 -(%) 2 



luego equivale a: 



o/ 1 

1 , y 2 sectTgtdt _1 1 r sec tdt _ 1 r cos? 
8-1 (%) 2 Tf> 3 t 17' rg 2 ? "lS-l len 7 * 



cos ? 



1 f costdt 1 r, s _ 2 

— = — (s e n n cos ra? 

18 J (sen?) 18 J 

1 



1 (sen?) 1 1 

- + c = + c 



18 

1 



-cos ect + c, como:cosec? 



18 -1 
x— 3 



x-3 



18 



x -6x + 



x-3 



27/ 



-+c = — 



1 



x -6x + 
x-3 



27/ 



18 (sen?) 
entonces: 



18 4x 2 -24x + 27 



- + c = - 



1 



x-3 



9 ^4x 2 -24x + 27 



Respuesta: [ 



+ c 



dx 



1 



x-3 



6.11.-Encontrar: [ 



(V4x 2 -24x + 27) 3 9 ^4x 2 -24x + 27 
dx 



18 V4x 2 -24x + 27 

2 



+ c 



+ c 



Solucion. 

dx 



I 



V(16 + x 2 ) 4 J V(4 2 + x 2 ) 



I 



Vd6 + x 2 ) 4 
dx 



Luego: x = 4rg?, Jx = 4sec 2 tdt, ^JA 2 + x 2 = 4 sec? , ademas: rg? = x . 



I 



dx 



W^y 



r 4sec tdt I r dt 1 r 2 , If 

: —. t- = — =- = — cos z tdt = — 

J 4 sec t 64 J sec t 64 J 64 J 



4 
1 r(l+cos2f) 



4 4 sec 4 < 

1 f , 1 f „ , 1 1 
a?H cos2?a? = 1-\ sen2? + < 

198J 19SJ 198 9^£ 



d? 



128 J 128 J 128 256 

Como'.rgt = x A=>t = arcTg x /,, sen 2? = 2sen?cos? ; luego: 

4 8x 



11 x 

?H sen2? + c = 2 

128 256 

1 v/ 1 8x 



Vl6 + x 2 Vl6 + x 2 16 + x : 



-, Se tiene: 



128 



arc Tgy A + 



25616 + x 2 



- + C: 



128 



arc Tg x / A + 



4 32(16 + x 2 ) 



+ c 
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dx 



1 x 

- arc rg — + - 



Respuesta: f -, ,,^.,, 

J V(16 + x 2 ) 4 128 6 4 32(16 + x 2 ) 

6.12.-Encontrar: [ 



+ c 



x dx 



Solucion.- 

x dx 



(V+iooy 



x dx 



C x ax r 

'(x 2 +100) % "'(Vx 2 +10 2 ) 3 ' 



se tiene: x = lOrgt, dt = lOsec 2 tdt , -7x 2 +10 2 = lOsec? ;ademas: rg? = — , luego: 



sen ? 



(• x 2 Jx _r)£rTg 2 t(}tf$eC 3< t)dt_rTg 2 tdt_r cos t t _rsen 2 t 
"'(Vx 2 +10 2 ) 3 ■" OXfsBcti) ■" sec? J _l_ J cos? 



J? 



£©£? 



(1-cos 2 ?) 



J? 



[ J? =[ [cos?rf? = [sec?d?-[cos?<5?? = ^7|sec? + rg?|-sen? + c 

J cos? J cos? J J J 



Vl00 + x 2 x , , 

uomo:sec? = ,Tgt = — , aaemas:sen? 

10 



10 



VlOO 



+ x 



iff 



Vioo 



+ X X 

10 + 10 



Vx 2 + 100 



+ C = ZT] 



Vioo 



+ x +x 



10 



VlOO 



Respuesta: [ 



+ X + X 



Vx 2 +100 



'7l0 + c = ^7 



VlOO 



x dx 



(x 2 +100) / 



irj 



VlOO 



+ x +x 



+ x +x 



+ c 



Vx 2 +100 

X 



+ c 



Vx 2 + 100 



+ c 



Vx 2 + 100 



Nota: En los ejercicios 6.11 y 6.12 se ha omitido lafigura (triangulo rectangulo). 
Conviene hacerla y ubicar los datos pertinentes. En adelante se entendera que el 
estudiante agregara este complemento tan importante. 



6.13.-Encontrar: [ 



x dx 



(x z + 8 2 ) 



2\ 3 A 



Solucion.- 
x dx 



x dx 



C x ax r 

•'(x 2 +8 2 ) % ~'( A / x 2 + 8 2 ) 3 ' 



se tiene:x = 8r^?,J? = 8sec 2 ?<i? , Vx 2 +8 2 =8sec?ademas:r^? = -, luego: 

8 



I 



x dx 



--- - f — — g , ^ — ^/? = f-^— <i? = [sec?<i?- f cos?J? 
(Vx 2 +8 2 ) 3 J JFsec'f J sec? J J 
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. I I V* 2 +64 x x 

= £n\sect + TSt\-sent + c , como: sec? = ,rgt = —,sent = , = 

11 8*8 V^764 

Se tiene como expresion equivalente: 

a/x 2 + 64 + x 



= ^77 



Vx 2 + 64 x 
8 + 8 



Vx 2 + 64 



+ C = IJ] 



Vx 2 + 64 



+ c 



Vx 2 +64 



+ x 



Vx 2 + 64 



+ c 



Respuesta: [ 



x Jx 



(x z + 8 2 ) /2 



rrj 



Vx 2 + 64 



+ x 



Vx 2 +64 



+ c 



Jx 



6.14.-Encontrar: f 

J (V3 T +V) 4 

Solucion.- se tiene: x = 3rgt,dx = 3sec 2 tdt , ^3 2 + x 2 = 3sec?, ademas: 



rgr 



3 
dx 



7>$&?tdt \ t dt 1 



1 1 



■sec 



-^- 7- = -r ^- = — cos tdt = — t + — cos 2?d? 

J -J jl c^/ , 3 3 J sec 2 1 27 J 54 54 J 

11 11 

= — 1-\ ser\2t + c, = — 1-\ 2sen?cos? + c = — 1-\ sentcost + c 



(V3 2 + x 2 ) 4 J 3' + s 
1 1 „ 11 

54 108 ' 54 108 



Como: rgt = - => t = arc rg-, ademas: sen? 



1 1 

— 1 + — 
54 54 

x 



s 



COS? : 



+ x 



s 



+ x 



1 X 1 

-arcrg — + - 



3 1 x x 

+ c = — arc rg — H r- 

54 3 18(9 + x 2 ) 

1 X X 

arc rg — + — — + c 



54 6 3 54V9T^V9Tx 

Respuesta: f , x ^ - ,_ ., 

J (V3 T +V) 4 54 6 3 18(9 + x 2 ) 

6.15.-Encontrar: [ = 

J Vx 2 -4x + 13 
Solucion.- Completando cuadrados se tiene: 



+ c 



x 2 -4x + 13 = (x 2 -4x + _) + 13-__ = (x 2 -4x + 4) + 13-4 = (x-2) 2 + 3 2 



Se tiene:x-2 = 3rg?,<ix = 3sec 2 ?<i? , V3 2 + x 2 = 3sec? 

^/(x-2) 2 +3 2 = Vx 2 -4x + 13=3sec?, 



Sea:x-2 = 3rg?,<ix = 3sec 2 ?<i? ;ademas:rg? 



x-2 



, luego: 



J 



dx 



rrfsec^tdt r , . , , 

, == ^— = sectdt = zn\sect + Tgt\ 

V(x-2) 2 +3 2 J >ecf •> " ' 



+ c 
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De lafigurase tiene: 

Vx 2 -4x + 13 x-2 , 
, rgt = —— , luego: 




sec? : 
= 1?] 
= £tj 



yjx 2 -4x + l3 x-2 

— + 



3 3 

\/x 2 -4x + 13 + (x-2) 
dx 



+ c = irj 



Vx 2 -4x + 13 + (x-2) 



+ c 



+ c 



Respuesta: [ 



Vx 2 -4x + 13 



Vx 2 -4x + 13 + (x-2) 



+ c 



6.1 6.-Encontrar: jVl + 4x 2 rfx 
Solucion.- 

J Vl + 4x 2 Jx = J jf + (2x) 2 dx 



Se tiene: 2x = zgt,2dx = sec 2 frfr=> dx = — sec 2 tdt , Ademas'.rgt 



\ -sjl 2 + (2x) 2 dx = Ul 2 + Tg 2 t -sec 2 dt = - [sec^sec 2 tdt = - [sec 3 tdt 



2 
[_ 

2- 



2x 

T 



1 i , i i 

— sec?rg? + — £7|sec?rg?| + c, 



De lafigurase tiene: 

Vl + 4x 2 
sec? = , rg? = 2x 



yjl + 4 X 2 



+ 2x + c 



= -Vl + 4x 2 2x + -£n Vl + 4x 

4 4 

Respuesta: \\ll + 4x 2 dx = -\ll + 4x 2 2x + -lr/ Vl + 4x 



+ 2x + c 



x-2 




2a- 



EJERCICIOS PROPUESTOS: 



Utilizando esencialmente la tecnica de sustitucion por variables trigonometricas, 
encontrar las integrales siguientes: 



6.1 7.- j" J4- 



6.18.-J 



dx 



v« 



2 2 

' X 



6.19.-J 



dx 



2 , 2 

x +a 
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6.20.- 
6.23.- 

6.26.- 
6.29.- 
6.32.- 

6.35.- 
6.38.- 

6.41.- 
6.44.- 

6.47.- 

6.50.- 
6.53.- 

6.56.- 

6.59.- 

6.62.- 
6.65.- 
6.68.- 



dx 

~~2 2 

x —a 

dx 



;Vx 2 -9 
x dx 



vn 



x 

dx 



;V4x 2 -16 

la — x 2 dx 



dx 



'4x^9 
1 v5 - x 2 dx 



dx 



x' 



Vx + a 2 



dx 



2/2 2 

x Vfl -x 



l 4c 

Vx 2 -100 



dx 



I 2 , 2 

Vx +a 



dx 



x 
dx 



+ x 



V4 

(x + Y)dx 



4a- 



-x 

dx 



V4-(*-l) 2 



x dx 



V21 + 4x-x 2 
dx 



(x-l)Vx 2 -3x + 2 
(x-l)dx 

Vx 2 -4x + 3 



6.21.- 
6.24.- 
6.27.- 

6.30.- 
6.33.- 

6.36.- 
6.39.- 
6.42.- 

6.45.- 
6.48.- 

6.51.- 
6.54.- 
6.57.- 
6.60.- 
6.63.- 
6.66.- 
6.69.- 



dx 

I 2 , 2 

Vx +a 
dx 



x4x 2 -2 
x dx 



Vx 2 + 1 



dx 



Va 2 -x 2 dx 



dx 



V5-4x 2 
dx 



x 



Vx 2 +3 



dx 



/ 2 , 2n2 

(x +a ) 

V2x 2 -5 



dx 



X 

dx 



x 2 Vx -2 
xdx 



r~2 2~ 

va -x 
xdx 



V4 + x 2 
dx 



V2-5x 
x dx 



v2x-x 2 
dx 



(x 2 -2x + 5y 
xdx 



Vx -2x+5 
dx 

Vx 2 -2x-8 



6.22.- 
6.25.- 

6.28.- 
6.31.- 

6.34.- 

6.37.- 
6.40.- 

6.43.- 

6.46.- 
6.49.- 
6.52.- 
6.55.- 
6.58.- 
6.61.- 
6.64.- 
6.67.- 
6.70.- 



dx 



V 



2 2 

x -a 



dx 



xvl + x 
Vx^9 



<ix 



x 
dx 



x 2 V4-x 2 
x 2 dx 



I 



2 , 2 

x +a 
x 2 dx 



(4-x 2 )* 
x 3 \la 2 x 2 +b 2 dx 

x 3 \la 2 x 2 -b 2 dx 
x dx 



vV-5 
dx 



tJ9- 



xvy-x 

dx 



Vl-4x 2 
dx 



cV<3 2 



, 2 , 2 
XV<3 +X 



dx 



(a -x ) x 
x dx 



Vl7^ 



x 
(2x + l)dx 



V / (4x 2 -2x + l) 3 
(x + l)dx 



V2x-x 2 
xdx 
Vx+4x+5 
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RESPUESTAS 

6.17.-JV4-X 2 



Solucion. 




Se tiene: x = 2 s e n 0, dx = 2 cos OdO , ^4 + x 2 = 2cos 6> 

j" v / 4^x 2 ~ = j*2cos6>2 cos OdO = 4J" cos 2 0d0 = 20 + sen 26> + c = 26> + 2sen cos 6> + c 

x xv 4 - x 2 
= 2 arcs en — -\ h c 

2 2 

6.18.- \-r£= 

J / 2 2 

Va -x 

Solucion.- se [\er\e:x = asen0,dx = acosOdO ,\la 2 -x 2 = acos0 

r dx _ r ^eosad0 _ r „ _ „ 
J O ~T J r,n**r6 J 



4a 2 -x 2 J iZ-eos^ 
6.19.-J* 



+ c = arcs en — + c 
a 



dx 



2 , 2 

x +a 



Solucion.- se tiene: x = arg0,dx = a sec 2 £W# , vx 2 +a 2 = a sec 6* 
<ix r dx r / $eerud0 1 



r ax p ax rdseer0d0 1 r ,_ 1 _ 1 x 

-5 5"= / M-^t- ^- = — \d0 = —0 + c = —axcTg — 

J x 2 +a 2 J (Vx 2 + a 2 ) 2 J a^ s&e^O a> a a a 

6.20.- J /V 



+ c 



2 2 

x -a 



Solucion. - 




Se tiene: x = asec^, ax = asec0Tg0d0 , vx 2 -a 2 = arg0 

dx r/sec0rgtfd0 Irsec0d0 lr 

: , , = — = — cosec0d0 

J a*Te*0 a i re^ a J 



r dx _ r 
J7^ 2 " = J 



(Vx 2 -a 2 ) 2 



— i??7|cosec#-corg#| = —lr/ 
a a 



a A rg A 

x 



Vx 2 -a 2 V- 



2 2 

x -a 



+ c 



= -^7 



x-a 



V. 



2 2 

x —a 



+ c = —tr/ 
a 



l(x-a) 



2 2 

x -a 



+ c = — 11] 
2a 



x-a 



x + a 



+ c 



6.21,| v 

Solucion. 



dx 



2 , 2 

x +a 
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Se tiene: x = argO, dx = a sec 2 OdO , vx 2 + a 2 = a sec # 

r dx r/sec^ddd r nin , , 

, -^= sec0d0 = £n\sec0 + Tsd\ 



+ c 



^ 



/ 2 , 2 

Vx +a x 



- + - 



a a 

= £Tj\x + yJx 2 + a 2 

6.22.- [ - dx 

J v 

Solucion. 



+ c = lrj 



V2 2 

x +a +x 



+ c = lrj 



Vx 



x + Vx 2 + a 2 



-zrja + c 



+ c 



2 2 

x -a 




Vx 2 • 



Se tiene: x = asecO,dx = asecOrgOdO , Vx 2 + a 2 =arg6 

f j x (J dsec9£gtfd9 , . 

, ^-p = secddd = £ri \secd + rgd \ + c 

] 4x T ^a 2 J ^# J " ' 



= ^7 



Vx 2 -( 



6.23.- j 



— + - 

a a 

dx 



+ c = l?j 



x + 



r~2 2 

Vx -a 



+ c = lrj 



Vx 2 -< 



x + vx -a 



+ c 



xv x 2 -9 
Solucion. - 



Se tiene: x = 3sec 6>, dx = 3sec OzgOdO , a/x 2 -9 = 3rg# 
r 6?x , %&e£t) T^tidO _ l . _ 1 



arc sec • 



+ C: 



+ C 



xVx^ J >ec^3^ 3J 3 

6.24-J * 

xVx - 2 
Solucion. - 

Se tiene: x = yf2sec0,dx = ^[2 sec OxgOdO , Vx 2 -2 = JlrgO 



dx 

cvx 2 -2 



C Jx _ (• 



J2*&0 Jg4d0 J2 r y/2 _V2 V2 



"H 



# + c = - — arc sec- — x + c 

2 2 2 



6.25.- J 



dx 



xv 1 + x 2 



Solucion. 



vr 



+ X 
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Se tiene: x = rgd, dx = sec 2 OdO , jl + x 2 = sec 6 

c dx (• sec^ OdO r dO r _ , _ 
-p = = cos ecOdO ■ 



xVl + x 2 ] TgOpzd) J sen6> 

Vl + x 2 -l 



? 7 Icos ec# - co rg#| + c 



VI 



+ x 



+ c = £tj 



+ c 



x 2 dx 

VT^"? 

Solucion.- 



6.26.- J- 



Se tiene: x = senO,dx = cosOdO , vl-x 2 = cos6 l 

r x 2 Jx r sen 2 Oc&ZOdO r 2^,^ 1 ^ 1 

. ^-p = sen 2 0dO = -0 — sen26> + c 

IJTx 1 J <M$ J 2 4 



— 9 — sen#cos# + c 

2 2 



arcs en x x 



\1-X +C 

2 



6.27.- J 



x Jx 

V2-X 2 



Solucion. 



Se tiene: x = V2 s e n 0, dx = V2 cos #<i# , yjl-x 2 = V2 cos 6> 




vr: 




V2^ 



p x 3 Jx p 2V2sen 3 42rc6s0d0 _ /-r , . ,_ _ rr. _ cos 3 6> 
j =j— ^^ = 2V2jsen 3 6>d6> = 2V2(-cos6> + ) + c 



V^ 



9 ^ V2 r ^ l (V^) 3 ,, /it: 57, (2-x 2 )V2^ 2 " i 

:2V2-(-- / ^ + ^^ r ) + c = -V2(2-x ) + + c 



6.28.- f ^^/x 

J x 

Solucion. - 

Se tiene: x = 3sec 6>, dx = 3sec OzgOdO , 4x 2 -9 = 3zg6 

\^^x = \ 3T8e ^^ 8ddd = 3\r g 2 ede = 3\^e-\)de 

= 3Jsec 2 0d0-3Jd0 = 3Tg0-30 + c = Jx 2 -9-3arcsec- + c 
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6.29, j- 



dx 



W4x 2 -16 
Solucion. - 



Se l\ene:- = secd,dx = 2sec0rgddd , A—-\ = zgO 



dx 



x 

1 X 

- — arc sec — + c 

4 2 



if- 

zL J 



dx 



1 , 2sj 



-\d0 = -0 

ZL J zL 



^4x 2 -16 4 i J { x/y_i 4 J 2s&^f0 4 J 4 



+ c 



~ «« r "v* 2 +1 , 
6.30.- dx 

J v 



Solucion. - 



Vjc 2 + 1 




Se tiene: x = zg6, dx = sec 2 Odd , ■sjx 2 + l = sec 

r \lx 2 +l _ r seed sec 2 Odd _r dO 

J r •" rof) J 



rg0 



cos 2 OsenO 



irj 



I rj Icos ec# - co rg#| H vc — it) 

eosO 



Vx 2 +1 1 



A" 



^ 



+ - 



5 



+ + c, o bien: 

COS0 



1 



Va- 2 +1 



-+c 




Vx 2 +1 



+ c 



Solucion. 



Se tiene:jc = 2sen6',d[x = 2cos6'd6' 1 \j4-x 2 = 2cos6> 

f <^X f 2*&3^d0 1 r 2/i . /i 1 /i 
, = — r = — cosec Odd = — corgO + c 

x 2 4\-x 2 J 4sen 2 #2-eolT# 4 J 4 

= hC 

4a 
6.32.- I ya-x 2 dx 
Solucion. - 





140 



Se tiene:x = vo senO,dx = ^J a cos OdO , \a-x 2 = ^jacosO 
Vfl - x 2 dx = v« cos Oy/a cos Odd = a cos 2 Odd 

a a a x x r~ 2 5 

— + — sen0cos0 + c = — arcsen— 1= + — \la -x +c 

2 2 2 V^ 2 



6.33.-jVa 2 -x 2 dx 
Solucion. - 

Se t\er\e:x = asen0,dx = acosOdO ,\la 2 -x 2 = acosO 
\ja 2 —x 2 dx= a cos 0a cos Odd = a 2 cos 2 OdO 



2 2 

a „ a 



~ (X r\ r\ & XX I 9 2 

— 0-\ ser\OcosO + c = — arcsen — + — \ja -x +c 

2 2 2 a 2 



6.34.-J- 



x dx 

2 , 2 



Vx" ! a 
Solucion. 




Se tiene: x = argO,dx = a sec 2 OdO , vx 2 + a 2 = asecO 
r x 2 dx c a 2 vg 2 / SCC X OdO 2 r 2 2 r 

Jt^^=J — ^^ — =a H ^ sec ^=« J 



/ 2 . 2~ 

Vx +a 



: I 



(l-cos 2 <9) 



cos 3 6> 
2 f sec OrgO 1 



^LsetTO 



dO = a 2 Jsec 3 OdO-a 2 \sccOdO 



sen 2 
cos 3 



dO 






+ — ir/\secO + Tg0\ -a ir/\secO + Tg0\ + c 

L L J 

2 2 

= — secOrg0 + — iijlsecO + Tg0\- a 2 £?]\sec0 + Tg0\ + c 

2 2 
= — secOrgO ^?7|sec# + rg#| + c 



J 



Vx 2 + a 



2 2 

x a 



/ 2 



/ 2 , 2 
Vx +a x 



- + 
a a 



+ c: 



C-V-* 



xVx 2 + a 2 a 2 



^ 



V 



x +a +x 



+ c 



6.35.-J 



dx 



x 2 Vx 2 +9 
Solucion. - 
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Se tiene: x = 3rg0, dx = 3sec 2 6d0 , Vx 2 +9 = 3 sec 

r dx r p sec^ OdO 1 r sec OdO 1 r cos# ,- 1 

— i ^ = - 5 — = - —d0 = - — + c 



2 Vx 2 +9 J 9r£ 2 #>e^ 9 J rg 2 6> 9 J sen 2 # 

Jx^ 



9sen6> 



9x 



6.36.-J- 



-+c 



dx 



^5-4x 2 
Solucion.- 



Se tiene: x = J^ send,dx = A^A cos #^# > J(%) 2 ~ %1 = % cos ^ 



dx 



^J 



dx 



V5-4x 2 2JJ 5/ /_ X 2 2 



1 x 1 2x 

- arcs e n , — + c = — arcs e n — ==■ + c 

2 /5/ 2 V5 






+ c 



6.37.- f 



x dx 



(4-x 2 y 
Solucion.- 




Se tiene: x = 2 s e n #, dx = 2 cos #d# , ^4-x 2 = 2 cos # 

J /Sgn '^f^^ = jr g 2 ^ = j(sec 2 ^-1)^ 



r x 2 dx r x 2 dx rX sen 0$. £8<Vd6 



(4-x 2 f J ^/(4-x 2 ) 3 



/cos x 



rg#-# + c = ^^^^-arcsen— i c 



V^ 



6.38.-Jx 2 V5-x 2 Jx 

Solucion.- 

Se tiene: x = \[5sen0,dx = V5 cos 6>d6>, v5-x 2 = V5cos# 

J x 2 ^5 - x 2 rfx = J5 s e n 2 6> V5 cos 6> V5 cos 6>rf6> = 25J sen 2 ^ cos 2 6>rf6> = — j"sen 2 26W6> 
-f(l-cos40)rf0 = — — -sen46> + c = — 6> — -(2sen26>cos26>) + c 

J 8 1? 8 19 



25 



8 
2f 

8 32 



8 32 



8 32 



25 6 - — [2 s e n 6 cos 26>(cos 2 6> - s e n 2 0)] + c 
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25 25 

\sevtQcos 3 Q-sevi 3 QcosQ)\ + c 



8 
25 

2 



16 ' 



x x( 



;<S/5-x 2 ) 3 x 3 V5^ 
arcs e n — = h - 

V5 



25 



25 



+ c 



6.39. J- 



dx 



x 4 Vx 2 +3 
Solucion.- 



Se tiene: x = SrgO, dx = V3 sec 2 OdO , Vx 2 +3 = V3 sec 6> 



V* 2 + 3 




dx r ^sec^ OdO _ 1 r sec OdO _ 1 t cos 3 OdO _ 1 r (l-sen 2 fl)cosflrffl 

Jr>_ 4/i /^__^< _ qJ ra 4 /) ~QJ s/,n 4 tf ~QJ 



x 4 7x^73 J 9V#p/3Vr# 9 J r# 4 # 9 J s e n 4 # 9^ s e n^ 

/ r^ A 3 



1 r cos OdO 1 r cos OdO 
9* sen 4 <9 9-* sen 2 <9 



3 1 

: cosec 6> + — cos ecO + c 



27 



Vx 2 +3 Vx 2 +3 



9x 



3x 



+ c 



6.40.-j"Wa 2 x 2 +& 2 dx 

Solucion.- 

Se \\er\e: ax = brgO,adx = b sec 2 OdO , yja 2 x 2 +b 2 = bsecO 

\x4a 2 x 2 +b 2 dx= \^ 1 rg 3 ObsecO-sec 2 OdO = ^j\rg 3 sec 3 OdO 
J J a a a J 

= -j f r£ 2 6>sec 2 OrgOsecOdO = — f (sec 2 6>-l)sec 2 OrgOsecOdO 
a J a J 

^ 5 f 4/1/1 /ij/i ^ 5 f 2/i/i /i j/i b 5 sec 5 b 5 sec 3 6* 
= — - sec Or gO sec OdO — - sec Or gO sec OdO = — + — + c 

a J a J a5a3 



(4a 2 x 2 +b 2 ) 5 (*Ja 2 x 2 +b 2 ) 3 



6.41.-J- 



5& 5 
dx 



+ - 



3£ 3 



(flY + ftT {ax l +by 2 b l 
+ c = -. ; he 



5a" 



3a 



) l 2 2 

x~-v* +u 
Solucion.- 




Se t\er\e:x = argO,dx = a sec 2 OdO ,^Jx 2 + a 2 =asecO 
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dx 



2 / 2 . 2 



r pisecOdO 1 r sec Odd 1 rcosddd 
J .,22/, y cflW f = TTj ^„2^ = TtJ — ^ 



a 2 rg 2 0/ $&C$ (i~ 



Tg0 



sen 2 6> 



If /i n,/, cosecO 1 /— r 

— \ co rgU cos ecUdU = ^ hc = — -Vx +a +c 

rt * n 



2 

a x 



.42.- f-^ 

J (x 2 + 



dx 



(x 2 + a 2 ) 2 
Solucion.- 




Se Wene: x = argO,dx = a sec 2 OdO , Vi 2 + a 2 = asec9 



dx 



dx 



l^^^OdO lr 2njn 1 n 



2a 2a" 



'(x 2 + a 2 ) 2 "'(V x 2 + a 2 )4 -J a / sec /^ " a 

1 . 1 /sen6>cos6> 1 x 1 ( x a 

= — j9 + — j -j + c = — ^-arcrg — + — - 

2a 2a / 2a a 2a I ,y x 2 +a 2 ,y x 2 +a 2 



1 senlO 



-+c 



+ c 



1 x 1 

- arc rg — + - 



f \ 

ax 

I 2 , 2 

Vx +a 



+ c 



2a a 2a 

6A3.-\x 3 yja 2 x 2 -b 2 dx 

Solucion.- 

Se tiene: ax = b sec 6,adx = b sec OrgOdO ,~Ja 2 x 2 -b 2 =bzg6 

\x4a 2 x 2 -b 2 dx = [%sec 3 ObrgO -sec Or gOdO = — f sec 4 9rg 2 9d9 



= — f sec 4 6>(sec 2 6> - l)rf0 = — f sec 4 6 sec 2 6d6 — T f sec 2 9 sec 2 6W0 
a J a J a J 

7 5 i 5 

= ^-\{\ + Tg 2 6) 2 sec 2 6d6-?-\{\ + Tg 2 6)sec 2 6d6 
a J a J 

& 5 r „ ~ ? „ 4 ~ 9 ^ , „ b 5 



? -\(l + 2Tg 2 + Tg 4 0)sec 2 0d0-^-\(l + Tg 2 0)sec 2 0d0 
a J a J 

= ^- [ f rg 2 6 sec 2 ^^ + f rg A 6 sec 2 <9d<9l = - 



l£0_ + l£0_ 



+ c 



6.44.- J 



Solucion. 




+ c 
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Se t\er\e:x = asen0,dx = acosOdO ,\la 2 -x 2 = acos9 

r dx r gjz&tfjdO 1 r 2 1 

, — : ; — - = — r cosec yrfy = — ^corgtf + c 

J x 2 Va 2 -x 2 J a 2 sen 2 6>^eo^ a 2 J a 2 



1 cos<9 1 



a 2 sen^ 



/~2 



-V 



+ c 



6.45.- f ^^ x 

Solucion.- 

Se tiene: V2x = y/5 sec 9, yfldx = 75 sec 9rg9d9 , V2x 2 -5 = V5rg6> 



p V2x 2 -5 (• 



STg9^Lgec9zg9d9 




■ S\vg 2 9d9 = V5 J sec 2 9d9-S\d9 



= V5rg6>- v56> + c = V2x 2 -5 - v5 arcsec AyCx+c 

6.46,)^ 
V3x 2 -5 
Solucion.- 

Se tiene: V3x = J5sec9,Sdx = JE sec 9rg9d9, ^3x 2 -5 = >/5rg# 

f x 3 Jx AMsec9fMsec9j^d9 5 ^ 

, = -^-^ ^=^ = sec 4 ^J^ 

J V3x 2 -5 J /V.^ 9 J 



5 V 5 J sec 2 sec 2 0d0 = — J sec 2 0(1 + rg 2 9)d9 



9 

5^5 



[ j" sec 2 0d0 + J sec 2 6>r# 2 <9d0 



5V5 



Tg9 + 



Tg'9 



+ c 



15 



+ c 



6 . 47 .. fS^ 



Solucion. 



Se tiene: x = lOsec 9,dx = lOsec 6>rg6>d6> , Vx 2 -100 = I0rg9 

f Vx 2 -100 , f 10rg6>lOsec^rg6>d6> 1A r 2 .,_ inf 2 _ ,_ f ,_ 
I Jx = I ~~3^ = 10 l *8 OdO = 10I sec 0-10 1 c?6> 



X&zezfi 



10(re6>-6>) + c = Vx 2 -100-10arcsen — + c 

10 
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6.48, j 



dx 



xvx 2 -2 
Solucion.- 




-jx 1 -2 



Se tiene:x = V2sec6>, dx = 42 sec 6rg6d6,^x 2 -2 = 42xg0 

, dx ,^^r^d9 1 , 1 1 Vx 2 -2 

, = -^ = — cosUdU = —senU + c = 

J x 2 V^2 J 2sec*9jp*gi) 2 J "> > v 

7x^2 



2 x 



+ c 



2x 



6.49.-J- 



- + c 



dx 



xv 9 - x 2 
Solucion.- 



Se tiene: x = 3 s e n <9, dx = 3 cos #d# , ^9-x 2 = 3 cos 6> 
dx r ^js&ztfdd 1 




r dx r £eo<0d9 1 r ... 1 , | 

— , = — - = — cos ec9d9 = — in \cosec9-corg9 \ + c 

J xa/9-x 2 J 3sen6>>o^ 3 J 3 ' ' 



1 



^ 



3-V9~ 



+ c 



6.50.- J 



Solucion. 



Vx 2 + a 2 



dx 




Se \\er\e\ x = arg 9, dx = a sec 2 9d9 , Vx +a 2 = asec9 

rVx 2 + a 2 , rfl sec 6> / 2 _ ,. r sec 3 OdO r 

dx = —7 « sec t/dt/ = a - 

J x J /rg9 J 



sec 2 9 sec 9 



<I 



x " firgu " xgO J TgO 

(1 + Tg 2 0)sec0 rsecd r 

— d0 = a\ d9 ] + a\ sec Ox gOdO 

TgO J TgO J 



49 



at n |cos ecO - co r g6\ + a sec 9 + c = aln 



i 



2 , 2 

x +a -a 



^ 



+ Vx 2 + a 2 +c 
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6.51 .-J 



Va 



xdx 

2 2 



Solucion.- 

Se t\er\e:x = asen0,dx = acosOdO ,\ja 2 -x 2 = acos0 



xdx r asen d^eoSV 

dx 



r xax rasenU£~eo$V r r~ 2 2 

, = = -— ; d0 = a \sen0d0 = -acos0 + c = -^a -x +c 

VO 2 -! 2 £J£6SU 



6.52.- f . ax 

Solucion.- 

Se tiene: 2x = sen0,2dx = cos0d0 , Vl - 4x 2 = cos 

\ . = = — \ -A0 = — \d0 = — + c = — arcsen2x + c 

J Vl^4x Y 2* pxrf 2J 2 2 

6.53.- f-* 

Solucion.- 

Se tiene: x = 2xg0, dx = 2sec 2 OdO , V4 + j? = 2sec 

r dx r/ seer 6>d6> r | , 

, — -^ — = \sec0d0 = £i] \sec0 + rg0 \ + c = £n 

>^7 J >eTf# J ' ' 

6.54.- f-^ 

Solucion.- 

Se tiene: x = 2zg0, dx = 2sec 2 0d0 , sJA + x 2 = 2sec 

r xdx r2rg0Z sec^ 0d0 _r ^ „ ,^ ~ ^ n 2 

. — ^-^ — -= = 2 \Tg0sec0d0 = 2sec0 + c = ^4 + x 2 +c 

6.55.- J /V 



4a 



+ X + X 



+ c 



<c^Jc 



1 2 , 2 



Solucion.- 



Se [\er\e\ x = arg0,dx = a sec 2 0d0 ,\a 2 + x 2 =asec0 

f dx 

a 




r a sec 0d0 1 rsec0d0 1 r „ ,„ 
— ^ = — = — cosec0d0 



c\/a 2 + x 2 axg0ci£z€fi a J rg6> 



— ^77|cosec#-corg#| + c = — ^77 
a a 



^ 



2 , 2 
a + x a 



x 



+ c = —irj 
a 



>!• 



2 , 2 

a +x -a 



+ c 



6.56.- J 



(x + 1) Jx 



V4~ 



Solucion. 
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Se tiene: x = 2 s e n 0, dx = 2cos #d# , ^4-x 2 = 2cos 6* 
(x + l)dx 



I 



4^. 



r xdx r dx 



rlsen^eaSVdd r J2-eotf#d# 

J 9a^ J 



V4-x 2 J V4-x 2 J ><^ J ><^ 

2\sen6>d6>+ \ d6> = -2cos 6> + 6> + c = -\l 4- x 2 + arcs en — + c 

6.57.-J- 



Jx 



V2-5x 2 
Solucion.- 

Se tiene: V5x = V2s en 6, J5dx = V2 cos Odd , V2^5x^ = V2 cos # 
f / X = f3L = ^f^ = ^ + c = ^arcsen./^ 



V2-5x 2 J ^2 $&<(j 
dx 



-6 + c 
5 5 



x + c 



6.58.J- 



Solucion.- 




Se tiene: x = asen0,dx = acosOdO ,^a 2 -x 2 =acosO 



v« 



2 x 2 



r dx r dx r a C8>$Vd0 1 r , ^ ,•-. 1 

] {a 2 -x 2 ) A J (Va 2 -x 2 ) 3 J a X COS X a 2 J a 2 



x 






- + c 



dx 



I 



6.59.- f 

J V4-(x-l) 2 

Solucion.- 

Se tiene: x-1 = 2s en#,dx = 2cos #<i6>, ^4 -(x-1) 2 = 2cos6> 

dx ? 2£&&VdO r ,. _ x-1 
i = = -^- = a # = # + c = arcs e n h c 

V4-(x-l) 2 J >crs^ J 2 

6.60.- J ***** 

V2x-x 2 

Solucion.- 

Se tiene: x-1 = sen6>=> x = sen 6> + l,dx = cos 6>d6> ,^/l-(x-l) 2 = cos# 

Completando cuadrados se tiene: 

2x - x 2 = -(x 2 - 2x) = -(x 2 - 2x + 1) + 1 = 1 - (x - 1) 2 , I uego : 



I 



x 2 Jx r x 2 dx _ r(sen6> + Y) 2 £8tiVd0 

i /1 ,_. iCT = J — 



42x-x 2 J ^/l-Cx-l) 2 



^©^ 



j"(sen6> + l) 2 d6> 
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\sen 2 ddd + 2\senddd + \dd = -\dd--\cos20dd + 2\senddd + \dd 

'-\d6 — ("cos 26d6 + 2 fsen6W 6 = -6 — sen26>-2cos 6 + c 
'.' 2 J J 2 4 



2 J 2' 

2 J 2 J J 2 4 

3 1 3 1 / T I 2 

— 6 — sen#cos#-2cos# + c = — arcsen(x-l) — (x-lW2x-x -2v2x-x +c 

2 2 2 2 

x dx 



6.61.- r . 

J Vl7-x 2 
Solucion.- 

Setiene:x = Vl7senf9,dx = Vl7cos<9df9, Vl7-x 2 = VT7cos<9 

r x 2 dx r 17 sen 2 OJXJ^CosOdO .„r 2 ^,^ 17r ,„ 17 r „,,,„ 

. =^—3^ = 17 sen 2 0d0 = — \d0 cos26><i6> 

J ^17-x 2 J -fT^^a J 2 J 2 J 



os 6* 

17 17 17 17 
= — # sen2#+c= — 9 sen#cos# + c 

2 4 2 2 

17 x yf x Vl7-x 2 17 x 

= — arcs en— ==■ —7 — ? — he = — arcs en— == 

2 Vl7 2 ^f ^f 2 VT7 2 

x Jx 



-xV^7~ 



■x +c 



6.62.- J- 

J V21 + 4x-x 2 

Solucion.- 

Se tiene:x-2 = 5sen6>=>x = 5sen6> + 2,dx = 5cos6><i6> ! ^5 2 -(x-2) 2 = 5cos# 

Completando cuadrados se tiene: 

21 + 4x-x 2 =-(x 2 -4x + 4-4) + 21 = -(x 2 -4x + 4) + 25 = 5 2 -(x-2) 2 , luego: 

r(5sen# + 2) 2 ji£oS#<i6> r /c „ on2j/ i 



I 



x Jx 



I 



x dx 



V21 + 4x-x 2 J ^5 2 -{x-2) 
■ j(25sen 2 d + 20send + 4)dd = 25J l ~ COSW dd + 20Jsenddd + 4Jdd 



l-cos2# 



25 



25 



25 „ 25 



f<*0 f cos 20d0 + 2O\s en 9d9 = —9 sen2<9-20cos<9 + 4# + c 

J 2 J J 2 4 



33 25 

— 6 sen#cos6>-20cos# + c 

2 2 



33 x-2 25 x- 2 
— arcs en 

2 5 2 5 



33 x-2 
— arcs e n 

2 



V21 + 4x-. 
5 

.x-2 



-20 



V21 + 4x-x 2 



+ c 



-V21 + 4x-x 2 (- + 4) + , 

5 2 



33 

— arcs e n — 

2 5 



x-2 [— " t.x + 6. 
V21 + 4x-x 2 ( ) 



+ c 
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6.63.-J- 



dx 



(x 2 -2x + 5) 7 
Solucion.- 



V x 2 - 2 x + 5 




x-l 



Se tiene: x-l = 2zg9,dx = 2sec 2 6d6 , ^J(x-l) 2 + 2 2 = 2sec# 
Completando cuadrados se tiene: 

x 2 -2x + 5 = (x 2 -2x + l) + 5-l = (x 2 -2x + l) + 4 = (x-l) 2 + 2 2 , luego: 



I 



dx 



SA i 



dx 



I 



2 sec 2 6>d6> 1 



(x'-2x + 5)* J ^ (x _ 1)2+2 2 ] 3 J 2' sec'* 4 

1 x-l 

+ c 



r 1 

cos0d0 = — senO + t 

J 4 



4^x 2 -2x + 5 
6.64.- f (2x + 1)dx 



7(4x 2 -2x + l) 3 
Solucion.- 
Sea:w = 4x -2x + l,dw = (8x-2)dx 




S/ 



i s 



V3" 



\A 2 + rV3/)2 = V3/ sec 5, 



Setiene:x — = — zgG,dx = — sec Odd, J(x-y A ) +( /, 

44 4 V Z4 7 /4 

Completando cuadrados se tiene: 
2 11 , 2 1 1.1 1 , U 2 3 1,2^,^ 

X X + — = (X XH H = (X ) H = (X ) +( 

2 4 2 16 4 16 4 16 4 4 

(2x + l)dx 1 e (8x + 4)dx 1 r (8x-2 + 6)dx 



I 



If 



7(4x 2 -2x + l) 3 4 J ^(4 X 2 _2 X + 1) 3 4 J ^(4 x 2 _2x + l) 



I 



if 

ZL J 



(8x - 2)dx 



r+- 



"J" 



dx 



4 J 7(4x 2 -2x + l) 3 2 J ^(4 X 2 _2 X + 1) 3 

I r du 3 

4'(^ + 2' 



1 r du 3 r dx 1 r , . -3/ , 3 1 (• 

- — y+-h= ^ = - (a) /2 dM + — 

J ""- 9 ' J / 4 r. 2 -l/x + X) 3 4J 2 8 J 



dx 



/4(x 
-\{uf A du + —[ 



(x2 "/2 x + X )3 



V3" 



dx 



16- 



;_l/f +( >/3 



(x _ /r + ( vy v 



1 i a 

4 J 16 J r S 



sec 2 0d0 



(— sec<9) 
4 
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■■-^(uf A du + j 



d9 1 u A . 1 

+ sent/ + c = rr + sentz + c 



sec<9 4(-l/) 



2m 7 



._ 1, 



r + 



4 4x-2 

^ +c = — + c 



2^Ax 2 -2x + \ /x 2 - / l/x + )/ 4Jx 2 -/ 2 x + y 4 



6.65.-J 



dx 



(x-l)Vx 2 -3x + 2 
Solucion.- 




3 1 1 1 

Se tiene: x — = — sec6>=> x-l = — (secd + l),dx = — secdrgddd , 

2 2 2 2 

'(x-w+(Y ) 2 = y Tg9 



2> ^V2 J ~/2 
Completando cuadrados se tiene: 

x 2 -3x + 2 = (x 2 -3x + -)-- = (x--) 2 -(-) 2 , luego: 

4 4 2 2 



I 



dx 



(x-l)vx 2 -3x + 2 



■J- 



dx 



_ r seccac _ r seccac _ r 
J 1// — /3 , i\ J CoA^iQ-i-n J 



rrh 



sec 



Oj^dO 



*Jx 2 -3x + 2 



'(sec + 1) J6f6> 



sec 6>d6> f sec 6d6 .rsec0(sec0-l)d0 r sec 2 6W6> f sec 6d6 



^/(sec(9 + l) J (sec6> + 1) 

= 21 cosec 6>a6>-2| - 

1/ 



2j S6C f^-2J^ 



sen 2 6> 

._3/ 



sec 2 6>-l J Tg 2 6 

-2 co rg6> + 2 cosec + c 



zg 2 e 



-2 



r+2- 



r+C: 



2x-4 



+ c 



vx 2 -3x + 2 vx 2 -3x + 2 Vx 2 -3x + 2 

6.66.- J **** 

vx 2 -2x + 5 
Solution. - 

Se tiene: x-l = 2rg0,dx = 2sec 2 0d0 , A /(x-l) 2 + (2) 2 = 2sec6> 
Completando cuadrados se tiene: 

x 2 -2x + 5 = (x 2 -2x + l) + 4 = (x-l) 2 -2 2 , luego: 
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I 



xdx 



Vx 2 -2x + 5 J yj(x-l) 2 -2 



I 



xcfx 



I 



(2rg^ + l)/sec x ^^ 



2\Tg9sec9d9+\sec9d9 = 2sec9 + £rj\sec9 + Tg9\ + c 



vx 2 -2x+5+x-l 



+ c 



= Vx 2 -2x + 5+^7 

fi fi7 _ r (x + \)dx 

\J2x-x 2 
Solucion.- 

Se tiene:x-l = s en6>=>x + l = sen# + 2,<ix = cos9d9 , ^l-(x-l) 2 = cos6> 
Completando cuadrados se tiene: 

2x-x 2 =-(x 2 -2x) = -(x 2 -2x + l-l) = -(x 2 -2x + l) + l = l-(x-l)\ luego: 
(x + l)Jx (• (x + l)Jx r(sen9 + 2)cos9d9 



I 



■J- 



■r 



\sen9d9 + 2Jd9 



V2x-x 2 J Vl-C-^-l) 2 J cos6> 

= - cos 6* + 20 + c = — v 2x - x 2 + 2 arcs e n(x - 1) + c 

6.68.- [ , (x ~ 1)dx 

J Vx 2 -4x + 3 
Solucion.- 

Se tiene:x-2 = sec6>=>x-l = sec# + l,<ix = sec#rg6><i# ! ^(x-2) 2 -1 = rg# 

Completando cuadrados se tiene: 

x 2 -4x + 3 = x 2 -4x + 4-l = (x-2) 2 -l, luego: 

(x-l)dx r (x-l)dx , (sec 9 +l)sec 9 £gtfd9 

Vx 2 -4x + 3 - 1 <J(x-2) 2 -l * ^gti 

[sec 2 9d9 + \sec9d9 = rg9 + £rj\sec9 + rg9\ + c 



I 



Vx 2 -4x + 3 + ^^ x-2 + Vx 2 -4x + 3 
Jx 



+ c 



2 -2x-8 



6.69.-J 

Vx 

Solucion.- 

Se tiene: x-l = 3sec<9,dx = 3sec6>rg6>d<9, ^(x-l) 2 ^ 2 = 3rg6> 

Completando cuadrados se tiene: 

x 2 -2x-8 = x 2 -2x + l-9 = (x-l) 2 -3\ luego: 

r Jx t dx r^secOx^dO f 

, = = , ^== ^-= = \secOdO = £n \sec0 + rg0 \ + c 

J Vx 2 -2x-8 J ^-l) 2 -3 2 J >^ J 



1 Vx 2 -2x-8 



- + - 



+ c = £rj x-l + Vx 2 -2x-8 + < 
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6.70, J 



xdx 



Vx 2 +4x + 5 
Solucion.- 

Se tiene: x + 2 = rg0, dx = sec 2 ^J^ , ^(x + 2) 2 +1 2 = s ec6> 
Completando cuadrados se tiene: 

x 2 + 4x + 5 = (x 2 + 4x + 4) + l = (x + 2) 2 + l 2 , luego: 

xdx r xdx r (rg0 -2)sec^ 0d0 



I 



I- 



r 



^Tg0sec0d0-2^sec0d0 



Vx 2 + 4x + 5 J • N /(x + 2) 2 + l 2 J ^e^ 

# - 2^ 7 Isec + rg#| + c = \lx 2 +4x + 5-21t] V* 2 + 4x + 5 +x + 2 +c 



^sec 
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CAPITULO 7 



INTEGRACION DE FUNCIONES RACIONALES 

Mediante el recurso de la descomposicion en fracciones simples, el proceso de 
integration de funciones racionales se puede simplificar notablemente. 

EJERCICIOS DESARROLLADOS 

dx 



7.1.-Encontrar: [ 



x 2 -9 

Solution.- Descomponiendo el denominador en factores:x 2 -9 = (x + 3)(x-3) , 
Como los factores son ambos lineales y diferentes se tiene: 

1 A B A A A 

+ , de donde: 



x -9 x + 3 x — 3 

1 A r + — ?—^l = A(x-3) + B(x + 3)(*)^l = (A + B)x+(-3A + 3B) 



j^9 J^> J^> 

Para calcular las constantes A y B, se pueden identificar los coeficientes de igual 
potencia x en la ultima expresion, y se resuelve el sistema de ecuaciones dado; 
obteniendo asi los valores de las constantes en referenda (metodo general) luego: 



v 



A + 5 = 
-3A + 3B = 1 



f T.A -LT.R -Cl\ 



V 



3A + 3B = 
-3A + 35 = 1 



6B = 1 => B = \C , ademas: 
/6 



A + B = 0^A = -B=^A = - ] / 

/6 

Tambien es frecuente usar otro mecanismo, que consiste en la expresion (*) 
Sustituyendo a x por los valores que anulen los denominadores de las fracciones: 
x = 3^l = 6B^B=V 



'6 

x = -3 =^> 1 = -6 A =>A = -V. 

/6 

Usando cualquier metodo de los senalados anteriormente, se establece que: 

i -V V 

— — = ^-^- + ^-§-, Luego se tiene: 
x —9 x + 3 x — 3 

■ dx _ 1 r dx 
x 2 -9~ 6* x + 3 6 J x- 3 6 



r dx 1 r dx 1 r dx 1 , , 1 , , 

— : = — + - = — £n\x + 3\ + -£n\x-3\ + c 

J r 2 -9 6 J x + 3 6 J x-3 fi ' ' f. '' ' 

-(^77|x-3|-^77|x + 3|) + c 
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Respuesta: f 



7.2.-Encontrar: [ 



dx 1 
6 

dx 



- 7 = ~IT] 

: 2 -9 6 



x-3 



x + 3 



+ c 



x 2 +7x-6 



Solucion.- Sea:x 2 +7x + 6 = (x + 6)(x + l), factores lineales y diferentes; luego: 



1 



A B 

- + - 



x + 7x + 6 x + 6 x + l 

De donde: 

1 = A(x + 1) + B(x + 6)(*)=>1 = (A + B)x+(A + 6B), calculando las constantes Ay B 

por el metodo general, se tiene:l = (A + B)x + (A + 6B) 

f A+ B = ti\ (-A- B = A 



V 



A + 6B = l 



A + 6B = l 



5B = 1 =^> B = yi , ademas: 



A + B = 0=>A = -B=>A = -V 



Ahora utilizando el metodo abreviado se tiene: 



x = -\^\ = 5B^B = y 5 

x = -6 => 1 = -5 A => A = - yC 

Usando cualquier metodo se puede establecer: 



1 



- 1/ 



x + 7x + 6 x + 6 x+l 
dx 



5 +-^-, Luego se tiene: 



I 



1 r dx 1 r dx 1 , , 1 , , 

— + - = — £rc x + 6 +-^rc x + l +c 

sJr + 6 ^Jx + 1 5 ' ' 5 ' ' 



x +7x+6 5 J x + 6 5 
-(^7|x + l|-/7|x + 6|) + c 



Respuesta: [ 



7.3.-Encontrar: [ 



dx 



x +7x+6 5 



-ITJ 



X + l 



x + 6 



+ c 



xdx 



x -4x + 4 



Solucion.- Sea:x 2 -4x + 4 = (x-2) 2 , factores lineales con repeticion; luego: 

A(x-2) + S 




De donde: 

x = A(x-2) + 5(*), calculando las constantes Ay B por el metodo general, se 

tiene:x = Ax + (-2A + S), luego: 

( A = 1) 

^B = 2A^B = 2(1) =^ B = 2 
^-2A + S = 0j 
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Usando el metodo abreviado, se sustituye en x, el valor que anula el 
denominador(o los denominadores), y si este no es suficiente se usan para 
sustituir cualquier valor conveniente de x , esto es: x = 0, x = -1 ; luego en (*) 

x = 2 =^> 2 = B =^> B = 2 



-0^0 = -2A + B^2A + B. 



B/ 



A = \ 



Usando cualquier metodo se establece: 

r xdx r dx _ r dx . < , , 

\— ? = + 2 - = £rj\x-2\- 



x- 



Respuesta: f-5— 



xdx 



x~ -4x + 4 
(2x +3)dx 



(.v-2) 2 
77IJC — 2| — 



x-2 



- + c 



x-2 



■ + c 



7.4.-Encontrar: f ^ 

J r — 



x-2x +X 

Solucion.- Sea:x 3 -2x 2 + x = x(x 2 -2x + l) = x(x-l) 2 , factores lineales: 
x,x-l ; donde este ultimo es con repetition; luego: 

2x 2 + 3 A B C 2x 2 +3 A(x-l) 2 + Bx(x-1) + Cx 



3 /-> 2 , 

x —2x +x 



x (x-i) (x-iy £^neXx xo-if 

De donde: 

2x 2 + 3 = A(x-1) 2 +Bx(x-1) + Cx(*), calculando las constantes Ay B por el 
metodo general, se tiene:2x 2 +3 = (A + B)x 2 +(-2A-B + C)x + A, de donde 
identificando los coeficientes de igual potencia de x se puede obtener el siguiente 
sistema de ecuaciones: 
f A+B =2" 
-2A -B + C = =^>B = 2-A^>B = 2-3^>B = -1, tomando la segunda ecuacion 

v A = 3 , 

del sistema: C = 2A + S^>C = 2(3) - 1 ^> C = 5 ,tambien es posible usar el metodo 
abreviado, utilizando para ello la expresion(*) en la cual: 
x = 1^2(l) + 3 = C^C = 5 

x = =^> 3 = A =^> A = 3 

Usando un valor arbitrario para x , sea este x = -1 : 



x = 
2B 



-1 => 2(-l) 2 + 3 = A(-2) 2 + S(-l)(-2) + C(-l) => 5 = A A + 2B - C, luego: 



5-4A+C: 



2x 2 + 3 
x 3 -2x 2 + x 

2x 2 + 3 
x 3 - 2x 2 + x 



3 

x 



•IB 

1 

x-] 

dx 



:5-4(3) + 5 

5 



- + - 



(x-1) 2 

dx 



2B = -2 
entonces: 

dx 



B = -1 , S, e establece que: 



tax c ax ,r ax , , , , 

3 + 5 - = 3£n\x\-£n\x-l\ 

J x J x-1 J (x-1) 2 M ' ' 



Respuesta: f-^— 

J r — 



(2x +3)Jx 

2x 2 +x 



^ 



3 
X 

x^T 



x-l 



- + c 



x-l 



- + c 
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7.5.-Encontrar: [ 



dx 



x~ - 2x +x 

Soluci6n.-x 3 -2x 2 +x = x(x-l) 2 ,factores lineales: 
x,x-l ; donde este ultimo es con repetition; luego: 



1 




A{x-\f + Bx(x-\) + Cx 



(x-1) (x-1) 



xLx^f 



x -2x +x 

De donde: 

1 = A(x-1) 2 + Bx(x-1) + Cx(*), calculando las constantes Ay B por el metodo 
general, se tiene:l = (A + B)x 2 +(-2A-B + C)x+ A , de donde identificando los 
coeficientes de igual potencia de x se puede obtener el siguiente sistema de 
ecuaciones: 
A+B =0" 
-2 A -B + C = =>B = -A^>B = -1, tomando la segunda ecuacion del 

v A =V 

sistema: C = 2A + B=>C = 2(1) - 1 => C = 1 , a partir de lo cual se tiene: 



1 



1 1 



1 



x 3 - 2x 2 + x 



I- 



dx 



- + - 
x x-1 (x-1) 

• dx r dx 



dx 



■2x +x 



r ax r ax r ax „ , , „ , , , 

+ 7 = ^7 be -^7 x-1 

J x J x-1 J (x-1) 2 M ' ' 



Respuesta: [ 



dx 



x -2x +x 



;rj 



(x-1) 

x 



x-1 



- + c 



x-1 



x-1 



- + c 



7.6.-Encontrar: j 



x 4 -6x 3 + 12x 2 + 6 



dx 



x -6x +12x-8 

Solucion.- Se sabe que si el grado del polinomio dividendo, es igual o superior al 
grado del polinomio divisor, previamente conviene efectuar la division de tales 
polinomios. 
x 4 -6x 3 +12x 2 +0x + 6 |x 3 -6x 2 +12x-8 

-x +6x -12x +8x x 



8x + 6 



4 rr 3 i 1 Q 2 , /r 

Luego se tiene: f— — — dx= \xdx+ f— — - 

J r 3 -fir 2 +1?r-8 J J r 3 - 



x~ -6x +12x-8 
La descomposicion de:x 3 -6x 2 +12x-8 
1 -6 12 -8 

2-8 8 



x -6x z + 12x-8 



1-440 x = 2^(x-2) 

x 2 _4x + 4 = (x-2) 2 
x 3 -6x 2 +12x-8 = (x-2) 3 
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Esto es factores lineales:[(x-2)] con repetition por tanto: 



8x + 6 



- + - 



B 



x -6x + 12x-8 x — 2 (x-2) 



+ - 



C 



(x-2) 3 



8x + 6 



A(x-2) 2 +B((x-2) + C 




(^rf 



Sx + 6 = A(x-2y + B(x-2) + C=>Sx + 6 = A(x-4x + 4) + B(x-2) + C 
8x + 6 = Ax 2 +(-4A + B)x + (4A-2B + C) 

Calculando las constantes A y B por el metodo general, se tiene: 

f A = (A 

-4A + B =8 =^5 = 8 + 4A^5 = 8 + 4(0)^B = 8, 
+ 4A-2B + C = 6 
Resolviendo el sistema:C = 6-4A + 2B=>C = 6-4(0) + 2(8)=>C = 22, luego: 



8x + 6 



x -6x +12x-8 




+ 



8 



J r — 



(8x + 6)dx 



x -6x +12x-8 



x 

2 



(x-2^ 
11 



-2 

(x-2) 
dx 
(x^2) 



■ + ■ 



22 



(x-1) 2 (x-1) 3 



, de donde: 



of <& ~~r dx 
— = 8 t + 22 -, osea: 



(x-2Y 



J xrfx +8 J rfx 2 + 22 J J * 3 = J xJx +8 J (x - 2)' 2 dx + 22\(x- 2y 3 dx 



x-2 (x-2) 2 



- + c 



Respuesta: f^— 

J r — 



x -6x +12x +6 



x -6x z +12x-8 



<ix : 



11 



x-2 (x-2) 2 



- + c 



_ _ _ . r * + * +x + 3 , 
7.7.-Encontrar: — dx 

J x 4 + 4x 2 +3 

Solution.- x 4 + 4x 2 + 3 = (x 2 + 3)(x 2 + 1) , la descomposicion es en factores 
cuadraticos sin repetition, por lo tanto: 
x 3 + x 2 + x + 3 Ax + B Cx + D 



x 4 +4x 2 +3 



- + - 



x 2 + l 



x A +3 

x 3 + x 2 + x + 3 _ (Ax + B)(x 2 + l) + (Cx + D)(x 2 +3) 
jS^tit+3 (J^Sftf^+X) 

x 3 + x 2 + x + 3 = A(x 3 + x) + S(x 2 + 1) + C(x 3 + 3x) + D(x 2 + 3) 
x 3 + x 2 + x + 3 = (A + C)x 3 + (B + D)x 2 + (A + 3C)x + (S + 3D) ! luego: 
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(1) 

(2) 
(3) 
(4) 



f 



+ C 



1 



B + D = \ 

A +3C =1 

B +3D = 3 



Con (1) y (3), se tiene: 
Con (2) y (4), se tiene: 
Por lo tanto: 



A+ C = \ 



v 
x + x + x + 3 



A + 3C = l^ 
B+ D = \ 
B + 3D = 3 



1 



- + - 
x 4 + 4x 2 + 3 x + 3 x 2 + l 

x+x+x + 3, r xdx p dx 



A = l,C = 
>B = 0,D = l 
, o sea: 



fx+x+x + j. r xax c ax 2 - , ,-. , , 

— -. - dx= 1- — : — , sea:w -x +3,du = 2xdx , luego: 

J x 4 + 4x 2 + 3 J x + 3 J x 2 +1 a 

C 2xJx (• dx 1 (• du (• dx 

J x + 3 J x +1 2 J w J x +1 



r x +x +x + 3 , 
I — ; ^ ax 



x 4 +4x 2 + 3 



111 1 I 2 I 

—tri\u\ + dXCTSX + c = —tri\x + 3+arcrex + c 



Respuesta: [ 



X 3 +X 2 +X + 3, 1 . I 2 -I 

— j z dx = —£n\x +3\ + arcTgx + c 

x 4 + 4x 2 + 3 2 ! I 



7.8.-Encontrar: j 



x 4 dx 



x 4 + 2x 2 +l 



Solucion. 

..4 



-x —2x -1 



|x 4 + 2x 2 +l 



-2x 2 -l 



xVx 



2x 2 +l 



2x 2 +l 



-dx 



, p x ax r „ zx+i , p, pzx+i 

LUeg0 4^ 9 2TT = J U- 4^ I", ^ = j^~j 4 - , ^ 

J x +2x +1 J l v x +2x +lj J J x +2x +1 

La descomposicion del denominadores:x 4 + 2x 2 + l = (x 2 +l) 2 , entonces: 



2x 2 +l 



Ax + B Cx + D 



- + - 



2x 2 +l 



x 4 + 2x 2 +l x 2 + l (x z +iy 



-=>• 



(Ax + B)(x 2 +l)(Cx + D) 



i^lf 



2x 2 +l = (Ax + S)(x 2 + l) + (Cx + D)^2x 2 + l = A(x 3 +x) + B(x 2 +l) + Cx + D 

2x 2 +l = Ax 3 + Sx 2 + (A + C)x + (S + D) 

Calculando las constantes por el metodo general, se tiene: 

^A = 0^ 

B =2 

A +C = 

B +D = l 
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Resolviendo el sistema: C = -A ^> A = .-. C = , B + D = l^> D = l-B^> D 
luego: 



2x 2 +l 



1 



x 4 + 2x 2 +l x 2 + l (x 2 + l) 2 ' 



2x 2 +l 



dx 



dx 



dx 



C zx -i i _ (• ax (• ax _ <• ax <• a*x 
•'x 4 +2x 2 + l~ •'x 2 + l 2_ -'(x 2 +l) 2 ~ •>x 2 +l 2_ -' (Vx 2 + 1) 4 

Sea: x = re6>, dx = sec 2 OdO;^jx 2 + 1 = sec6> , luego: 

= 2arcrex- f — 0*0 = 2arcrex- f ; — =2arcrex- [cos 2 # 



sec 4 <9 
l + cos26> 



. r 1 + COS 2,0 ir . . If .. lr _ _ , _ 

= 2arcrex- I — d& = 2arcrex — I du — I coslOdt/ 

arc rex — — sen20+c = 2 arc rex — — sen#cos# + c 

2 2 2 2 



Vx 2 + 1 



De la figura se tiene que: 

t gO = x, arc rgO, s e n - 




Vx 2 +1 



, cos ■ 



Vx 2 + 1 



1,1 X 

+ c = 2 arc rex — arc rex he 

2 2(x 2 +l) 



1 1 * 
Luego: = 2arcrex — arcrex , — 1=^ 

2 2V77lVx I 7l 

Recordando que: 

x dx p , p (2x + l)o*x _ 1 1 x 

— = I dx - I — = x - 2 arc rex + — arc rex H h c 

'1 ." 



x 4 + 2x 2 +l 



x 4 + 2x 2 +l 



2(x 2 + l) 



X 0*x 



_ t r x ax 3 x 
Respuesta:! — — — — - = x--arcrex + ^y-^ ! c 



x 4 + 2x 2 + l 

7.9.-Encontrar: f— — 

J x 4 -1 

x 4 -l 



2(x z + l) 



Solucion. 

4 



-x 4 + l 



1+ 



1 



a 

Luego: 
C x 4 dx _ (• 

Jx T ^l = J 

Descomponiendo en factores el denominador: 

x 4 -l = (x 2 -l)(x 2 +l) = (x 2 +l)(x+l)(x-l), es decir factores linealesy cuadraticos 
sin repeticion por tanto: 



4 1 

X -1 



dx = \dx + — 

J J x -1 
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Ax + B C D 

- + + - 



x 4 -I x 2 +1 x + l x-l 

1 _ ( Ax + B)(x 2 - 1) + C(x 2 + l)(x - 1) + D(x + l)(x 2 + 1) 

j^i (xUjy^rj(x~^ 

l = A(x 3 -x) + B(x 2 +l) + C(x 3 -x 2 + x-l) + D(x 3 + x 2 + x + l) 

l = (A + C + D)x 3 +(B-C + D)x 2 +(-A + C + D)x + (-B-C + D) 

Luego: 

(V)(A +C+D = A 

(2) 5-C + D = 

(3) -A +C+D = 
(4)1 -5-C + D = l 



Con (1) y (3), se tiene: 



Con (2) y (4), se tiene: 



Con (5) y (6), se tiene: 



A+C+D=0 
v -A + C + D = O y 
f B-C + D = 0^ 
K -B-C + D = lj 
f 2C + 2D = A 



-2C + 2D = 1 



2C + 2D = 0(5) 
>-2C + 2D = l(6) 



C = -V D=V 

c 74'^ /4 



Ademas: A = 0,B = -Vi, luego: 



1 



1 



- + - 



1 



-1 2(x 2 +l) 4(x + l) 4(x-l) 



r dx 1 r dx 1 r dx 1 r dx 

•I x 4 -1 " _ 2J (x 2 +1) ~ 4-> (x + l) + 4-> (x^ 



, con lo cual: 



dx 



(x + l) 4 J (^-1) 



_1 



- Y A tri\x + \\+ Y A iri\x-\\ + c 

2 m 



2 arc T 8 X ~ /4 *- v I-*- "■" A | "■" /4 
x dx r , r dx 



p. , p x ax p , p ax i 

Dado que: I ^— = \dx + \- r - = x-\ 
J x -1 J J x -1 x 



Respuesta: f— — = x- v{arcrgx+ yAr] 
J x -1 ' l /4 



ITgX- 


<-x^ 


x-l 
x + l 


x-l 


+ c 




X + l 







+ c, entonces: 



7.10.-Encontrar: [ 



c -2x +3x -x + 3 



x -2x +3x 
Solucion.- 

x 4 -2x 3 + 3x 2 -x + 3 |x 3 -2x 2 + 3x 
-x +2x -3x x 



dx 



-x + 3 



Luego: 
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■2x 3 +3x -x + 3 



dx = I 



x-3 



dx = xdx - 



x-3 



x -2x +3x 



-dx 



J x —7.x + 3x J v x -2x +3xy 

Descomponiendo en factores el denominador: 

x 3 -2x 2 +3x = x(x 2 -2x + 3), es decir un factor lineal y uno cuadratico; por lo cual: 



x-3 



Bx + C 



x-3 




A(x 2 -2x + 3) + (Sx + C)x 



x-3 = A(x-2x + 3) + (Bx + C)x=>x-3 = (A + B)x 2 +(-2A + C)x + 3A 
De donde: 
f A + B 



-2A 
3A 

Luego: 

x-3 

x -2x +3x 
r x-3 

■* x 3 - 2x 2 + 3x 



= 0^ 

+ C= 1 
= -3 



A = -\ 

B = -A^B = l 

C = 1 + 2A^C = -1 



1 x-1 

- + - 



dx 



x x -2x+3 

dx r x-1 



rax r 

-Jt + I 



de donde: 

dx = -lr]\x\+ i 



x-1 



x -2x+3 



x -2x+3 



dx 



■X -2x +3x -x + 3 
x 3 - 2x 2 + 3x 



dx = I xdx + In |x| - I 



x-1 



-dx 



x 
"2 



/) 1 l f x- l 

+ ^77 x - — 

1 ' J x 2 -2x+: 



dx = \-t 



x -2x+3 
1 r 2(x-l)dx 



II l f A* 

/ J r — 



2 J x -2x + 3 



Sea: m = x - 2x + 3, dw = (2x - 2)dx =^> du = 2(x - l)dx 

x 2 „ 1 1 1 t du x 2 . I I 1 . I 2 _ _| 

= — + £n \x\ — — = — + £n \x\ — In \x -2x+3 \ + c 



Respuesta: [ 



2 J W 

x 4 - 2x 3 + 3x 2 -1 + 3, x 2 

3 2 " x = — + *v 

x -2x +3x 2 



x 



Vx 2 -2x + 3 



+ c 



EJERCICICOS PROPUESTOS 

Usando La tecnica de descomposicion en fracciones simples parciales, calcular 
las siguientes integrales: 



7.114 



(x +2)dx 
x -1 



7.1 



4.-J— 



(3x + 7)dx 



7.17,J 



(x-l)(x-2)(x-3) 
(x +l)dx 

x 3 + l 



7.12.-J 



xdx 

(x + 1) 2 
dx 



7.15.- f-F-d* 

J x 3 +1 

(x 2 + 6)dx 
(x-l) 2 (x-2) 



7.18- f-^ 



■164^ 

•" r — 



x dx 

x z - 2x - 3 
(x + 5)dx 



10 f C*-*V 

I 2 / 

J r — 9 r — 



7.19, f-kL 

J (x 2 + 



A" -x + 6 
(x -l)dx 



(x z + l)(x-2) 
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7.20.- 
7.23.- 
7.26.- 

7.29.- 
7.32.- 
7.35.- 
7.38.- 

7.41.- 
7.44.- 

7.47.- 
7.50.- 

7.53.- 



xdx 

x 2 -4jc-5 

x dx 



x 2 + 2x + l 
dx 



x(x + x + l) 
3x + 2x-2 



dx 



x 3 -l 

3x 2 + 3x + l 



x +2x +2x + l 



dx 



x +2x+3 



■dx 



x -x 
(x + 5)dx 



x 3 -3x + 2 
(2x +3x-l)dx 



x 3 +2x 2 +4x + 2 
sen Odd 



cos 2 + cos 0-2 
(2x 2 + 4lx-9l)dx 



x —2x -llx + 12 
sen xdx 



cosx(l + cos x) 



x dx 



7.21. 
7.24. 

7.27. 

7.30. 

7.33. 

7.36. 

7.39. 

7.42. 

7.45. 

7.48. 

7.51. 



xdx 

x —2x — 3 

dx 



x(x + l) 2 
2x +5x-l 



dx 



3 , 2 r, 

x +x -2x 

x -x +2x -x + 2 



(x-l)(x 2 + 2) 2 



dx 



x 3 + 7x 2 -5x + 5 



dx 



(x-l) 2 (x + l) 2 
(2x -3x + 5)dx 



(x + 2)(x-l)(x-3) 

2x 3 + 3x 2 + x-l 



(x + l)(x 2 + 2x + 2) 2 
x -2x +3x + 4 



dx 



dx 



(x-l) 3 (x 2 +2x + 2) 
4x -2x -x +3x + l 



(x +x -x-1) 
(2x +3x -x-l)dx 



dx 



(x-l)(x 2 + 2x + 2) 2 
(2 + rg 2 0)sec 2 0d0 



l + Tg'd 



7.22.- J 


(x + l)dx 


x 2 +4x-5 


7.25.- J 


dx 


(x + l)(x 2 + l) 


7.28.- J 


(x +2x + 3)dx 


(x-l)(x + l) 2 


7.31 .-J 


(2x -7x-l)dx 


3,2 -i 

x +x -x-1 


7.34.- J 


2xJx 


(x 2 + x + l) 2 


7.37.- J 


(3x +x-2)dx 


(x-l)(x 2 +l) 


7.40.- 


r (2x + l)Jx 
' 3x 3 +2x-l 


7.43.- J 


e'dt 


e 2 '+3e' + 2 


7.46.- J 


3x dx 


(x 2 +l) 2 


7.49.- J 


dx 


2x , X r\ 

e +e -2 


7.52.- J 


(5x +2)dx 


x -5x +4x 



(x 3 +l)(x+8) 



RESPUESTAS 



7.11,J 



(x +2)Jx 



x 2 -l 
Solucion.- 

f (x 5 +2)<ix r 



2 1 

X -1 

4 2 

X X 



X +x + - 



x + 2 
x^T 



x + 2 



dx = I x 3 <ix + I xdx + I — dx 



(x + 2)dx 

T + T + J(x+i)(x-i) 



(*) , luego: 



x + 2 A B 1N „. 

r + 7^>x + 2 = A(x-l) + S(x + l) 



l ^f ^f 
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x = l=>3 = 2B=>B=% 
x = -l=>l = -2A=>A = -fy 

x x I r dx 3 r dx x x 1 „ i ^ ■ 3 „ ■ ,i 

(*) = — + + — = — + in x + 1 \ + -It] jc — 1 +< 

4 2 2 J x + l 2 J x-l 4 2 2 ' ' 2 ' ' 



x 4 x 2 



= + +77 

4 2 



xJx 



(x-iy 



Vx+T 



+ c 



7.12.- I* 

J (x + l) z 

Solucion.- 
C xrfx _ (• A<ix r 
J (x + 1) 2 "JxTTj 



(x + 1) 2 
x A 



Bdx 

(x + 1) 2 



(*) , luego: 



- + ■ 



73 



(x + 1) 2 x + 1 (x + 1) 2 



x = A(x + l) + fi 



,jc = -l=>-l = fl 

jx = 0=>0 = A + B=>A = -B=>A: 



. . r dx r dx , , , ,1,1 1 

(*) r- = ^/7 x + 1 +(x + l) +c = !nk + l+ + c 

J x + 1 J (x + 1) ' ' ' ' x + 1 



7.13.-J 



x dx 



x 2 - 2x - 3 
Solucion.- 

r x dx 



x -2x-3 



J x + 2 + 



7x + 6 
x -2x-3 



iix = xJx + 2 Jx + 



(7x + 6)dx 
x -2x-3 



- + 



2x + J 



(7x + 6)dx 
(x-3)(x + l) 



(*) , luego: 



(7x + 6) 



(x-3)(x + l) x-3 x + 1 

x = 3 => 27 = 4A => A = 27 „ 



A S 

+ =>7x + 6 = A(x + l) + B(x-3) 



4 



-1^-1 = -4S^S= V 



(*) 



27 r dx I r dx x 2 27 I , 1 , , 

- + 2x + — + — = — + 2x + — £n\x-3\ + —£n\x+l\ + c 

4 J x-3 4 J x + 1 2 4 'I 1 4 'I 1 



1 



= — + 2x + -£t7|(x-3) 27 (x + 1) \ + c 
2 4 ! I 

(3x + 7)Jx 
(x-l)(x-2)(x-3) 
Solucion.- 

(3x + 7)Jx r Adx ? Bdx 



7.14.- [ 

Solucioi 

P (3x+/)C/-V f /U7X f £><XV f Lfl.( 

= + + (*) 

J (x-l)(x-2)(x-3) J x-1 J x-2 J x-3 



Cdx 
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(3x + 7) 



ABC 

- + + - 



(x — l)(x — 2)(x — 3) x—1 x—2 x—3 

3x - 7 = A(x - 2)0 - 3) + B(x - l)(x - 3) + C(x - l)(x - 2) , luego: 

x = 1 => -4 = 2 A => A = -2 
..< x = 2=>-l = -B=>B = l 

x = 3^2 = 2C^C = l 

{*)=-2\ — + \-^ + \— = -2tri\x-\\ + eri\x-2\ + eri\x-3\ + i 
(x-2)(x-3) 



(x-1) 

dx 



+ c 



7.15.- f-F-ntic 

J x 3 +1 



Solucion.- 
r dx , r <ix 

W^t^x- j 'j,.. 



(• Adx (• (Sx + C)dx 



(x + l)(x -x + 1) J x + 1 J (x -x + 1) 



(*) , luego: 



A + (flx + C) ^ 1 = A(x 2_ x + 1) + (gx + c)(x + 1) 



(x + l)(x 2 -x + l) x + 1 (x 2 -x + l) 
x = -l^>l = 3A^>A=l/ 

x = 0^1 = A + C^C = l-A^C = J/ 

x = l^l = A + (S + C)2^1=l/ + 2S + 2C^l/ = B + C^B=l^-C 

3J x + i J rr 2 -r + n ^ ' ' ^J 



3 J x -x + 1 



-In 
3 

1 



:;; 



in 



■n 



--In 
3 



^ 



x + l| 
x + lj 
x + lj 

x + lj 

x + lj 
x + ll 



(x -x + 1) 

lr(2x-4)dx 1 , 1 ,, le(2x-l-3)dx 

■— — 5 = -£7 x + 1 — 5 

6 J x 2 -x + l 3 ' ' 6 J x 2 -x + l 



1 r(2x-l)dx 1 r 
6J x 2 -x + l + 2-> . 



c/x 



■x + 1 



1 n I 2 1I 1 f 

--£77 x -x + 1 + — 



Jx 



2J(x 2 -x + X) + % 



1 n I 2 1I 1 f 

--£77 x -x + 1 +— - 



dx 



X> 2+ ^ 2 



(x- 



- 1/ 



1, 12 ,| 1 1 x ~/2 

—1/7 1 -X + lH ^-rSXCTg — ^-4^ 

6 X| '273/ 73/ 

/2 /2 

1 „ I 2 il v3 2x-l 

■ — £77 x -x + lH arc re — ;^ + c 

6 X| I 3 V3 



+ c 
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z[x~+\ 



7.1 6.- J 



vi 2 -x + 1 
(x + 5)dx 



V3 2jc-1 

3 5 V3 



x -x + 6 
Solucion.- 

(x + 5)dx r (x + 5)dx 



C i^x + jjax _ (• i^x 
J x 2 -x + 6 ■* (x + : 



Adx 



6Jx 



x-x + 6 J (x + 3)(x-2) J (x + 3) J (x-2) 
(x + 5) 



A B 

+ 

(x z +x-6) (x + 3) (x-2) 

v = 2 => 7 = 55 => B = 1 / c 



+ (*) , luego: 

J Oc + 3) J (x-2) 

x + 5 = A(x-2) + B(x + 3) 



■ ■ s 



x = -3 => 2 = -5 A => A = - 2/ 



. . 2 r dx 7 r dx 2., .I 2 . I .I 1 

(*) = — + — = — £n\x + 3\ +—£n\x-2\ + c = - 



5 J x + 3 5 J x-2 
(x +l)dx 



(x-2) 1 



(x + 3) 2 



+ c 



7.17.- f 

J x 3 + l 

Solucion.- 

C (x 2 + l)dx _ (• ( 
J x 3 +l J(xT 



(x 2 + l)dx 



AJx r(Bx + C)dx 



= f + f ,' ' ~^ v (*), luego: 

(x + l)(x 2 -x + l) J (x + 1) J (x 2 -x + l) 

(x 2 +l) A fix + C 2 2 n /n .— , ,, 

^ = + —. => x + 1 = A(x - x + 1) + (Bx + C)(x + 1) 

x +1 (x + 1) (x -x + 1) 

x = -1^2 = 3A^A = 2 / 



■ ■ i 



o^\=A+c^c=y 3 

\^2 = A + {B + C)2^B= V 



• (x + \)dx 



■* x 3 +l ■" (x + 



(x + l)dx 



dx 



1 r (x + l)dx 



f K.X + 
1 (r 2 - 



(x + l)(x z -x + l) 3 J (x + l) 3 J (x 2 -x + l) 

1 t, I ,1 l f [X (2x_1) + K] dx 2. , ,, l f (2x-l)rfx l f 

-!nb:+l+- — — z ^^ — = -£n x + 1 +- — -. — + - 

3 ' ' 3 J (x 2 -x + l) 3 ' ' 6 J (x 2 -x + l) 2 J 



dx 



x + 1) 2 J (x-x + l) 



2 „ i ii 1 „ I 2 ,1 1 f dx 

— £/7 X + 1 +-^77 X -X + 1 +— 

3 ' ' 6 ! ' 2 J (x 2 -x + l) 

dx 



2 , , 1 i , i 1 r 

■■—£n\x + l\ +—£n\x-x + l\ + —\ 



2 J (x 2 -x + )/) + )/ 



4 I I 1 I 9 

:-^77 X + 1 \ + —£tJ X -X + 

6 ' ' 6 ' 



i| + If_ 



dx 



(*-l/) z +( v %) 



V3"/ 



166 



1 I ill x 

-in (x + l) 4 (x 2 -x + l) + ^arcrg — 

6 ' 2 V3 



- 1/ 



2 



- + c 



V3~ 



-£/7 (x + l) (x — jc + I) + — arc re — ^ + c 
6 '■ ! 3 V3 

(x +6)dx 



7.18.- f-^ 

J (x-l) z (x-2) 

Solucion.- 
r (x 2 + 6)dx 



r Adx r SJx 

+ - + 



(x-ir(x-2) J (x + 1) J (x-ir J (x + 2) 



r Cdx , . 

J - . ^ (*) ■ luego: 



(x 2 + 6) 



- + - 



B 



- + - 



C 



(x-l) 2 (x-2) (x + l) (x-1) 2 (x + 2) 

x 2 + 6 = A(x + l) + (x + 2) + B(x + 2) + C(x-l) 2 

x = l^l = 3B^B = 7 / 



x = -2^l0 = 9C^C = l0 / 

x = 0^6 = -2A + B + C^ 
dx 



9 

A: 



1 r dx 7 r dx 10 r dx 

(*) = — + - v + —\ 

9 J (x + l) 3 J (x-l) 2 9 J (x + 



in 



(x + l) 
(x + 2) 10 



l,i ,i 7 1 10, | ,, 

: £77 X-1 1 £77 X + 2 +C 

9 J (x + 2) 9 ' ' 3 x-1 9 ' ' 



x-1 



7 



3(x-l) 



- + c 



-19-f— ^ 

J (x 2 + 



(x -l)dx 



(x z + l)(x-2) 
Solucion.- 



r (x 2 - \)dx r Ax + B , r Cdx . . . 

-A = — ; dx+ (*) , luego: 

J (x 2 +l)(x-2) J (x 2 +1) J (x-2) 



(x 2 -l) 



Ax + B 



- + - 



C 



(x 2 +l)(x-2) (x 2 +l) (x-2) 
x = 2^3 = 5C^C= 3 / 



^x 2 -l = (Ax + B)(x-2) + C(x 2 +l) 



■ ■ i 



x = 0^-l = -2B + C^B = V 
x = 1^0 = -(A + B) + 2C^A = 2 / 



, s |-(A x+ / A)" x r /cdx 1 . 2xdx 4p dx 

(*) = /J . /J + ^ = - — 5 + - " 



(* 2 +l) 



3 r dx 
(x-2) 5 J (x 2 +l) 5 J (x 2 -; 1) + 5J^2 



1 i i 4 3 1 i i 4 

-in x 2 +l + — arcx + -^n x-2 \ + c = -in (x 2 + l)(x-2) 3 + — arcx + c 

5 ! '5 5 ' ' 5 ! ' 5 
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7.20.- J 



xdx 



x 2 -4jc-5 
Solucion. - 
(• xdx _ (• xdx 

J r — 4r— 5 J 



Adx 



Bdx 



x-4x-5 J (x + 5)(x-l) J (x + 5) J (x-1) 



r /iax r oax , . . 
J (x + 5) J (x-1) 



- + - 



(x + 5)(x-l) (x + 5) (x-1) 
x = l^l = 6B^B= 1 / 



=>x = A(x-l) + B(x + 5) 



■ ■ S 



x = -5 => -5 = -6 A => A = 5/ 



«-!/ 



dx 



- + - 



1 r dx 



(" = -^n|x + 5| + -^?7|x-l| + c = -^n|(x + 5) 5 (x-l)| + c 

6 J (x + 5) 6 J (x-l) 6 ' ' 6 ' ' 6 ' l 



_ ^ . ^ r xax 

•" r — 9 r — ' 



xdx 

x z -2x-3 
Solucion.- 



r Adx r Bdx , 

j— -+J— ^W.luego: 



x 2 -2x-3 J (x-3)(x + l) J (x-3) J (x + 1) 

x 



A B 

- + - 



(x-3)(x + l) (x-3) (x + 1) 
x = -l^-l = -4B^B= V 

x = 3=>3 = 4A=> A=% 



x = A(x + l) + B(x-3) 



■ • i 



(*)=-("— ^ + -("—^— = -^77|x-3| + -^n|x + l| + c = -^7|(x-3) j (x + l)i + c 
4 J (x-3) 4 J (x + l .ii.ii . 

7.22.- J 



(x-3) 4 J (x + l) 4 
(x + l)dx 



x 2 + 4x-5 
Solucion. - 
r (x + l)dx r (x + l)dx 



Adx r #dx , x i 

+ I (*) , luego: 



x +4x-5 J (x + 5)(x-l) J (x + 5) J (x-1) 



(• Adx (• 



x + 1 



(x 2 +4x-5) (x + 5) (x-1) 
x = l=>2 = 6B=>B=l/ 

x = -5^3 = -4A^-6A = 2 / 



A S 

+ — - — =>x + l = A(x-l) + S(x + 5) 



<•>-!/ 



+ - = -£n x + 5 \ + -iri x-l +c=-£n (x + 5) (x-l) \ + c 

3 J (x + 5) 3 J (x-l) 3 ' ' 3 ' ' 3 ' ' 



x dx 



7.23.- f xax 

J x 2 +2x + l 
Solucion. - 
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x 2 dx _f(i 2x + l ^j f j f(2x + l)dx f j f(2x + l)dx 

x 2 +2x + l H x 2 + 2x + l 



dx=ldx-l (2x + l)dx = fdx-f- 

W-A. — I Vt*X In — I \AfAf \ 

J J x 2 +2x + l J J 



(x+iy 



Adx 



r /\ax r 

J (vj-U J 



Bdx 



(x + 1) J (x + 1) 2 



(*) , luego: 



2x + l 



+ -=>2x + l = A(x + l) + B 



(x + 1) 2 (x + 1) (x + 1) 
Jx = -1=>-I = fi=>5 = -1 
\x=0^l = A + B^A = 2 
dx r dx 



(*) =x- 
7.24.- J 



r ax f «; 

■* (x + 1) * (x + 



■x- 



2£^|x + l| + 



x + 5 



+ c = x-2£tj\x + 1\ he 

x + 5 



dx 



x(x + l) 2 
Solucion.- 

r dx r Adx r Sdx r Cdx . . , 
H — t^ = J — + b — t^+Jt — ^ ( *)' lue 9° : 

J vCv-l-1V J x J (x + 1) J (X + 1) 



(x+i) j (x+ir 

A + —^—+ C - ^l = A(x + l) 2 + gx(x + l) + Cx 



x(x + iy 

1 

x(x + l) 2 ' x ' (x + 1) ' (x + 1) 2 
x = -l=>l = -C=>C = -l 
ix=0^1 = A^A = l 
x = l^l = 4A + 2B + C^B = -l 



. . rdx r dx r dx . , , . , ., 1 . 

(*) = T = £n\x\-£n\x + l\ + + c = £n 

J x J (x + 1) J (x + 1) 2 M ' ' x + 1 

7.25.- f d ^ T — 

J (x + l)(x 2 + l) 

Solucion.- 

r dx r Adx r Bx + C , , . . 

J 7 — 7^ — 7^ = J — 7 + J t^ - ^* ( * } ' lue 9° : 

J rV-UYv + l) 2 J x + 1 J (x +1) 



x + 1 



+ + c 

x + 1 



(x+1) 



(x + l)(x + l) 2 
1_ 

(x + l)(x 2 +l) x + 1 " (x 2 +l) 
x = -l^l = 2A^A = j^ 

=Q^\ = A + C^>C = Y 2 

= \^\ = 2A + {B + C)2^B = -y 2 

I r dx p( /9 X + A)dx l.i .i 1 r x-1 

(*) =- + /Z 9 /Z = -^77X + l 



2 J (x + l) 



(* +D 



!* I il ! f 
— ^w x+1 — 

9 '' ' ZL J 



1 r 2xdx lp dx 



- + - 



1 



2 J (x 2 + l) 
1 



-dx 



1 



4 J (x 2 +l) 2 J (x 2 +l) 2 



rj x + 1 — £tj\x +1+— arcrgx + c 
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■-in 
4 



(x+iy 



x 2 + l 



+ — arcrgx + c 

2 



7.26.- j 

S 

I 



dx 



x(x + X + 1) 

Solucion.- 

dx r A dx 



\ — + \ 



Bx + C 



(x +x + Y) 



A Bx + C 

■ + - 



x(x + X + 1) 

1 

x(x 2 +x + l) x (x 2 + x + l) 
x = 0^1 = A^A = l 
x=l^l = 3A + B + C^B + C = -2 
x = -l=>l = A + B-C^B-C = 

dx r (x + l)dx 

(x 2 + x + Y) 



dx (*) , luego: 



l = A(x 2 +x + l) + (Bx + C)x 



■ • <i 



(*) 



rdx (• 

J V J I 



1 f (2x + l) + l 



dx 



2-!(x 2 +x + l) 

1 i i i 1 r 

— £n\x +x + l — 
? 'I I oJ 



i ,, 1 f (2x + 2)Jx 

7 x + 1 — — -. 

1 ' 2 J (x 2 +x + l) 

lr(2x + l)dx 1 



ln\x\ — \ 



9 J i 



dx 



2 J (x 2 +x + l) 2 J (x 2 + x + l) 
dx 



2 i (x 2 +x+y 4 )+y 4 



i 1 ■> 

In x +x + 

2 ' 



fir — 



dx 



(x+y 2 r+( 



S, 



-£/7 X +X + 1 pr- 

2 '' ' 2 V3/ 



x + 



-arcrg 



V3/ 



- + c 



1,12 j V3 2x + l 

■— £77 x +x + l arcre — ;^ + c 

2 'I I 3 73 



7.27.- J 



2x 2 +5x-l 



<ix 



x 3 + x 2 - 2x 
Solucion.- 

r(2x 2 +5x-l)dx [ Adx 

J (x 3 +x 2 -2x) 

2x +5x-l 



SJx 



A B 

- + + 



r /lax r e «x r cax . . . 

+ 7 — 77 + h — ™ (*)> lue 9° : 

J x J (x-1) J (x + 2) 



(x 3 +x 2 -2x) x (x-1) (x + 2) 

2x 2 + 5x-l = A(x-l)(x + 2) + Bx(x + 2) + Cx(x-l) 

x = 0^-l = -2A^A = j^ 

x=l=>6 = 3B=>B = 2 

x = -2 => -3 = 6C => C = - !/ 
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(*) 



1 r dx 



dx 1 . I I .. I .1 1 . I _i 

= —ln\x\ + 2zn\x-l\ — £n\x+2\ + c 

(x-1) 2 J (x + 2) 2 M ' ' 2 ' ' 



rdx r dx 1 r 
J v J fv_n 9 J 



7.28.-J 



x 2 +2x + 3 



dx 



Adx 



Bdx 



r ^«x r oax r 
dx= + + 



Cdx 



(x-1) J (x + 1) J (x + ir 



- + - 



B 



- + - 



C 



(x-l)(x + l) 2 
Solucion.- 

C x +2x+3 

J(x-i)(x+iy 

x +2x + 3 
(x-l)(x + l) 2 (x-1) ' (x-1) ' (x + 1) 2 

x 2 + 2x + 3 = A(x + l) 2 +B(x-l)(x + l) + C(x-l) 



x = 1 => 6 = 4A => A = % 

x=-1^2 = -2C^C = -l 

x = 0^3 = A-B-C^B = - 

3 p dx I r dx r d* 

(*) =- 

2 J x-l 2 J x + l J (x + 



(*) , luego: 



(x + 1) 2 



—£n\x-l\ — £n\x + l\ + + c 

2 x + 1 



-£rj 



(x-1) 3 



x + 1 



+ - 



x + 1 



- + c 



7.29.- J 



Solucion. 



3x 2 + 2x-2 



x 3 -l 



■dx 



f 3x +2x-2^ _ (• 3x +2x-2 

J x 3 -i x ~J(x-r / : 



3x 2 + 2x-2 



(x-l)(x 2 + x + l) 

A Bx + C 

- + - 



-6?X: 



r Adx r(Bx + C)dx 
JJc^l + J (x 2 + x + l) 



(*) , luego: 



(x-l)(x 2 +x + l) x-1 (x 2 +x + l) 

3x 2 + 2x-2 = A(x 2 + x + l) + (Bx + C)(x-l) 

x = l=>3 = 3A=>A = l 
.\<x=0=>-2 = A-C=>C = 3 

x = -l=>-l = A + (-5 + C)(-2)=>fi = 2 

dx r(2x + 3)dx „ , ,, f (2x + l) + 2 



J x-1 J 

= ^//|x-l| + [ 



(x 2 + x + l) 
(2x + l)dx 



(x +X + 1) 



+ 



A 



? 7|x-l|+[ , 

1 ' J (x 2 + x + l) 

dx 



dx 



?^|x-l| + ^77|x 2 +x + l| + 2[ 



(x +X + 1) 
dx 



1 



(*+%)+( 



V3/ 
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I 9 i 1 x+ 7? 

It) \(x-Y)(x + x + l) +2 arcrg — A^ + c 



'^/ 



^ 



* I, ,w 2 ,J 4^3 2x + l 

= £77(x-l)(x + x + l) + arcrg — ;^ + c 

1 ! 3 V3 

_ _ px-x+2x-x + 2 7 
7.30.- — dx 

J (x-l)(x 2 + 2) 2 

Solucion.- 

rx 4 -x 3 +2x 2 -x + 2 



Adx p (Bx + C)dx r (Dx + E)dx 



p ^«x p 



(x 2 +2) 



Bx + C Dx + E 

" + - + ~, ~ 



+ 



(x 2 + 2) 2 



(*) , luego: 



J (x-l)(x 2 + 2) 2 
x -x +2x -x + 2 

(x-l)(x 2 +2) 2 x-1 " (x 2 + 2) " (x 2 +2) 2 

x 4 -x 3 +2x 2 -x + 2 = A(x 2 + 2) 2 + (Bx + C)(x-l)(x 2 + 2) + (Dx+£)(x-l) 
= A(x 4 + 4x 2 + 4) + (Bx + C)(x 3 + 2x-x 2 -2) + Dx 2 -Dx + £x-£ 
= Ax 4 + 4 Ax 2 + 4 A + Sx 4 + 2Sx 2 - Bx 3 - 2Sx + Cx 3 + 2Cx - Cx 2 - 2C 

=>+Dx 2 -Dx + £x-£ 

= (A + B)x 4 + (C - B)x 3 +(4A-C + 2B + D)x 2 + (-2B + 2C - D + E)x + (4A-2C- E) 
Igualando coeficientes, se tiene: 
f A+ B =1 A 



- B+ C 
4A+2B- C+ D 

-2B+2C- D+ E 
4A -2C - E 



-1 



;. A = y^,B = y 3 ,C = -Y 3 ,D = -\,E = 



(*) 



1 r dx 



f — +f 

J x-1 J 



2/r-l/ 



)dx 



3 J x-l J (x 2 + 2) 
1 r dx 1 
3 J x-l 3 J (. 



-I 



xdx 



(x 2 + 2) 2 



2xdx 



r dx 1 <• 2x<ix 1 r dx 1 p 2xc 
•'^ : l + 3-'(x 2 + 2) _ 3-'(x 2 + 2) _ 2-'(x 2 + 



(x +2Y 



l,i ,i 1 „ I 2 „| V2 x 1 1 

— zn\x-l\ + — ln\x +2 shots— j=-\ z \-c 

3 ' ' 3 ■ '6 V2 2x 2 + 2 

1 . I. ... 2 „J v2 X 1 

— £77 (X-1)(X +2) SHOTS— j=-\ z hC 

3 ' '6 %/2 2(x 2 + 2) 



J x +x -x-1 



Solucion.- 
p 2x 2 -7x-l 
J x 3 +x 2 -x- 



-6?X = 
1 J 



2x 2 -7x-l 



(x-l)(x + l) 2 



■dx 



(• Adx (• Bdx p 



Cdx 



(x + 1) J (x + iy 



(*), luego: 
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2x 2 -7x-l 



A B 

■ + + - 



C 



(x 3 +x 2 -x-l) x-l (x + l) (x + l) 2 
2x 2 -7x-l = A(x + l) 2 + B(x-l)(x + l) + C(x-l) 



x = -1 => 8 = -2C => C = -4 
x =1 => -6 = 4A => A = - 3 / 



X : 



0^-l = A-S-C^fi = 7 / 



(*) 



3 r dx 7 r dx 



r ax i r ax , r 

+ - 4 

J x-1 2 J x + l J 



Jx 



(x + l) 2 



3 , , 7 i i 4 
— ^n bc-1 + — £/7 jc + 1 + + c 

2 ' ' 2 ' ' x+l 



2 



(x + l) 7 



(x-l)" 



4 

4 + C 



x + l 



3x +3x + l 



-dx 



7.32.- f- 

J x 3 +2x 2 +2x + l 

Solucion.- 

3x 2 + 3x + l , r (3x 2 + 3x + \)dx 



-dx = 
1 J 



(x + l)(x +X + 1) 



A Bx + C 

- + - 



J x 3 +2x 2 +2x + 

3x 2 +3x + l 
(x + l)(x 2 +x + l) x + l (x 2 + x + l) 
3x 2 +3x + l = A(x 2 + x + l) + (Bx + C)(x + l) 

'x = -l=>A = l 
.-.< x=0^1 = A + C^C = 

x = 1^7 = 3A + (B + C)(2)^/i = 2 

dx r 2xdx „ , . „, . r(2x + l)-l 



Adx f (Sx + C)<ix 

(x 2 +x + l) 



C Aax r 

J x+I + -l 



(*) , luego: 



J x + l J 

= £?7|x + l| + j 



(x 2 +x + l) 
(2x + l)dx 



^Ix + ll+f , 

1 ' J (x 2 + x + l) 



dx 



-I; 



dx 



(x 2 +x + l) J (x 2 + x + l) 



?^|x + l| + ^77|x 2 + x + l|- [ 



!rj\x + l\ + £r/ x 2 + x + l - 



dx 



(x 2 + x + )/) + (^3/) 2 
1 x+ 1 



^/ 



^arcrg 



^/ 



+ c 



, i, 1N , 2 ,J 2V3 2x + l 

:tj\(x + 1)(x +x + l) arcrg — t^ + c 



s 



7.33.- J 



x +7x -5x + 5 



(x-l) 2 (x + l) 2 



■Jx 



Solucion. 
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■x + 7x -5jc+5 



Adx 



Bdx 



Cdx 



Ddx 



Edx 



r ™x r dcix r cax r u ax r rsax _ s . 

4x= + - + + -+ (*), luego: 

J x-1 J (x-1) 2 J (x + 1) J (x + 1) 2 J (x + 1) 3 



- + - 



B 



(*-l) 

C 

- + + 



(x + 1) 



- + - 



(x + 1) 2 
E 



i (x-ir x+i (x+ir (x+ir 



J (x-i) 2 (x+ir 

x +7x -5x + 5 
(x-l) 2 (x + l) 3 
x 3 +7x 2 -5x + 5 = A(x-l)(x + l) 3 + B(x + 1) 3 + C(x-l) 2 (x + l) 2 
^+D(x-l) 2 (x + l) + £(x-l) 2 
= Ax 4 + 2Ax 3 -2Ax-A + Bx 3 +3Bx 2 +3Bx + B + Cx 4 -2Cx 2 + C 

=> +Dx 3 -Dx 2 -Dx + D + Ex 2 -2Ex + E 
= (A + C)x 4 + (2A + B + D)x 3 +(3B-2C-D + E)x 2 
^+(-2A + 3B-D-2E)x + (-A + B + C + D + E) 
Igualando coeficientes, se tiene: 
A +C =0^ 

2A + B +D =1 

+ 3B-2C- D+ E= 1 :.A = (IB = IX = 0.D = 0.E = 4 
-2A +3B -D-2E = -5 

- A + B + C+ D+ E= 2 



dx 



J rv-n 2 J 



Jx 



1 



(x-ir 



(x + l) 3 



x-1 (x + 1) 2 



-+C = 



x -4x-l 



(x-l)(x + l) 2 



- + c 



7.34.- J 



2x<ix 



(x 2 + x + l) 2 
Solucion.- 
r 2xdx f(Ax + S)<ix r(Cx + D)<ix 

J(x 2 + x + l) 2 ~J x 2 + x + l + J(x 2 + 



2x 



x +x- 

Ax + S 

- + - 



(x z +x+ir 

Cx + D 



(*) , luego: 



(x 2 +x + l) 2 x 2 +x + l (x 2 +x + l) 2 
2x = (Ax + S)(x 2 + x + 1) + Cx + D => 2x = Ax 3 + Ax 2 + Ax + Sx 2 + Bx + B + Cx + D 
= Ax 3 + (A + B)x 2 + (A + B + C)x + B + D , igualando coeficientes se tiene: 
^A = 0^ 

A + B = 

A + S +C =2 
+ D = y 
.•.A = 0,B = 0,C = 2,D = 
2xdx 



(*) = (" — ^^ — , de donde el metodo sugerido pierde aplicabilidad; tal como se 

J (x +X + 1) 

habia planteado la tecnica trabajada debe ser sustituida por otra: 
C 2xdx _ (• (2x + l)dx r dx 

J(x 2 + x + l)~-'i 



-I; 



(x 2 +x + l) J (x 2 + x + l) 2 
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I 



(2x + l)dx 16 
(x 2 + x + l) 9 



! 



dx 



/> + X> 



-(**) 



+1 



sea:M= V,-(x + X)>dx= /2 du, entonces: 
1 16 V3 r du 



I; 



(**) — - 

x 2 +x + l 9 2 J (w 2 + 1) 2 

trigonometricamente: 

1 Syf3rsec 2 0d0 



trabajando la integral sustituyendo 



x +x + l 9 J sec 9 



,yac\ue\u = Tg0,du = sec OdO 



1 



8a/3 



x +x + l 9 



1 1 u 

— arcrgu-\ z 

2 2(w 2 +l) 



1 



8^3 



2_ 
73' 



arc rg -j= (x + jZ) + 






arcrg—j=(x+ %,) + 



1/ 



x +x+l 9 

1 8^3 

x 2 + x + l 9 

1 4^ 2,/S 

x 2 + x + l 9 %/3 /2 9 




+ c 



2 "V3" V ' /2 " V3| 4/(x + ^/) 2 +l 



+ c 



(*+ y n ) 



i/ 



4/(x + / l/) 2 +l 



+ c 



7.35.- j 



Solucion. 

•x + 2x + 3 



x +2x+3 



-dx 



x -x 



fX +ZX+J, f 

J — II — dx= J 



x -x 



x +2x+3 
x(x-l)(x + l) 



Adx r Bdx 



Cdx 



<&= I + I - — -+ I - — - (*) , luego 

J x J (x-1) J (x + 1) 



x 2 +2x + 3 A B C 

- + + - 



x(x-l)(x + l) x (x-1) (x + 1) 

x 2 + 2x + 3 = A(x-l)(x + l) + Sx(x + l) + Cx(x-l) 

x = => 3 = -A => A = -3 
.\«*=-l=>2 = 2C=>C = l 

x = l=>6 = 2B=>B = 3 

(*) = -3f^ + 3f^^+ f^^ = _3^U + 3^| x _i| + ^| x + i| + c 
J x J (x-1) J (x + 1) M 'I I 'I I 

(x-l) 3 (x + l) 

+ c 
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(2x 2 -3x + 5)dx 
(x + 2)(x-l)(x-3) 
Solucion. - 



7.36.- J 



Adx 



Bdx 



r "-ax r oax r 
dx= + + 



Cdx 



(x + 2) J (x-1) J (x-3) 

ABC 

- + + - 



(*) , luego: 



C 2x -3x + 5 
•'(x + 2)(x-l)(x-3) 

2x -3x + 5 
(x + 2)(x-l)(x-3) x + 2 ' x-1 ' x-3 
2x 2 -3x + 5 = A(x-l)(x-3) + B(x + 2)(x-3) + C(x + 2)(x-l) 

x = 1 => 4 = -6B => 5 = - 2^ 
.-. J x=3^14 = 10C^C = 7 / 
= -2^19 = 15A: 



'5 



, x 19 r dx 

(*)=TT - 



15 J x + 2 



2 r dx 7r 



15 



19 i i 2 | i 7 , , 
— £n\x + 2\ — £n\x — l\ + —£n\x — 3\ + c 

3 1 c * o * ^ * 

15 3 5 



7.37- J- 



3x +x-2 



(x-l)(x 2 + l) 
Solucion. 

3x +x-2 



■dx 



r 3x +x-z , r "-ax r 

9 dx= + 

J (x-l)(x 2 + l) J (x-1) J 



(Bx + C)dx 
(X 2 +1) 



A Bx + C 

- + - 



(x-l)(x 2 + l) 
3x +x-2 
(x-l)(x 2 +l) x-1 ' x 2 + l 
3x 2 + x-2 = A(x 2 +l) + (Bx + C)(x-l) 

'x = l=>2 = 2A=>A = l 
:.<x=0=>-2 = A-C=>C = 3 

x = 2^12 = 5A + 2S + C^B = 2 

■ (2x + 3)dx r dx r 2xdx 



(*) , luego: 



. r dx ri 



x 2 + l 



r ax r zxcx „ r 

: + -5 + 3 

J x-1 J x 2 + 1 J 



dx 

x 2 +l 



? rj\x-l\ + lrj x 2 +1 +3arcrgx + c = ^77 (x-l)(x 2 + 1) +3arcrgx + c 



7.38.- f 

J x 

Solucion. 

(x + 5)dx 



(x + 5)dx 



- 3x + 2 



r t,x + 3;ax _ <• ^ 

J r — ^ r + 9 J fr- 



(x + 5)dx 



Adx 



BJx 



Cdx 



r /iax r /jcx f cax , . , 

7 77 + 7 77T+ 7 ^7 (*) > lue 9° 

J (x-1) J (x-1) 2 J (x + 2) 



3x + 2 J (x-l) z (x + 2) J (x-1) J (x-l) z J (x + 2) 



x + 5 



- + - 



B 



- + - 



C 



x 3 -3x + 2 x-1 (x-1) 2 (x + 2) 

x + 5 = A(x-l)(x + 2) + S(x + 2) + C(x-l) 2 
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• <l 



-l^6 = 3B^B = 2 

-2^3 = 9C^C = V 



x = 0- 



(*) 



-2A + B + C 

dx 



1 f dx _r dx lr 

3 J (x-l) J (x-1) 2 3 J 



- 1/ 
73 

dx 



(x + 2) 



,,21, , 

In be — 1 \--in\x + 2\ + c 

1 ' x-1 3 ' ' 



-^77 



x + 2 



x-1 



x-1 



- + c 



.39.- f -^ 

J (x + 



2x +3x +x-l 



■l)(x 2 + 2x + 2) 2 



dx 



Solucion.- 

C (2x 3 + 3x 2 + x - l)dx 

■> (x + l)(x 2 +2x + 2) 2 

2x +3x +x-l _ 

(x + l)(x 2 +2x + 2) 2 ~ 



(Bx + C)<ix r (Dx + E)dx 



- + 



(• Adx (• 

•'l+T + -'(x z + 2x + 2) 

A Bx + C Dx + E 

-+ z + - 



(x 2 + 2x + 2) 2 



(*) , luego: 



x + 1 (x 2 + 2x + 2) (x 2 + 2x + 2) 2 



2x 3 +3x 2 + x-l = A(x 2 +2x + 2) 2 + (Bx + C)(x 2 + 2x + 2)(x + l) + (Dx + £)(x + l) 
= Ax 4 + 4Ax 3 + 8Ax 2 + 8 Ax + A A + Bx 4 + 3Sx 3 + 4Sx 2 + 2Sx + Cx 3 + 3Cx 2 + 4Cx 

=^> +2C + Dx 2 + Dx + £x + E 

= (A + S)x 4 + (4A + 3B + C)x 3 + (+8 A + AB + 3C + D)x 2 

^+(8A + 2B + 4C + D + £)x + (4A + 2C + £) 

Igualando coeficientes, se tiene: 

f A + B = A 

4A + 3B + C =2 

8A +4S +3C +D =3 .\ A = ■ \,B = \.C = 3,D = 2.E= 3 

8A +2S +4C + D + £ = 1 

4A +2C +E=-l 



(*)=- 

= -^77 

= -^77 
= -£n 



f— +f 

J x + 1 J 



(x + 3)dx 



(2x + 3)dx 



x-1 + 



x-1 + 



II 
If 



(x 2 +2x + 2) J (x 2 +2x + 2) 2 
(2x + 6)dx _j-(2x + 2) + ldx 

(x 2 +2x + 2) 2 
(2x + 2) + 4, r (2x + 2)dx 



x-l| + if , 

1 2 J (x 2 + 2x + 2) 



2 J (x 2 + 2x + 2) 
(2x + 2)dx 



dx- 



2 J 



(x 2 +2x + 2) 2 
dx 



-J 



dx 



2 J (x z + 2x + 2) J (x+2x + 2) 

-.1 1 /, 1 2 ^ „i „f dx J 

x-l\ + -£n x 2 +2x + 2+2 + - 

1 2 ' ' J (x + 1) 2 +1 2 



-I 



(x 2 + 2x + 2) 2 
(2x + 2)dx 



(x 2 + 2x + 2) 2 



-J 



dx 



(x 2 + 2x + 2) 2 



1 



2x z + 2x + 2 



-J 



dx 



[(x + l) 2 +l] 
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■ + 



itl 



I I 1 I 2 I 

7 .n\x — l\ + —£n\x + 2x + 2 +2arcz'#(x+l) 

1 ' 2 ' ' 

1 



1 



1 x + 1 



]_ 

2x 2 +2x + 2 2x 2 +2x + 2 2 

Vx 2 +2x + 2 



arcrg(x + l) + c 



x + 1 



3 1 x 
+ — arcrg(x + l) 

2 2x 2 +2x + 2 



+ c 



.40.- f-^ 

J x + 



(2x 2 + 3x-l)dx 

2x 2 +4x + 2 



Solucion.- 
(2x 2 + 3x-l)dx 

2x 2 +4x + 2 



f Kfx 

Jx 3 + 



(2x 2 +3x-l) 



(2x 2 + 3x — l)dx 

(x + l)(x 2 + 2x + 2) 
A (fix + C) 



r Adx 



(Bx + C)dx 



(x + 1) J (x z + 2x + 2) 



(*) , luego: 



- + - 



(x + l)(x 2 +2x + 2) (x + 1) (x 2 + 2x + 2) 
2x 2 +3x-l = A(x 2 +2x + 2) + (Bx + C)(x + l) 
x = -1 => -2 = A => A = -2 
x=0^-l = 2A + C^C = 3 
x = 1^4 = 5A + (B + C)(2)^B = 4 



■ • S 



dx 



(*)=-2f-^ + f 

J rr + n J 



(4x + 3)Jx 

(x + 1) J x 2 + 2x + 2 

(2x + 2)dx 



-2^|x + l| + 2J" 



A 



-2^7|x + l| + 2[ 
dx 



(2x + 2)-l 
x 2 +2x + 2" 



dx 



x +2x + 2 J x +2x + 2 
2^7|x + l| + 2^7|x 2 + 2x + 2|-2arcrg(x + l) + c 
(2x + l)dx 



7.41 .-J 



3x +2x-l 
Solucion.- 
r (2x + l)Jx 



W 



(2x + l)Jx 



(x-l)(3x 2 + 3x + l) 
A (Bx + C) 



- + - 



■• 3x 3 -2x- 
(2x + l) 
(3x 3 -2x-l) (x-1) " (3x 2 +3x + l) 
2x + l = A(3x 2 + 3x + l) + (Sx + C)(x-l) 
: 1 => 3 = 7 A => A = 3/ 



r Adx 
J ! 



(Bx + C)dx 



(x-1) J (3x 2 +3x + l) 



(*) , luego: 



X : 

X=0=»b 

x = -l=> 



. . 3 r dx lr 
7 J (x-l) 7 J 



'1 



A-C 

/ i 

l = A + (-fi + C)(-2)=>fi 

(9x + 4)Jx 3 



3x 2 +3x + l 7 



i g . (6x + 3- %)<^ x 

1' II / j 

•i | — ^^— I - 



7 6 J 3x 2 +3x + l 
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3 r (6x + 3)dx 



7 ' ' 14 J 3x 2 +3x + 



1 14 J 



dx 



3x 2 + 3x + l 
lr dx 



= -lri\x-l\- — lri\3x 2 +3x + l\+ , 
7 " ' 14 'I I 14J3(x + )/) 2 + ) 

= -^|x-l|- — ^|3x 2 +3x + l| + -f ^-. 

7 " ' 14 'I I 7Jl2(x+l/) 2 +l 



4 



to /a 

-^nlx-ll ^77|3x 2 +3x + l| + — arcr < p2V3(x+ %,) + c 

1 n ' 14 '! I 21 /2 



.42.- f JL 



x 4 -2x 2 +3x + 4 



-dx 



(x-l) 3 (x 2 + 2x + 2) 
Solucion.- 

4 -2x 2 +3x + 4 , r Adx 



J fr- 



(x-l) 3 (x 2 + 2x + 2) 
x 4 -2x 2 +3x + 4 



r AJx p Bdx p Cdx f 

-dx= + T +\ r-+ 

J (x-1) J (x-1) 2 J (x-1) 3 J 



(Dx + E)dx 

(x 2 + 2x + 2) 



(*) , luego: 



- + - 



B 



- + - 



C 



- + - 



Dx + E 



(x-l) 3 (x 2 + 2x + 2) (x-1) (x-1) 2 (x-1) 3 (x 2 + 2x + 2) 

x 4 -2x 2 + 3x + 4 = A(x-l) 2 (x 2 + 2x + 2) + B(x-l)(x 2 + 2x + 2) 

=> +C(x 2 + 2x + 2) + (Dx + E)(x - 1) 3 

x 4 -2x 2 + 3x + 4 = A(x 2 -2x + l)(x 2 + 2x+2) + B(x 3 + 2x 2 + 2x-x 2 -2x-2) 

=> +C(x 2 + 2x + 2) + (Dx + £)(x 3 - 3x 2 + 3x - 1) 

x' 



4 -2x 2 + 3x + 4 = Ax 4 -Ax 2 -2Ax + 2A + Bx 3 + Bx 2 -2B + Cx 2 + 2Cx + 2C 



=> +Dx 4 - 3Dx 3 + 3Dx 2 - Dx + £x 3 - 3£x 2 + 3Ex - E 

x 4 -2x 2 + 3x + 4 = (A + D)x 4 + (B-3D + E)x 3 + (-A + B + C + 3D-3E)x 2 
^+(-2A + 2C-D + 3E)x + (-2A-2B + 2C-E) 
Igualando coeficientes se tiene: 

A +D 1 A 

B -3D + E = 

- A +5 + C +3D -3£ =-2 

-2A +2C -D +3£ = 3 

2A -2B +2C -E =4, 



. A = 106/ B = 9/ C = 6/ D = 19/ £ = 102/ 
/125' /25' c /5' /125' /125 



(*) 



106 f dx 



9 -r- 



dx 



- + - 



dx 



- + ■ 



1 f (19x + 102)Jx 



125 J x + l 25 J (x-l) 2 5 J (x-l) 3 125 J (x 2 + 2x + 2) 

1 



■— £ U-1I + - 
125 7 '* l+ 25x-l " 5(-2)(x-l) 2 ' 125 J (x 2 + 2x + 2) 



1 6 

- + ■ 



19 .(x + 10 2/ Q )ck 

+ - '' 

19S J 
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106. i t , 9 3 19 f (2x + 2) + 8jf 

£n\x-l\ + z- + — z 

125 ' ' 25(x-l) 5(x-l) 2 250 J (x 2 + 2x + 2) 



dx 



106^ i t , | 9 

125 7|X l+ 25(x-l) 5(x-l) 2 250 



3 19 „ i 2 „ „i y$ 166 f 

+ ^?7x 2 + 2x + 2+- -pr - 



dx 



106^ i x , | 9 

125 ^ ' + 25(x-l) 5(x-l) 2 250 

106^ i x , | 9 

125 V \ X l+ 25(x-l) 5(x-lr 250 



250>^ J (x 2 + 2x + l) + l 
3 19 . i , „ „, 166 r dx 



j iy „ i 2 ^ _i loo r 

T + ^nx 2 + 2x + 2+ - 

-l) 2 250 ' ' 250 J (x + l) 2 +l 

3 19 , i 2 „ „i 166 , ^ 

rH £n\x + 2x + 2M arcr£(x + l) + c 

- ' ,c " " I 250 



7.43.- \^j- 
J e 2t +3e'+: 



Solucion. 



-; = (*), Sea:u - e +l,du = e dt;e +2- u + \ 

i e 2 '+3e'+2 J (e' + T 



Luego: 



(*)J 



du 



(u + l)u J (u + \) 



(e'+2)(e t + 2) 



r Adu r Bdu , . 
+ (**) 



1 



+ — =^> 1 = Am + B(u + 1) 



(u + l)w (m + 1) w 

f M = 0^1 = B^B = l 
'"1 M =-1=>1 = -A=>A = -1 



+ 



(**) =-f — — +f 

= ^77 



(m + 1) j u 

e'+l 



' ?] \u + ll + 1 T] \u\ + c = -£ T] \e + 2 + 1 ?] \e + 1 + c 



e'+2 



7.44.- f 



+ c 
sen OdO 



cos 2 + cos # - 2 
Solucion. - 
r senOdO r sen OdO 



cos 2 + cos 0-2 J (cos 6> + 2)(cos 0-1) 



(*), 



Sea:M = cos -I, du = -sen0d0,cos0 + 2 = u + 3 
Luego: 
C -Jm „ f ^ m _ f ^ M f ^ M 
1 (u + 3)u 1 u(u + 3) ■* m •'m + 3 



1 



— + => 1 = A(u + 3) + Bu 



u(u + 3) u u + 3 

m=-3=>1 = -3B^B = - 1/ 
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. 1 rdu 1 r du 1 . I I 1 . I , 

(**) = — — + - = — ln\u\ + -l?]\u + 3\ + c 

3 J u 3 J + 3) 3 ' ' 3 ' ' 

= — ^n|cos^-l| + -^?7|cos^ + 2| + c ! Como:|cos#| < 1, se tiene: 

3 ' ' 3 ' ' ' ' 



1 n h /,i 1„ u /ii l „ 2 + cos# 

= — -t 77 1 - cos o' + — « 77 2 + cos fc/ + c = — £ n 

3 ' ' 3 ' ' 3 l-cos# 

-, >. r r4x 4 -2x 3 -x 2 + 3x + l , 
7.45.- = ; dx 

J (x 3 +x 2 -x-l) 

Solution. - 

r 4x 4 -2x 3 -x 2 +3x + l , r f . „ 9x 2 +x-5 
, 3 ? — ^/x= 4x-6 + 



+ c 



(x +x -x-1) 



3.2 i 

x +x -x-1 



dx 



= f4Jx-[6Jx + f (9 3 x2+ r 5¥x = 2x 2 -6x + f 
J J J x+x-x-l J 

Trabajando solo la integral resultante: 
(9x + x-5)dx r(9x + x-5)dx 



(9x 2 + x-5)Jx 



3,2 -i 

x +x -x-1 



(*) 



I 



3 2 

x +x -x- 



3X _ (• 



r A<ix p Bdx 

+ - + 

J rr + n J 



(x + l) z (x-l) J (x + 1) J (x + 1) 2 J (x-1) 



r Cdx , . 

J - — - (**) , luego: 



(9x 2 + x-5) 



- + - 



B 



- + - 



C 



(x 3 +x 2 -x-l) (x + 1) (x + 1) 2 x-1 

= 9x 2 +x-5 = A(x + l)(x-l) + B(x-l) + C(x + l) 2 

x=-l^>3 = -2S^>S = -% 

x = 0^-5 = -A-S + C^A = 31/ 



, . 31 r dx 3 r 
(**) = _ 

4 J (x + l) 2 J 



dx 



- + - 



dx 



(• ax 



(x + ir 4 J (x-l) 4 
5 



31 „ | ,, 3 

7] X + 1 + 



- + - 



2(x + l) 4 



?7 x-ll + c 



9 31 , , 3 

(*) =2x -6x + — £n x + 1 + + - 

4 ' ' 2(x + l) 4 



7 x-1 +c 



7.46.- J 



3x dx 



(x 2 + l) 2 



Solution. - 
r 3x 4 dx 



3x dx 



(x 2 +l) 2 



(x 4 + 2x 2 + l) 



3 f 



2x 2 +l 
(x 2 +l) 2 



2x 2 +l 



dX = 3 [ dX - 3 ; r- dx 



(x 2 +l) 2 



3x-3J 



2X +1 A t N 

— 5 r^x (*) 

(^ 2 +D 2 



Trabajando solo la integral resultante: 

f (2x 2 + l)dx r(Ax + B)dx r(Cx + D)dx 



(x 2 + l) 2 



(*+D 



■ + 



(x 2 + l) 2 



(**) , luego: 
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(2x 2 +l) Ax + B Cx + D 



+ - 



^2x 2 +l = (Ax + fi)(x z + l) + Cx + D 



(x 2 +l) 2 (x 2 + l) (x 2 +l) 2 

=^> 2x 2 + 1 = Ax 3 + Ax + Bx 2 + B + Cx + D =^> 2x 2 + 1 = Ax 3 + Bx 2 + ( A + C)x + (S + D) 
Igualando coeficientes: A = 0,B = 2,A + C = 0^C = 0,B + D = 1^>D = -1 

, . _r Jx r dx . if 

(**) =2 L 2 « " 71 ,v2 =2arcrgx-- arcrgx + 
J (x + 1) J (x + 1) 2 V 



1 + x 2 



+ c 



= — arcrex r- 

2 2(1 + x 2 ) 



+ c 



^ * 9 * 
(*) =3x — arcrex r- 

2 2(l + x 2 ) 



+ c 



(2x 2 + 41x-91)Jx 
x -2x -llx + 12 



7.47.- J 

Solucion.- 
(2x 2 + 41x-91)rfx f (2x 2 +41x-91)rfx 



J r — 



fiff_ 
J fr-1 



x-2x -llx + 12 J (x-l)(x + 3)(x-4) 
(2x +41x-91)Jx r AJx r 6Jx r Cdx 



j-^ZX 



(x-l)(x + 3)(x-4) 
(2x 2 +41x-91) 



+ + (*) 

J x-1 J x + 3 J x-4 



ABC 

- + + - 



(x-l)(x + 3)(x-4) x-1 x + 3 x-4 

(2x 2 +41x-91) = A(x + 3)(x-4) + B(x-l)(x-4) + C(x-l)(x + 3) 

'x = -3=> 18-123-91 = SH)(-7)=>fi = -7 
.-. < x =4 => 32 + 164-91 = C(3)(7) => C = 5 

x = l=> 2 + 41-91 = A(4)(-3)=>A = 4 

(*)=4f— 7f_^_ + 5f_^_ = 4^| JC _i|_7^| JC+ 3| + 5^| je _4| + c 

JCr-n J fr + T> J fv-^Tl 'II 'II 'II 



(x-1) J (x + 3) 
(x-l) 4 (x-4) 5 



(x-4) 



+ c 



(x + 3) 7 

(2x +3x -x—\)dx 

(x-l)(x 2 + 2x + 2) 2 
Solucion.- 

2x 4 + 3x 3 -x-l , r Adx 



7.48.- j 

S 

I 



(x-l)(x 2 + 2x + 2) 
2x 4 +3x 2 -x-l 



r aox r 

^?x= + ■ 



(Bx + C)dx f (Dx + E)dx 



- + 



(x-1) J (x 2 + 2x + 2) J (x z + 2x + 2r 
A Bx + C Dx + £ 



(*) , luego: 



-+- 



- + - 



(x-l)(x 2 +2x + 2) 2 (x-1) (x 2 +2x + 2) (x 2 + 2x + 2) 2 
2x 4 + 3x 3 - x - 1 = A(x 2 + 2x + 2) 2 + (fix + C)(x - l)(x 2 + 2x + 2) + (Dx + E)(x - 1) 
2x 4 +3x 3 -x-l = A(x 4 + 4x 2 + 4 + 4x 3 + 4x 2 + 8x) + fi(x 4 + 2x 3 +2x 2 -x 3 -2x 2 -2x) 
=> +C(x 3 + 2x 2 + 2x - x 2 - 2x - 2) + D(x 2 - x) + E(x - 1) 
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2x 4 +3x 3 -x-l = (A + B)x 4 + (4A + B + C)x 3 + (8A + C + D)x 2 
=> +(8A-25 - D + E)x + (4A-2C - E) 
Igualando coeficientes se tiene: 

A + B = 2 A 

4A + B + C =3 

8A + C +D = 

8A -25 -£> + £ = -l 

AA -2C -E=-\ 



. 4-3/ r-47/ r-16/ D 



8/ £ - 1/ 

/5' c "/5 



(*) 



25 



(• Jx 

J X^T 



1 f (47x + 16)dx 1 r (8x-l)dx 



+ — 



25 J (x 2 +2x + 2) 5 J (x 2 +2x + 2) 



I; 



25 



47 f (* + 1 % 7 )d* 8 r ( x_ V Q )dx 



"77X-1 + " ' ° 



25 J (x 2 +2x + 2) 5 J (x 2 +2x + 2) 2 

_62/ , /-o r , o\_9/ 



3 47 (2x + 2)-0// 4 (2x + 2)-% 

—£n\x-l\ + — = / — ±J -dx — — r / —^dx 

>* ' ! ™ J (x 2 +2x + 2) 5 J (x 2 +2x + 2) 2 



i i t-/ r 

?77 x-1 + 



50' 



47 r (2x + 2)rfx 62 



OZ (• 



dx 



50 J (x 2 + 2x + 2) 50 J (x 2 +2x + 2) 



25 
_3_ 

25 

( 

5 J (x 2 + 2x + 2) 2 

— £n\x-l\ + — ^77|x 2 + 2x + 2|-— f- 

25 ' ' 50 ! ' 50 J (x + l) z + 



4f (2x + 2)dx 



4 (• t^ZX + Z^ 

+ 2) 5J(x 2 + 2x + 



dx 



dx 4 (• 



1 



(x 2 + 2x + 2) 



dx 



"f- 

5J [(x + l) 2 + lJ 



4 



o /IT /iO 

— ^77|x-l| + — ^rc|x 2 + 2x + 2| arcre(x + l) + ; 

25 ' ' 50 ' '50 5(x 2 +2x + 2) 



• + - 



1 ,ixl x + 1 

2 2x 2 +2x + 2 



+ c 



3,1 ,i 47 „ | 2 „ .17 , 1N 9x + 17 

: — in\x-l\-\ £n\x +2x + 2 arcrp(x + l)H = 

25 ' ' 50 ! '50 l0(x 2 +2x + 2) 



+ c 



7.49.- f 



dx 



e"+e x -2 
Solucion.- 

f ^ x _ f 

J e +e -2 J 



dx 



(«?*)+** -2 



J [<o 



dx 



2 , * , 1/ 

+ e + y 



-2-1/ 
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Luego: 



dx 



-(V) 2 



(*) , Sea: u = e x + y n ,du = e x dx => dx ■ 



du 



- 1/ 



du 



du 



Adu 



f w /2 _ f aw _ f AaM f ^ M f ^ M 

•V-( 3 /) 2 J (« - 1 /)Cm+ 3 /)(w - 3 /) ■'w- 1 / ■'(M + 3 /) Mm- 3 / 



/ 2 )(m + tOC" _ To) M_ /2 O + Yo) ("-tO 

A S C 

- + ■ 



(w - j/)(« + %)(" - %) ( M_ K) ( M + %) O - /?) 

1 = A(w + %(« - % - 50 - K)(h _ %) + C ( M _ X^ M + %} 

u = %=>1 = A(2)(-l) => A = - j^ 

u=~y 2 =>\ = S(-2)(-3) => S = j^ 

u = Y 2 =>l = C(l)(3) => C = 1/ 

(**) = r^ + - ^r^ + -\ 



Jm 



2 J ( M -1/) 6 J ( M + ^/) 3J0- 3 /) 



2 



'v\u-y 2 ) 



+ -erj\(u+ 3 / > ) 



1 



_ 3 A 2 



(h + ^)(h-^) 




+ c = —zri 
6 



cosx(l + cos x) 
Solucion.- 
r senxJx r -senxJx 



(e* + 2)(e*-l) 2 



+ c 



(e*) 3 



+ c = —tn 
6 



(e x + 2)(e x -l) 2 



+ c 



Jm 



AJw r (Sm + C)du 



c/\au t\-.. . 

U oil o^Oi U i V / 

J cosx(l + cos x) J cosx(l + cos x) J m(1 + w ) J u J (l + u ) 
Sea: w = cos x, rfw = - s e n xdx 
1 A (Bw + C) 



- + - 



=>l=A(l + w ) + (Sm + C)m 



w(l + W ) M (1 + W ) 

\ = A + Au+Bu+Cu^\ = {A + B)u+Cu + A 
Igualando Coeficientes se tiene: 

A + B = O^B = -A^B = -(1) => B = -1 

C = 0, 
A = l 



.'. < 



. cdu c uau .M. /: 
(*) =- — + r = -in«+^ VI + 

J M J 1 + W ' ' 



+ C = -I 7] COS X + I T] 



■sjl + (cos x) 2 



+ C 
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-y/l + (cos x) 2 



+ c 



cosx 



(2 + rg 2 0) sec 2 6d6 

Solucion.- 

(2 + Tg 2 0)sec 2 0d0 r(2 + u 2 )du 



7.51 .-J 

S 

I 



(2 + u 2 )du 



x+rg'e 



(l+u ) J (1+m)(m -w + 1) 



(*) 



Sea:w = tgd,du = -sec 2 Odd 

r (2 + u )du p A Jm r Sw + C 

^ — = + — r , luego: 

J (l + u 3 ) J (l + u) Uu 2 -u + l) 



(2 + u 2 ) 



A Bu + C 

- + - 



(l + u 3 ) (l + u) (u 2 -u + l) 

(2 + u 2 ) = Au 2 - Au + A + Bu +Bu + C + Cu 

(2 + u) = (A + B)u+(-A + B + C)u + A + C 

Igualando Coeficientes se tiene: 

f A+B =1 A 



(2 + u 2 ) = A(u 2 -u + l) + (Bu + C)(l + u) 



-A+B +C=0 

A +C = 2 



:.A = l,B = 0,C = l 



du 



du 



du 



, . r au r au r au r 

(*) = + -5 = + 

J l + u J u -w + 1 J l + u J 



du 



(«■ 



£, 



,r+( v %) 



\ u 

= 1?/|1 + m| + r ^ arcrg 



1/ 



s, 



,2 „ h i 2 2w-l 

r- f +c = £77 1 + w + — parcr? — ;^ + c 
73/ ' ' y/3 V3 



, h _, 2 (2rg0-l) 
.n\l + Tgt/\ + —j=arcTg p= he 

1 ' V3 ' V3 

(5x + 2)dx 



.52.- f-^ 

J r — 



x J -5x 2 +4x 
Solucion.- 



(5x +2)dx 



J T — 



(5x +2)dx 



5x + 4x J x(x-l)(x-4) 



(• Adx (• Bdx (• CJx 



(x-1) J (jf-4) 



(5x 3 +2) 



- + - 



B 



-+- 



C 



-, Luego: 



x(x-l)(x-4) x (x-l) (x-4) 

(5x 3 + 2) = A(x - l)(x - 4) + Bx(x - 4) + Cx(x - 1) 

Igualando Coeficientes se tiene: 
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x=l=>7 = -3£=>5 

x = 4^322 = 12C^C 



-7/ 



'3 
161/ 



(*) 



1 r dx 7 r dx 
2* x 3J x-l 

14 



dx 161 r dx 

- + - 



nlxl ^77 x-l + 

11 3 ' '6 



6 J x-4 
161 



x <ix 



6 

7.53.- f 

J (x 3 +l)(x 3 + 8) 

Solucion.- 



rj x-4 +c : 



./;|x|- 
6 



7 , 1 11 161 . 1 ,. 

— £77 x-1 H zn\x-4\ + c 

3 ' ' 6 ' ' 



x 3 (x-4) 161 



(x-l) 14 



+ c 



I 



x dx 



(x 3 +l)(x 3 + 8) 



J(x + 



x dx 



l)(x 2 - x + l)(x + 2)(x 2 - 2x + 4) 



r Adx 

J (x + 1) 

5 



Bdx 



J 7x7 



[•(Cx + D)dx 



(Ex + F)dx 



2 ,, +J V.T V '.Ts (*)■ lue g° : 



(x + 2) J (x -x + l) J (x-2x + 4) 

A S Cx + D Ex + F 



- + - 



- + - 



- + - 



(x 3 +l)(x 3 +8) (x + l) (x + 2) (x 2 -x + l) (x 2 -2x + 4) 



, luego: 



x 5 = A(x + 2)(x 2 - x + l)(x 2 - 2x + 4) + B(x + l)(x 2 - x + l)(x 2 - 2x + 4) 

=> +(Cx + D)(x + l)(x + 2)(x 2 - 2x + 4) + (Ex + F)(x + l)(x + l)(x 2 -x + l) 

x 5 =A(x 5 +8x 2 -x 4 -8x + x 3 +8) + B(x 5 -2x 4 + 4x 3 +x 2 -2x+4) 

=> +(Cx + D)(x 4 + 8x + x 3 + 8) + (Ex + F)(x 4 + 2x 3 + x + 2) 

x 5 =(A + B + C + E)x 5 +(-A-2B + C + D + 2E + F)x 4 + (A + 4B + D + 2F)x 3 

^+(8A + B + 8C + £)x 2 +(-8A-2B + 8C + 8D + 2£ + ,F)x + (8A + 4B + 8D + 2F) 



Igualando coeficientes se tiene: 



r 



A 
-A 

A 
8A 
8A 
8A 



+ B 
-2B 
+ 4B 
+ B 
-2B 
+ 4B 



+ C + E 

+ C + D +2E+ F 
+ D +2F 



-1 ^ 

-0 

--0 



+ 8C + E =0 

+8C +8D +2£ + F = 
+8D +2F=0 



.'.A: 



Xr fi 



8 / C 

721 ' c 



2/ D 



!/ E 
/21' £ 



16/ F 



.16/ 



'21 



1 r dx 8 r dx 1 r (2x- 
(*) = 1 - 

21 J x + l 21 J (x + 2) 21 J (x 2 - 



1 r (2x-l)dx 16 r (x-l)dx 



■ + 



f- 



(x 2 -x + l) 21 J (x-2x + 4) 



1 „ 1 ,1 8 „ 1 „. 1 „ 1 2 ,i 8 r(2x-2)dx 

— In x + l+ — £77 x + 2 ^77 x -x + l + — — r — 

21 ' ' 21 ' ' 21 ' I 21 J x 2 -2x + 4 
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1 I I 8 i ill, i 8 i , i 

— £n \x + l \ + — £n\x + 2\ £n\x -x + l\ £n\x -2x + 4\ + c 

21 ' ' 21 ' ' 21 ' I 21 ! ! 



21 



in 



[(x + 2)(x 2 -2x + 4)] 8 



(x + l)(x -x + 1) 



+ c 
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CAPITULO 8 



INTEGRACION DE FUNCIONES RACIONALES D SENO Y COSENO 

Existen funciones racionales que conllevan formas trigonometricas, reducibles por 
si a: seno y coseno. Lo conveniente en tales casos es usar las siguientes 

x 2dz — 
sustituciones: z = r#-, de donde:x = 2arcrezy dx = -. Es facil llegar a verificar 

2 1 + z 2 

r\ j 2 

que de lo anterior se consigue:senx = r y cosx = 

1 + z 1 + z 

EJERCICIOS DESARROLLADOS 

dx 



8.1.-Encontrar: [ 



2 - cos x 



Solucion.- La funcion racional con expresion trigonometrica es: , y su 

2 - cos x 

solucion se hace sencilla, usando sustituciones recomendadas, este es: 

x , 2dz l-z 2 
z = rg — ,x = 2aic rgz , dx = j , cos x = r- .'. 

2 \+z 1 + z 

2dz 2dz 



d x _f l + z 2 _f X^z 2 ^ _f 2Jz _ f 2dz 

3(z 2 +K) 



(• dx f 1 + z 2 f prz (• 2dz r 

J2-COSX J l-z 2 J 2 + 2z-l + z 2 J 3z 2 +l J; 



1 + Z 2 >K^ 



-[ . — =-V3arcrgA/3z + c, recordando que:z = rg-, se tiene: 

3 z 2 +(JK) 2 3 2 



— v 3 arc t g v 3rg — + c 



dx 

+ c 



Respuesta: [ — = -arcrgV3rg- 

J 2-cosx 3 2 

8.2.-Encontrar: [ 

J 2-senx 

Solucion.- Forma racional: 



2-senx 



x 2dz 2z 
sustituciones: z = Tg — ,x = 2 arc rgz ,dx = - j ,senx = ^ 



2 l + z 2 l + z' 

2dz 2dz 

f <& r i + z 2 r >kz^ r jjffe r & 

'2-senx ' 2 _J^_ ' 2 + 2z 2 -2z '/(l + z 2 -z) '(z 2 -z + l) 
1 + ^ 2 >k^ 
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Ahora bien:z 2 -z + l = (z 2 -z + j/j) + l- V^ 



V = (?- V) 2 + V 

7 a v*- /2' /4 

2z-l 



- ■ 3/ = (7 _l/ 
/4 u /2 



-K> !+ <^> 2 



r <ix 1 z /? 2 

\ 7 _lA2 + r V3A2 V3/ V3/ V3 V3, 

u 72' y /2' /2 /2 

^— + c ,recordandoque:z = r?-, se tiene: 

73 2 



- + c 



2rg%-l 

— — + c 



2V3 togjt-l 

= arc Tg -^ h c 

3 s V3 

Respuesta: [ — = arcrg ^ 

J 2-senx 3 ' V3 

8.3. 

Solucion 
sustituciones 



.. Encontrar: f " 

J 4-5cos6> 

i ■ - r- -. , 1 



on.- Forma racional: 

4-5cos£ 

2dz l-z 2 

= t- , COS X = z- 

1 + z 2 1 + z 2 



s#' 



. , 2dz 
z = rg — ,x = 2arc zgz , dx = r 

2 1 + z 



2dz 2dz 

r <Jx r i + z 2 _r >k1^ _r 2<fe _ r 2<fe 

"■>4-5cos0J ri- z 2 ^~J 4 + 4z 2 -5 + 5z 2 ~J 9z 2 -1 ~J 9(z 2 - V,) 

5 1^1 >K^ 

3z-l 



,) 



2 e dz 

"9 J z 2 -(l<) 2 "^/(K) 



1 z-X 

■* i7 

z + /3 



x 

+c=-£n 

3 



3z + l 
1 3rg%-l 



+ c 



3rg% + l 



Recordando que: z = rg — , se tiene: = -£7 

Respuesta: f = -^77 ^ — +c 

J4-5cos^ 3 3rg% + l 

8.4.-Encontrar: f 

J 3cos# + 4sen# 

Solucion.- usando las sustituciones recomendadas: 

2dz 2dz 

f ^ f 1 + z 2 f >^ 

J 3cos# + 4sen# J f 1 "^! 4 f 2 ^ 1 - 1 3-3z 2 +8z 



+ c 
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\ 



2dz 



I 



dz 



-3(z 2 -%z-l) 3-> z 2 -8/ z -l 



pero: 



z -%z~ l = (z 2 -% z + l %^- l - l % = (z ~V3 )2 ~ (5 A )2 Jueg0: 



dz 



, , ^7 — , sea: w = z-yC ,dw = dz ; de donde: 



2 1 



32 %> 



•-4/_5/ 



7 _4/ + 5/ 
z /3V3 



+ C = £77 

5 



3z-9 



3z + l 



+ c , como: z = rg <% , se tiene: 



5 



3rg%-9 



3rg0/ 2 + l 
Respuesta: f 



+ c 



rf# 



8.5.-Encontrar: [ 



3 cos 6 + 4 s e n # 
d6 



> V 



3rg%-9 



3rg% + \ 



+ c 



3 + 2cos# + 2sen# 
Solucion.- usando las sustituciones recomendadas: 

2dz 
f rf6> f l±z! f_ 



3 + 2cos6> + 2sen6> 



2dz 

l + z 2 



3 + 2 



2<fe 



I 



l + z 2 
2rfz 



+ 2 



2z 
l + z 2 



„ 2-2z 2 4z 

3 + ^ + r 

l + z 2 l + z 2 



I; 



2Jz 



Como: z = rg@A,se tiene: = larcrgirg % + 2) + c 
Respuesta: (" = 2arcre(r < e<% + 2) + c 



3 + 3z 2 + 2-2z 2 +4z J z 2 + 4z + 5 J (z + 2) 2 + l 



2arcrg(z + 2) + c 



8.6.-Encontrar: [ 



3 + 2cos<9 + 2sen6> 



Tg0-sen0 

Solucion.- Antes de hacer las sustituciones recomendadas, se buscara la 
equivalencia correspondiente a zgO 

2z 

rg# = = ^ —. = T , procedase ahora como antes: 

cos<9 1-z 1-z 



X^ 
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dx 

Tgd-send 



2dz 

1 + z 2 

l-z 2+ l + z 2 



I 



2Jz 



I" 



2(1- z 2 )rfz 



2z(l + z 2 )-2z(l-z 2 ) J X + 2z 3 ^2f + 2z 3 



I 



(2-2z 2 )Jz 1 f _ 3J 1 f dz 1 1 

r = — Z «Z = T 

\z 2 J 2 J z 4z 2 2 



r/\z\ + c 



Como: z = rg % , se tiene: = — (cots %) 

/2 4 /2 2 

Respuesta: f = — (corg 2 &/,)-- In 

J Tgd-send 4 /2 2 ' 



rg 



0/ 



^% 



+ c 



+ c 



8.7.-Encontrar: [ 



dx 



2+senx 
Solucion.- usando las sustituciones recomendadas: 

2dz_ 2dz 

dx r 1 + 7 2 r U^ r dz 



f a* _ f 1 + z 2 _ f \*^ _ f «z _ (• 
J2 + senx J„. 2z J2 + 2z 2 +2z Jz 2 +z + l J 



dz 



2 + 



2z 
1 + z 2 



r 2<fe 



2 + 2z 2 +2z 

i (z+K) 



(z 2 +z + X) + % 



(- i l r +(^/) 2 'v3/ 



arc rg - 



,2' 2 2z + l 

' 7 +c = — i=arcrg — ;^ + c 

V3/ V3 V3 



2rg% + l 



Como: z = rg %, se tiene: = —== arc rg ,- 

/2 V3 ' V3 

dx 



+ c 



Respuesta: [ 

J 2 + sen 

8.8.-Encontrar: I- 



2 2rg%+l 

— = —j= arc rg ^ h c 

x V3 V3 

cos xdx 



I + COS X 

Solucion. -usando las sustituciones recomendadas: 



l-z 2 Y 2dz 



cos xdx 



r cosxax _ r 
■* 1 + cosx ■* 



1 + z^ 



1 + z^ 



1-z 

1 + z 2 



2V 2* N 



1 + 



1-z 2 



J 1+^ + 1 



1>^ + 1^ 

z 2 + U J J z 

Como:z = rg% , se tiene: = -rg — + 2arcTg(rg—) + c 



>kz^J _ r /(l-z 2 )Jz _ r (l -z 2 )<fe 
J (1 + z 2 )/ J (1 + z 2 ) 



■(-z 2 +l¥z 
(z 2 +l) 



f -1 + — ; — fife = \dz + 2\ — = -z + 2arcrgz + c 

J l z 2 + l) J J z 2 + 1 



r c 
Respuesta: I - 



cos xdx x 

= -Tg — + X + C 

+ cos x 2 
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8.9.-Encontrar: [ 

J 1 + senx-i 



IX + COSX 

Solucion.- usando las sustituciones recomendadas: 

2dz 
dx r 



J 

J 1 + sen 



l±zl 



x + cosx J , ( 2z 
1 + 



1 + z 2 



- + 



J 



I 



2dz 



l-z 2 ) >\^+2 z + \^ 



l + z 2 



2dz 



dz 



= = £n\z + l\ + c, como:z = r < e% , se tiene: = ^n rg x A+\ 

J 2z + 2 J 7 + 1 '' ' /2 /2 



+ c 



Respuesta: 

J 1 + sen 

8.10.-Encontrar: [- 



x + cosx 

dx 



Tg X / 2 + \ 



+ c 



cosx + 2senx + 3 
Solucion.- usando las sustituciones recomendadas: 

2dz_ 
f dx f l + z 2 f_ 

J cosx + 2senx + 3 J fl-z 2 ^ f 4z "\ . * 1 



2Jz 



2Jz 



l + z 2 



+ 



l + z 2 



+ 3 



z 2 +4z + 3 + 3z z J 2z z + 2z + 2 



dz r <iz 



r az r az , .. /a/ 

= ^o ^o = 7 ,, 2 =arcrg(z + l) + c,COmo:z = rg%, 

J z+2z + 2 J (z + l)+l /z 

Se tiene: = arcrg(rg-^ + l) + c 

r dx / 

Respuesta: = arcrg(rg x / ) + Y) + c 



cos x+2senx+3 
sen xdx 

~2 



_.._ , r senxa 
8.1 1 .-Encontrar: : 

J 1 + sen" 

Solucion.- usando las sustituciones recomendadas: 

2z V 2dz } 4zdz_ 

r 4zdz 



sen xdx 



(• senxax _ r 
■* l + sen 2 x ■* 



1 + z^ 



1 + 



l+z 2 J r (l+z 2 ) 2 



2z 
l + z 2 



1 + 



4z 2 



a+z 2 r+4z 



h 



Azdz 



+ 2z 2 + z 4 + 4z z 



2\2 



(l + z 2 ) 



(• 4z<iz _ r 4zrfz _ r 4z<iz 

' z 4 + 6z 2 +1 ~ J (z 4 +6z 2 +9)-8 " ' (z 2 +3 ) 2 -(V8) 2 



Sea: w = z + 3,Jw = 2z<iz 




Como: z = rg % , se tiene: 



Tg 2x / +3 + 242 



+ c 



+ c 
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_ , r S e II XL 

Respuesta: 

J 1 + sen 

8.12.-Encontrar: [ 



sen xdx v 2 



2 x 4 
d<9 



?"£ 



+ 



3-2V2 



r^ 2 -^/ + 3 + 2V2 



+ c 



5 + 4cos# 
Solucion. -usando las sustituciones recomendadas: 



dx 



5 + 4cos6> 



2dz 

l + z 2 



2dz 



2dz 



5 + 4 



1-z 2 

l + z 2 



5 + 5z 2 +4-4z 2 



J 7 2 Q J 



dz 



z 2 +9 



z 2 +3 2 



2 z .. 2 ^% 

— arc re — + c , como: z = re — , se tiene: =— arc re — ^^ + c 
33 2 3 3 

2 T 8% 

arc rg — ^=- + c 



Respuesta: f — 
8.14.-Encontrar: [- 



4cos<9 3 

dx 



senx + cosx 
Solucion.- usando las sustituciones recomendadas: 

2dz 



dx 



seni + cosx 



l + z 2 



2dz 



l + z 2 l + z 



f^«_ = 2f— 

J 2z + l-z 2 J (-; 



dz. 



2z + \-z J (-z z + 2z + l) 



-A 



dz 



(z 2 -2z + l)-2 J( z -i) 2 _(V^) 



2 J; 



rfz 



/V2 



■1-V2 



■I + V2 



+ c 



4~2 



'TJ 



■1-V2 



Z-1 + V2 

Respuesta: [ 



+ c , como: z = rg x /i,se tiene: = - 



V2" 



Tg x / 2 -\-yll 



Tg x / 2 -\ + 42 



+ c 



dx 



V2" 



8.14.-Encontrar: [ 



senx + cosx 2 

sec xdx 



■11 



r ^/2 _1_ 



rg%-l + V2 



+ c 



sec x + 2-rgx - 1 
Solucion.- usando las sustituciones recomendadas: 

dx 

r sec xdx f cosx = f ^ f 

■* secx + 2rex-l ■* 1 , 2senx , J l + 2senx-c riK v ■* 



2Jz 

l + z 2 



2senx , 
+ 1 

cos x cos x 



■cosx 



1 + 



4z 
l + z 2 



l + z 2 
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I 



2dz 
>k7 



2dz 



(• zaz _ (• 
J 27+47"'" 



■J- 



fife 



/ + z 2 +4z^f + z 2 J 2z 2 + 4z J 2 / (z 2 + 2z) J z(z + 2) 
>k7 



(*) 



Ahora bien: 



1 



z(z + 2) z z + 2 



+ , de donde: 



_zj>+2) zLz^rf) /2 /2 



(*)J 



<fe f X* rX Jz 1 tdz 1 r dz l.i.l 



z(z + 2) 



z + 2 



J : J z + 2 2 J z 2 J z + 2 2 ' ' " ' ' 



1 



+ c, como:z = Tgy 2 , se tiene: = -^^ 



^% + 2 



+ c 



Respuesta: f 



sec xdx 



1 



8.15.-Encontrar: f- 

J l 



secx + 2rgx-l 2 
dx 



Tg X / 2 



vg x / 2 + 2 



+ c 



■cosx + senx 
Solucion.- usando las sustituciones recomendadas: 

2dz 



dx 



f ax _ f 

■* 1 - cos x + s e n x •* f 1 



2ffe 

1+z 2 



2rfz 



2\ 



1 + z 5 



+ 



2z 
1 + z 2 



f >^~ = r 

J / + z 2 ^T + z 2 +2z J 2z 2 + 2z 
\*z^ 



/Ld 



'/(z 2 + z) ' 



dz 



z 2 + z) J z(z + 1) 



(*) 



1 AS 
Ahora bien: =— + , de donde se tiene: 

z(z + l) z z + 1 

1 A(z + l) + fi(z) 



r dz rdz r dz „ i i „ i ,i „ 

J z(z + D J z J z + 1 




=^> 1 = A(z + 1) + B(z) , de donde: A = 1, S = -1 , luego: 

+ c , como: z = t g % , 



z + 1 



Respuesta: J — 

8.16.-Encontrar: I" 

J 8-4senx+7 



Tg- 



Tgy 2 +i 



+ C 



cosx 
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Solucion.- usando las sustituciones recomendadas: 



f dx _ (• 

■* 8-4senx + 7cosx ■* 



2Jz 

1 + z 2 



2rfz 



8z 



x fl-z 2 
+ 7 



8 + 8z -8z + 7-7z' 



1 + z' 



>K^ 



2& 



~'z 2 -8z + 15~'(z^ 
Ahora bien: 



2dz 



3)(z-5) 

2 A 



(*) 



5 



Ittz 



-+ , de donde se tiene: 

(z-3)(z-5) (z-3) (z-5) 

2 = A(z-5) + 6(z-3), de donde: A = -1,5 = 1, luego: 

2<fe r <iz r c/z . I .I . I ,, . 

- + = -£Tf\z-3\ + £Tf\z-5\ + c = £Tf 

J 7 — 3 J 7 — 5 



(z-3)(z-5) J z-3 J z-5 
como: z = rg x /,se tiene: = £r\ 

dx 



z-5 



z-3 



+ c, 



Tg /2~ 5 



rg%-3 



+ c 



'cosx 



Respuesta: f 

J 8-4senx + 7< 

EJERCICIOS PROPUESTOS 



Tg X / 2 - 



Tg%-3 



+ c 



8 



,7.-J T 



c/x 



+ COSX 



f cosxdx 

8 °"J o 

J 2 -cosx 

8.23.- secxdx 
RESPUESTAS 

dx 



8.18.- J- 
8.21.-J- 



COSX 

d<9 



5-4cos6> 

8 .24.. f cos ^ 
•" 5 + 4cos6> 



8.22.-J- 2 
8.25.-J 



sen xdx 



+ COSX 

sen Odd 
cos 2 - cos - 2 
d6 



cosO + corgO 



+ COSX 



2dz 



8.17,J I 

Solucion. 

f dx _f 1 + z 2 

■'l + cosx J fl-z 2 
1+ ; 

8.18.- f—^— 

J 1-cosx 
Solucion. - 



2* 



: lT77 + i Tz T = -f* = z+c = ^?2 +c 
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2dz 



2dz 



f dX = f 1 + ^ = f >^ = f^ = _I + c = _cor«*/ 



x A + c 



1 + z 2 



_ _ rsen xdx 

■* 1 + cosx 
Solucion. 



>K^ 



r 2z V 2Jz ^ 4 ^ 

r senxdx _ r yl + z 2 )\i + z 2 J _ r Q±<) r Azdz r 2zdz 

'l + cosx~' jJjzZl l + / + l^ ~'2(l + z 2 )~'(l + z 2 ; 



g 20 _ f cosxrfx 
■* 2-cosx 
Solucion. - 

p cosxdx ff , 

Jo = 1 + 

J 2-cosx J ' 



1 + rg 2 -^ 



+ c 



dx = -\dx + 2[ = -fjx + 2f— ^~ 

J J 2-cosx J „ 

2- 



2<fe 



2-cosx y 



2<fe 

J J 2 + 2z 2 -l + z 2 J J 3z 2 +1 J 3 J (z 2 +V 



2^ 



\-z 

Mz 2 ) 



.) 



f , 4 p Jz 4/1 z 

= - ax + — ^7 = -x + % - 7 arcrg— —, — hc = -x + 

J sJ^ + cl^) 2 /3 1/^ 1/^ 3 



— — arcrg(V3Vg^6 + < 
3 x ^ 



W3 A/3 



4^3 at 
arcrgv3z + < 



= -x + 



8.21 -f d ° 

J 5-4cos6> 

Solucion. - 



2* 



r J6> r 

•" 5-4cos6> •" ,. 

5-4 



i±U 



\-z 

1+z 



2Jz 

jJ^^T = r 2Jz = 2r Jz 

5z 2 -4 + 4z 2 ~ J 9z 2 +1 ~ 9 J (z 2 +1) 



_ r ^Z) 

"J 5 + 5z 2 -4 + 4z 



2 r dz 21 z 2 2 / 

= — r^ — = — r^arc^^-rv + c = — arcr#3z + c = — arcr#(3r# -%) + c 

9J z 2 +(/ l/) 2 9 X 73 3 3 
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8.22.- f- 



sen OdO 



cos 2 6 -cos, 6 -2 
Solution. - 

r sen Odd r 



2z 
l+z 7 



r 2dz} 



cos 2 0-cos0-2 'fi_ z 2Y fl- z 2 ^ 



Azdz 



\ + z 
1 r 2zdz 



l + z 



J n- 



Azdz 



2x2 



-2 



a-zT-a-z )a+z )-2a+z ) 



v iTi y 



jl*^ 



p 4-zaz i r zzaz 

8.23.- [sec xdx 

Solution. - 

2Jz 



. 2 -l/ 



+ c = — in 
3 



7-p 2 x/_ 1/ 



+ c 



dx _ r )a^z r 2<iz p 2cfc 



fsec*J* = f-^L= f >^V= f^_ = f_ 

J J cosx J i-z 2 J a-z 2 ) J a+. 



cos v j i-r J (1-z ) J (l + z)(l-z) 



(*) 



Ahora bien: 
(*)J 



(l+z)(l-z) l + z I - 
2Jz p Jz p Jz 

z 



A B 

+ , dedonde: A = l,B = l, luego: 



f ^ z _ f l 

J i+z Jr 



(l+z)(l-z) 
Como: z = rg % , Se tiene: = ^77 
cos 6W# 



7l + z-^?7l-z+c = ^77 



l + z 



1-z 



+ c 



1 + rg-^ 



l-rg x A 



+ c 



8.24, J- 



5 + 4cos6> 
Solution. - 



l-z 2 V 2rfz 



J6> 



(• at/ _ f 



l + z 2 



5 + 4cos6> 



Ahora bien: 



5 + 4 

2-2z 



1-z 



2(1 -z 2 )dz 

J 7c , C _ - , I 1 .- - \ J / 1 , - 2 w (1 , - - . 



lirj r (l + z 2 / 



(5 + 5z 2 + 4-4z 2 ) J (l + z 2 )(9 + z 2 ) 



I; 



(2-2z 2 )rfz 



l + z 2 



j^*-z5 



(z 2 +l)(z 2 +9) z 2 + l z 2 +9 
luego: 

(2-2z 2 ) 1 f dz 5 f Jz 1 

z 2 +9~2 



A: i? + Cz^D ]dedonde:A = ()g= w C = 0D = _ 5 



r az 5 r dz 

2 , ,,., : , ,,. .HrT~9HT7 = - arc ^ z+ - arc ^- +c 

"'- OJ z+l 2 J z+° 



(z z +l)(z z +9) 2 J z z 



5 

2 



1 



8.25.- f « 

J cos# + 



5 

6 

dO 



.**%. 



e 5 



,^/ 2 . 



— arcre v~ - — arcr#( ^ L ) + c = — - — arcr#( — ) + c 

2 / 2 6 3 46 3 



COT g6 
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Solucion.- 

<• d6 

■" cos# + corg# 



•in- 



2dz 

l + z 2 



l + z 2 



+ 



l-z 2 

2z 



Azdz 



2dz 

"' 2z(l-z 2 ) + (l-z 2 )(l + z 2 ) 
4zdz r 4z<iz 



2z(l-z 2 ) + (l-z 2 )(l + z 2 ) J (l-z 2 )(z 2 +2z + l) 



Ahora bien: 



4z 



- + - 



5 



- + - 



c 



- + - 



(l + z 3 )(l-z) 



(*) 



(l + z 3 )(l-z) l + z (l + z) 2 (l + z) 3 (I -) 
Dedonde:A = fy,B = l,C = -2,D = fy, luego 

4z _ 1 r dz r dz ^r dz 1 r <iz 

I ^ 7r ^~2-lT+7 + -'"^ 2 



(*)J 



(l + z 3 )(l-z) 2- 



a+zr 



2 r Jz | 1 r dz 
J (l + z) 3 2 'l-z 



'^ll + zl 



1 



-+- 



1 



If] 



l + z 



l-z 



l + z (l + z) 2 2 

-a+z)+i , i, 

+ r — + c = —in 

(l + z) 2 2 



, -£/7|l-z| + c = — it] 



l + z 



l-z 



2 

z 



l + z 



l-z 



- + - 



1 



1 



l + z (l+z) 

1 + rg^ 



-+c 



(l + z) 



2 



l-rg<^ 



^% 



0/ 



-+c 



a+^7 2 ) 
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CAPITULO 9 



INTEGRACION DE FUNCONES IRRACIONALES 

En el caso de que el integrando contiene potencias faccionarias de la variable de 
integration, estas se simplifican usando una sustitucion del tipo: 

x = t" ,y[x=t , siendo "n "el m.c.m de los denominadores de los exponentes. 



EJERCICIOS DESARROLLADOS 



9.1.-Encontrar:f— 



-Jxdx 



+ x 



Solution.- La unica expresion "irracional" es Vx , por lo tanto: 
y[x = t^> x = t 2 ,dx = 2tdt , luego: 
• y/xd. 



r^xdx rt(2tdt) r t dt _!•[., 1 |, ^r , r dt 

- = - — ^ = 2 T = 2\\ 1 dt = 2\dt-2\- — = 2t-2arcrgt + ( 

J l + x J l + t 2 h + t 2 *{ l+t 2 J J V + i 

Dado que:? = Vx , se tiene: = 2Vx-2arcrgVx + c 
Respuesta: f— 



4xdx r- i- 

2yJX-2aiCTgyJX+C 



A-X 



dx 



9.2.-Encontrar: f r 

J Vx(l + Vx) 

Solucion.- Analogamente al caso anterior: 4x = t^> x = t 2 ,dx = ltdt , luego: 
r dx p 2idt c2dt .. | ,i 

Dado que:? = Vx , se tiene: = 2^?7 Vx + 1 +c 

dx 



Respuesta: [ 



Vx(l + Vx) 
dx 



21 Tf 



Vx+1 



+ C 



9.3.-Encontrar: f- , 

J 3+Vx+2 

Solucion.- La expresion "irracional" es ahora Vx + 2 , por lo tanto: 

Vx + 2 = t => x = t 2 - 2, dx = 2tdt , luego: 
dx r2tdt , rf ' 3 



r <5?x r 2fcft _r[, 3 i , _r , ^r dt _ _„ , , 

i = = 2 1 dt = 2\dt-6\ = 2f-6^77f + 3+c 

J 3 + VxT2 J 3 + ? J ^ t + 3J J J ? + 3 " ' 



Dado que: t = yfx + 2 , se tiene: = 2Vx + 2-6^7|Vx + 2+3 



+ c 



Respuesta: [ 



dx 



3 + Vx + 2 



2yjx + 2-6li] Vx + 2+3 



+ c 
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9.4.-Encontrar: f- 

J l 



l-V3x + 2 



dx 



dt 



_W3x + 2 

Solucion.- La expresion "irracional" es ahora V3x + 2, por lo tanto: 
V3x + 2 =t^>3x = t 2 -2,dx=2/tdt , luego: 

l-tr,/ , 2rt-t 2 , 2r( _ 2 A 



r 1 - v 3x + 2 , r i / -i / , j, 1 1 I , i fi , i 

; d x= %tdt = -\ dt = -\\ -t + 2 

J l + ^/3xT2 J l + r /3 3 J \ + t 3 J t t+\ 

2 c , 4 f . 4 f df 1 2 4 4,,, tl 

= — \tdt + — \dt — = — r+-f — ^nb + l+i 

3 J 3 J 2>h + \ 3 3 3 ' ' 

Dado que: t = V3x + 2 , se tiene: 

-(3x + 2) + -V3x + 2--^ V3x + 2 + l 



3 3 3 

2 4 c r 4 

3 



+ c 



2 4 / 4 ; 2 4/ / / \ 

- + -V3x + 2 — £n V3x + 2 + l +c = -x — + -[j3x + 2-£n V3x + 2 + l \ + c 

3 3 3 ^i ^V V / 



2 -A 

3 3 



Respuesta: f- 



l-V3x + 2 
+ V3x + 2 



-dx 



x — + -{-j3x + 2-iri s[3x + 2 + \\ + c 



9.5.- Encontrar: Ul + Jxdx 

Solucion.- La expresion "irracional" es ahora Vx , por lo tanto: 

Vx = ?=> x = t 2 ,dx = 2tdt , \uego:\(yJl + y[x)dx=[y/l + t2tdt, como aparecio la 

expresion: VT+7; se procede analogamente: w = yjl + t=>t = w 2 -l,dt = 2wdw , esto 

yjl + t2tdt = I w2(w 2 -Y)2wdw-A\ (w 4 -w 2 )dw- 



es 



Aw Aw 



- + c 



Dado que: w = VT+7 , se tiene: = 



4(1 +t) A 4(1 + t) A 



+ c 



Respuesta 



ifcZdx-W + W _«l + W +l 



dx 



9.6. -Encontrar: f— . , 

J Vx + l + Vx + 1 

Solucion.- Previamente se tiene que el m.c.m. de los indices de Las rafces es:4, 
por lo cua\:x + l = t\dx = At 3 dt , de donde: 

f . X , = f— = A\ U-1 + - dt = A\tdt-A\dt + A\ 

J VxTT+VxTT h 2 +t ){ t 2 +t) J J h+i 
= 2t 2 - At + Alrj\t + l| + c , dado que: t = i[x + l 



Se tiene: = 2(x+lr -A(x+iy 2 + A£tj (x+l)' A + l 

dx 



+ c 



Respuesta: [ 



Vx + 1 + yfx + 1 



2(x + 1) /2 - 4(x + 1) /2 + At j] (x + 1) /2 + 1 



+ c 
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9.7.-Encontrar: [ 



dx 



lx + <Jx 

Solucion.- Previamente se tiene que el m.c.m. de los indices de Las rafces es:6, 
por lo cua\:x = t 6 =>? = tfx,dx = 6t 5 dt , de donde: 

f _ X r- = f- — - = 6{ = 6f t 2 -t + l dt = 6{t 2 dt-6{tdt + 6{dt-6[ 

J V^ + V^ } t 3 + t 2 h + l ){ t+l) J J J h + l 

= 2t 3 -3t 2 + 6t-6lri\t + l\ + c 

Dado que\t = tfx 

Se\\ene:=2($fx) 3 -3(t/x) 2 + 6$fx-6£t] Zfx + l+c 

dx 



Respuesta: [ 



yjx + ljx 
9.8.-Encontrar: j 

Solucion. - 



2yfx-3^fx + 6^x-6£T] Vx + 1 



+ c 



Vx7l + ^/(x + l) 3 

Previamente se 



tiene 



cual:V* + l = ?=> x = t 2 -l,dx = 2tdt , de donde: 

r dx r 2tdt ~: dt 

, , t = 2 T = 2arcrgt + c 

J V^TT+V(^i7 }t+t Jl+ ' 

Dado que:? = Vx+Tj_Se tiene: = 2axcrg-Jx + 1 + c 
Respuesta: f-^= , = = 2arcrg>/x + l+c 



igual 



indice 



por 



lo 



Vx+T+^(x+i) 3 



9.9.-Encontrar: f-^ — <£t 

Solucion.- Previamente se tiene que el m.c.m. de los indices de Las rafces es:6, 
por lo cual:x = ? 6 => t = yfx, dx = 6t 5 dt , de donde: 
Vx-1 



t 3 -\ 



f^= — dx= f— 6f 5 <ir = 6f— r dt = 6\\ t 6 -t 4 -t 3 +t 2 +t 



-1- 



f-1 

? 2 + l 



* 



67 65 3 4 - 3 _ 2 ^ ,r2f-2 , 
-t --t — t +2t +3t -6t + c, -3 — rf* 



7 5 2 

6^ 7 6 « 3 

7 

6 7 6 



^J ? 



+ 1 

2r-2 



dt 



r--r — r + 2r + 3r-6? + c, -3 -^ — cfr + 6 ^ — 

5 2 J ? 2 +l J ? 2 + l 

t 4 + 2t 3 + 3r 2 - 6t - 3£ T] \t 2 + ll + 6 arc rgr + c 



7 5 2 
Dado que: t = tfx , se tiene: 

= -xVx~--^--a/x Y + 2Vx~ + 3Vx~- 6V^-3^77 1 + VJc +6arcrgV^ + c 
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Respuesta: 



J y x + 1 7 5 2 



9.10.-Encontrar: [ 



\jxdx 
x + 2 



Solution.- La expresion "irracional" es Vx , por lo tanto 

jx = t=> x = t 2 ,dx = 2tdt , 

2 



. rjxdx ct{2tdt) _f t 2 dt n r(. 



+ 2 



dt 



2\dt-A\- 



dt 



+ 2 



2t — - r mcTg— j = + c , dado que:? = Vx , se tiene: = 2>/jc-2V2arcrgJ-*^ + c 



V2 *V2 
jxd 



Respuesta: [ 



x + 2 



2Vx - 2v 2 arc rgJ-% +c 



(y/x + l + 2)dx 



9.11.-Encontrar: \ , 

J (x + 1) 2 -Vx + 1 

Solucion.- Previamente se tiene igual indice 
cual:VJc+l =t^>x = t 2 -l,dx = 2tdt , de donde: 

r (>/!+! + 2)<fr _ (• [(* + l) K +2 



por 



Jx 



? + 2 



(x+i) 2 -VxTT J (x+i) 2 -(x+i) 

+ 2)dt 



[Il±2tdt = 2[ (t + 2) f dt 
h*-t J /(P-l) 



2 J 



0-1)0 +?+i) 

? + 2 A 



(*) , considerando que 
Bt + C 



- + — 7 =^A = 1,B = -1,C = -1 

(t-l)(t 2 +t + l) 0-1) (t 2 + t + l) 

Dado que: t = yjx + 1 ^Se tiene: = 2arc zg Vx + 1 + c 

(t + 2)dt =2 f_^ + 2 f -*-! df = 2 f_g_ 
- ' n J 0-l) J 2 + f + l) J 



(*)2J 



0-1)0 +*+i) J 0-i) 



o-i) 



4 



r+1 



(r + f+1) 



0-1) J (t 2 + t + l) *(t 2 + t + i) 



(2t + l)dt 



\. 



dt 



2 tJl 2 r /2 (2? + 1) + X^ _ 2 f dt r {2t + \)dt r 

J (?-l) J rv 2 -i-f-i-n *' J <v_n J-v^ + n J 

2f— -f 



o-i) J o 2 +?+D V+;+%)+% 

™ i ,i /. I 2 ,i 2 2? + l 

2^rck-l -/rc r-K + 1 --^arcrg — ;^ + c 

1 ' V3 V3 



(r+t+i) 

dt 



-dt 



lr/ 



(t-D 2 



2 2t + l 

—j=arcrg — t^ + c 

V3 V3 



(r+f+1) 
Dado que: t = Vx+I , se tiene 



lo 
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Respuesta: [ 



(s/x + l + 2)dx 

(x+if-Jx~+i 



(Vx+T-i) 2 



(Vx+T + x + 2) 



2 2Vx+T+l 

■— ^arcrg t= he 

V3 V3 



EJERCICIOS PROPUESTOS 



l + x 



+ 



Vx 



-dx 



).12.-f- 

J l 



9.15.-J^±*dx 



9.1 8.- j 



x + a 

dx 



; — 2 — V* 



dx 



9.21.-J^±U 



9.24.- J 



Jx 



Vx + Vx + 2vx 



).13.-f- 

J l 

).16.-f- 

J l 



1-x 



dx 



+ Vx 

yjxdx 



+ Vx 



9.19.-Jji±^x 



■x 



Va 2 -. 



9.22.- J 

9.25.- I x 3 Vx 2 + a 2 rfx 



9.14.-J 



dx 



a + 



&Vx 



9.17.-J^^x 



Vx~ + 1 
Vx + a 



dx 



9.20.- f 

J x + £ 

9.23.- I x 2 y/x + adx 



RESPUESTAS 

l + x , 
-dx 



9.12.- f-^L 

J i+vx 

Solucion.- Sea: yfx = t ^> x = t 2 ,dx = 2tdt 

r l + x , rl + £ 2 „ , „r^ + ^ 3 , „rf 2 „ 2 
P=dx = 2tdt = 2\ dt = 2\\ t 2 -t + 2 

J l + V^ J 1+* J 1+* J l f + 1. 

= 2\t 2 dt-2\tdt + \\dt-\\— = — — zL- + At-AlTi\t + \\ + c 



d? 



2a/7 



-x + 4Vx-4^^k/x + l +c 



.13.-J- 

J l 



1-x 



+ 



Vx 



dx 



Solucion.- Sea: Jx = t ^> x = t 2 ,dx = 2tdt 



1-x 



■1-f. 



J/ 1 



f j=dx= f 2tdt = 2\ dt = -2[tdt + A[dt-4[ = -r 2 +4t-4£n\t + l\ + c 

J l + V^ J l+? J 1 + * J J J t+\ ' ' 

= -x + 4 Vx — 4^/7|Vx +l| + c 
9.14.-J- 



Jx 



a + b\jx 
Solucion.- Sea: Vx =t^> x = t 2 ,dx = 2tdt 
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dx 



2tdt 



tdt 



r ax r Liai „r tai „ r 
/== = 2 = 2 



1 a 1 



A 



a + bsfx a + bt ^ a + bt ^\b b a + bt 

2 /— 2a 



* 



2 2a 
& 6 2 



7 |a + bt\ + c = — V-t - — ^ tj \a + W* 
Vx + a 



y 



+ c 



:J*-fJ 



2a r bdt 



a + bt 



9.15.-J 

Solucion.- Sea: Vx + a = t^> x = t 2 -a,dx = ltdt 



x + a 



f x a a x = f - V, = l\dt = 2t + c = 2ylx + a+c 
J x + a / 



Vxd. 



'x 



+ ^x 



9.16.- f- 

J l 

Solucion.- m.c.m:4 ; Sea:Vx = t^> x = t 4 ,dx = 4t 3 dt 
r jxdx rt 2 4t 3 dt A rt 5 dt t t( , , , , 1 

i== = 4 — = 4 r-r+r-f+l 



cfr 



? 5 ? 4 e e 



= 41— — !— _ + ? -^/;| ? + l| +c = — — ? 4 + — — 2r 2 +4r- 4^ + 11 
'5432 ' ' 5 3 ' ' 



4X /4 4X A n y , y A „ 

x + 2x /2 +4x /4 -4in 

5 3 



x /4 +l 



9.17.- f^A, 
J V^ + l 

Solucion.- m.c.m:6 ; Sea:Vx = t^> x = t 6 ,dx = 6t 5 dt 
Vx-Vx, [t 3 -t,^^ ,r{t*-t 6 )dt 



r* klx d x=\ t -^-6t 5 dt = 6\ {t * )dt =6\t 6 dt-2[t A dt + 2\t 2 dt-2\dt + 2\ — 
J Vx+1 V+l J f 2 +l J J J J Ji + r 



? 7 2? 5 2? 3 



6| — --- + — — 2t + 2arcret +c = + 4? 3 -12^ + 12 arc rrf + c 

7 5 3 7 5 



6x /f> 12x 7 



7 



- + 4x /2 - 1 2x /6 + 1 2 arc t gx A + c 



9.18, J 



dx 



=dx 



x-2-Vx 

Solucion.- Sea: yfx = t ^> x = t 2 ,dx = 2tdt 

dx , r 2fa7 e(2t-\) + \ 
, lx=\ — = I 

x-2-vx 



2t-l 



dt 



C ax _ (• aat _ ^ yu-Y) j rv A _ f u-v r ai 

1 x-2-Jx X ~h 2 -2-t~* t 2 -t-2 t ~h 2 -t-2 t+ *~t r ^t 



2t-l 



r zr-i r ar . i 2 _i 

~5 rf ' + T7 Pw=^F -?-2+- 

V-f-2 J^_1A 2 _9/ 'I I 



t + 



+ c 
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1 9 1 1 

= £n\r-t-2\ + -£n 

>\ 1 3 


2*-3 


+ c = £?j 


x - V x - 2 


+ -^77 

3 


2Vx"-3 


2? + 3 


2Vx + 3 


"M& 













+ c 



Solucion.- Notara el lector, que este caso se diferencia de los anteriores, sin 
embargo la tecnica que se seguira, tiene la misma fundamentacion y la 
informacion que se consiga es valiosa. (*) 



Sea: 



l + x 



t 2 -\ 

t 2 + l 



dx 



l + x 



l + x 

> = 

1-x 

Atdt 

(t 2 + \f 

tAtdt 



1 + x = t - 1 x => x(l + t ) = t - 1 



luego: 



«J^*-/S-J 



4t 2 dt . r t 2 dt 



(t'+iy J a 2 +i) 2 



4 



-(**) 



haciendo uso 



(V^I) 4 

sustituciones trigonometricas convenientes en (**) , y de la figura se tiene: 



de 



Se tiene: t = rgO,dt = sec 2 0d0;4^ + \ = sec 6 



Jt 2 + 1 




(..) 4 f £^ = f^%^ = 4f^^ 
J (^7T)4 J sec / 6> J sec 2 6> 

= 4Jsen 2 0d0 = 2Jd0-2Jcos20d0 = 20-sen20 + c = 20-2sen0cos0 + c 



^ t 1 2? 
2arcrgf-2 , , +c = 2arcrgr-^ hc = 2arcrgJ -7-^ — — + c 



V^ + lV^ + 1 



t 2 +l 





Vl-x 
l + x , 

+ 1 


/l + x 
Vl-x 



1-x 



, l + x ., , /l + x 
2arcrgJ : (1-*)J +c 



1-x 



1-x 



9.20,j-^±^x 



x + & 



Solucion.- Sea: y/x + a =t^> x = t 2 -a,dx = 2tdt 

• vi + a , r ?2tafa 

ax = I — = 1 1 ~^— 

(Z>-a) J i t +(b-a) 



ry/x + a _(• rzrar r t 2 dt o ff i ^ _a 

■> x + b X ~h 2 -a + b~ h 2 + (b-a)~ -H t 2 +(b-a) 



dt 



2\dt-2(b-a)\—: = 2t-2(b-a) , — = arcrg , +c 

J J t 2 +(b-a) Jb-a Jb-a 



4b- 



4b- 
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: 2-Jx + a -24b -a dxcrg.l 

V b — a 



+ c 



9.21.- \^-dx 

J X 

Solucion.- Sea: 4x + l = t => x = t 3 - 1, dx = 3t 2 dt 

f^±l^=f^ = 3f-^ = 3ffl + J-V = 3U + 3f^- 

J x J t 3 -\ h 3 -\ J l t 3 -\) J J t 3 -\ 

= 3Jrff + 3j 



df 



0-1)0 +?+i) 



(*), por fracciones parciales: 



(t-i)(t 2 +t + i) o-i) (t 2 +t + i) 
A = l,B = -l,C = -2, luego: 

<# r t + 2 



A + £f + C ^ 3 = A(?2 + f + X) + (fi? + c)(? _ !) _ de donde: 



(* f fit C T ~\~ A, 1 / I i i — 

(*) =3 \dt+ -= dt = 3t + £n\t-l\- Yylrjlt 2 + t + l\-yJ3arcTg 

J J r-l J t +t+l i i // i i 



^ 2f + l ^ 



+ c 



-dx 



Solucion.- Sea:Va 2 -x 2 = ?=>x 2 =a -t 2 ,xdx = -tdt 

ttdt _ (• —t dt 

, 1 .2\2 — J / 

(a -O J ( 



(■ ya -x _ r\la 2 -x 2 xdx _ r nai _r -i ai _r 

J 3 ® X ~ I 4 ~~ _ I ~T~2 .2s2 ~~ I T~2 .2s2 ~~ ( 

v ■ v J (a -M J (a -M J 



/ 2 2 

Vfl -x 



-r<& 



x x 

Por fracciones parciales: 



Y J (a + t) 2 (a-t) 2 



(*) 



-t 



A B C D , , , 

+ - + + , de donde: 



(t + a) 2 (t-a) 2 (t + a) (t + a) 2 (t-a) (t-a) 2 
A= Va,B = -V,C = -V.a,D = -}/, luego: 



C —t dt _ 1 (• dt 1 (• dt 1 (• dt I r dt 

ha + t) 2 (a-t) 2 4a* (t + a) 4aht + a) 2 4a* (t-a) 4a* (t-a 



(t + a) 



(t-a) 



(t-a) 1 



lri\(t + a)\ + — —£n\(t-a)\ + 

4a ' 4(t + a) 4a 



1 



4(7 -a) 



- + c 



J_ 

4a 

J_ 

4a 

J_ 

4a 



it} 



itl 



iti 



(t + a) 



(t-a) 



1 1 

+ + + c 

4(Y + a) 40 -a) 



V2 2 

a -x +a 



r~2 2 

V<3 —X —t 



+ 



4 



2 2 

a -x 



+ c 



(4a 2 -x 2 +a) 2 



2(/-x 2 ^d f ) 4a 

4a 2 - 



V2 2 

a -x +a 



r~2 2 

V<3 -X ~t 



4a 



2 x 2 



2x 2 



-+c 



— x 2 p^a 



x 1 

— + c = — £rj 
2x 2a 



4a^ 



x +a 



l.i 4 a 2 — x 2 

ZT]\x\ hC 

2a 2x 



9.23.- j x 2 4 x + adx 



Solucion.- Sea: 4x + a = ? => x = t 2 -a,dx = 2tdt 
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\x 2 -Jx + adx =\{t 2 -aftltdt = 2 J t 2 (t 2 - a) 2 dt = 2\(t 6 -2at 4 + a 2 t 2 )dt 

= 2\fdt-4a\t 4 dt + 2a 2 \t 2 dt = + + c 

J J J 7 5 3 

2{x + a) Vl 4a{x + a) Vl 2a 2 {x + a) yi 
= + + c 



dx 



9 24 - f 

' J Vx~ + V*~ + 2Vx 

Solucion.- Sea: Vx = t=>x = f,dx = 8t 1 dt 

8fdt 



r dx r 8t dt n p t dt „r , _ t 

\-r= r= /= = \-i n = 8 \~, = 8 t 3 -t-2 + - 

J V^ + V^ + 2^ h 4 + t 2 + 2t h 3 +t+2 *{ t 



t +4t + 4 



< 3 +t + 2 
, t 2 +4t + 4, t 4 St 2 



+ t + 2 



dt 



t 2 + 4t + 4 



■ 8 It -8 \tdt-l6 \dt + 8 — dt = 8 16? + 8 — 

J J J J t 3 +t + 2 4 2 J t 3 +t + 

r t 2 + 4t + 4 

■2t 4 -4t 2 -l6t + 8 — r dt(*), por fracciones parciales 

J t +t+2 



dt 



t +4t + 4 t +4t + 4 A Bt + C , i/ „ o/ ^ 1A/ . 

+ — =>A = %> B =^'C = 1 % ! luego: 



(? 3 +? + 2) <7 + l)(? 2 -? + 2) + 1) (? 2 -? + 2) 

/dt 3A + 14/ 
4 "' f /4 /4 



(*)=2? 4 -4? 2 -16? + 8 



J r+i J ? 2 -? + : 



l j? 



2? 4 -4? 2 -16? + 8 if-?L + if^l 



If A lr 3? + 14 , A 

+ 2 



d? 



2? 4 -4? 2 -16? + 2 + 2 dt 

h + l h 2 -t + 2 



■2t 4 -4t 2 



■2t 4 -4t 2 



-l6t + 2£n\t + l\ + ^-r\ ^ /3 /3^ t 

1 ' / J ? 2 -; 



■t + 2 



(2t-l) 



-l6t + 2£n\t + l\ + 3\- } -dt + 3l[^— 

1 ' h 2 -t + 2 h 2 - 



dt 



t + 2 
dt 



-2t 4 -4t 2 -I6t + 2£n\t + l\ + 3£n\t 2 -t + 2\ + 3l\ — 

' ! ! I I J ( f - \/\ 2 4-1. 



« y 2 r+ /4 
-i/ 



i i 2 l ~ To 

2? 4 -4? 2 -16? + 2^^? + l+3^7r-? + 2+31-^arcr^-pAf + c 

111 ' V7 V7/ 

/2 

/^O O* 1 

: 2? 4 - 4? 2 - 1 6? + 2^ rc I? + ll + 3^ n It 2 - 1 + 1\ + -p=- arc rg — -j=- + c 
11 ' ' V7 ' V7 



:2x /2 -4x /4 -16x /s +2^^ 



x /s +l 



+ 3*7 



x /4 -x /8 +2 



62 2x x -l 

+ — ^arcrg — -j= — \-c 

V7 V7 



9.25.-\x 3 jx 2 + a 2 dx 

Solucion.- Sea:Vx 2 +a 2 = ?=>x 2 =t 2 -a 2 ,xdx = tdt 
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y o / r% ^ I 1 / 1 1 II 1 10 11 K-4 11 

x vx + a dx= \ x Vx + a xdx = (7 - a )ta& = \(t -a )t dt = \(t —at )dt 



.5 2.3 



5 3 

\x 2 +a 2 f 



- + c 



( 2 , 2 s % 2/2, 2s^ 

(x +a y- a (x +a y 



f 2 



5 
3x z - 2a 



■ + c = (x 2 + a 2 y 2 



x +a 



2\ 



+ C 



V 



15 



+ c 



EJERCICIOS COMPLEMENTARIOS 



A continuation, se adjunta un listado de ejercicios que se proponen al lector. 
Observara que no se indica tecnica alguna solicitada para el desarrollo de los 
mismos, y que ademas no se nan respetado normas relativas a niveles de 
dificultad, ni a las tecnicas mismas. Como siempre, se adjuntaran las soluciones 
cuyos desarrollos pueden diferir de los aqui presentados. No importa, eso es 
posible; ademas una consulta con su profesor aclarara cualquier discrepancia. 



Encontrar: 

.3 sent 4 



4,| 
7 "J 



.5 senf „ .4 i. 

t e cost at 



i TgW sec 2 WdO 



dx 
(2-x)J\^x~ 



(t + \)dt 



10 -f {J + L)aT 

'~h 2 + 2t-5 

13.- [— sen — drj 

J a b 

16.- jsec 2 (l-x)dx 



dx 



1 M- / " 

J Vx + 4-Vx + 3 

22.-jt(l-t 2 )' A arcsentdt 



e x dx 



28.- J ds 



4a- 



m 



ede 

(l + 6>) 2 
xdx 



5-f , 

J l]ax + b 

8.-J 



2— X 7 

e ax 



11.- I sec — dq> 
14.- [<£>sec 2 <£><i<£> 

xdx 



17,| 



Vl6^ 



20.- f cos <?c6W<9 

__ rl + cos2x , 
23.- j ; dx 



26.- j 
29.- J 



sen 2 2x 

dx 
(x-1) 3 

dx 



2 / 2 , 

x vx +e 



0e fl d0 



J (l + 6>) 2 
6.-J 

9-f 

■\2.-jrg0d0 



jx 2 -l 
x + 1 
e x dx 



15.-J 

J 5 

18.-J 



dx 



Jv 



/1+VTT7 

2-\.-\t(l-t 2 ) /2 dt 



24.-J 
27,} 

30.-J 



x 2 +l 



<ix 



(3x + 4)Jx 

V2x + x 2 
xJx 



VI 



+ x 
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31.- 

34.- 
37.- 
40.- 

43.- 
46.- 
49.- 
52.- 
55.- 

58.- 

61.- 
64.- 

67.- 

70.- 

73.- 

76.- 
79.- 

82.- 



y 2 dy 



t 4 -t 3 +4t 2 -2ti I 



t'+l 



dt 



dx 



V(16 + * 2 ) 3 
a(x 2 +V) y2 dy 

X 

-dx 



\6 + e 2x 

2/ -7 '/ + 7 > 3 -19j 2 + 7 'y -6 



(j-1) 2 (j 2 +1) 2 



dy 



5w -5vv +2w-l 



4 , 2 

w +w 



dw 



xe 



-dx 



senxe 



-dx 



cos x 



xlr/(l + x 2 ) 



l + x 2 
dx 



dx 



cos 5x 
Tg48sec 2 40d0 

(1 + x) cos v x dx 



corg(2x-4)dx 
(co rge x )e x dx 

2 / 

xcorg( x /.)<ix 

2 5 3 3 j 

x sen x cosx dx 
sen20e sett2e d0 



32.- 
35.- 
38.- 
41.- 

44.- 
47.- 

50.- 
53.- 

56.- 

59.- 

62.- 
65.- 

68.- 
71.- 

74.- 
77.- 

80.- 
83.- 



y 3 dy 
dcp 



x dx 



lx 2 +4 



dx 



(V6-x 2 ) 3 



cos vl - xdx 
sen V x + Xdx 



3dx 



l + 2x 

e 2 ' cos(e')dt 

ds 



S A (l + S A ) 

co rgxdx 



?7|senx| 
dx 



12-7* 

xdx 



Vx-5 
dx 



x 



(^/^+x-l) 



{e - e ') dt 



ser\0 + 



dO 



cos + 1 

tV4x 2 - 2Jx 



xdx 



V5x 2 +7 

dx 
e x -9e~ x 



33.- 
36.- 

39.- 
42.- 

45.- 

48.- 

51.- 
54.- 

57.- 

60.- 
63.- 

66.- 
69.- 
72.- 
75.- 

78.- 
81.- 
84.- 



dG 
l + 2cos<9 

x(10 + 8x 2 )Vx 



x <ix 



Vl6^ 



dx 



x(3 + £t]x) 



x dx 



Vx^T 
9x 2 +7x-6 



dx 



x -x 
(1-x) dx 



Vx(x' 2 -4) 3 dx 



3 2 

z ^ z 
ax 2 -bx + c 



dz 



ax +bx-c 
Tgl6xdx 



dx 



lt-2 



4l-2t 
dx 



dt 



cozg6x 
(x + l)dx 



(x + 2) 2 (x + 3) 
arc rgxdx 



(l + x 2 ) /2 
(x 2 +9)' A dx 



x dx 



x -x— 6 

dw 
1 + cos w 
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85. -IV } (cos 3 y^seny^dx 

88.- [ (sec <p + Tg(p) 2 d<p 

91.- [ sen^^cos 3 <£><i^> 

94.-jV v -l)(e 2v +l)^ 

97.- J (arcs e n Vl-x 2 ) dx 



100.-J 



<i<£> 



a 2 sen 2 ^ + £ 2 cos 2 ^ 



103.- [(2coso;sencir-sen2a)(ici; 

(<p + sen3<p)d<p 
3(p 2 -2 cos 3^9 

109.-j"Vw(l + w 2 ) 2 dw 



106.- J 



112.-J 
115.-J 



dx 



Vx 2 -2x-8 
x +7x -5x + 5 



x 2 + 2x-3 



dx 



xdx 



118.- f- 

Vx 2 + 4x + 5 

1 21 .- j £ ?7 exp -Jx-ldx 

_ f s e n x ^ x 
■* 1 + senx + cosx 
(1 + s e n x)dx 
sen x(2 + cos x) 



127.-J 



86.- J , 

J Vl9 

89.- { 
92.- j 



x dx 



-x 
dt 



t(4+er/ z ty 

sec 2 ^d^ 
dx 



98.- f- 

J l 

101.- 
104.- 
107.- 

110.- 

113.- 
116.- 
119.- 

122.- 
125.- 
128.- 



5x +8x + 5 
3dy 



+ V3 7 
tdt 



(it+iy 1 

t A iff tdt 

(y /2 +l)dy 



y /2 (y + D 

(x +x )dx 



x +x-2 
(x + l)dx 



sllx-. 



e ' 'dx 



Adx 



x +4x 



VI 



+ x J 



-dx 



x 
dx 



3 + 2cosx 

dx 



__ r s e n <£>d<£> 

b7- "J X 

J COS /2 #? 

90.- 1 a e b 2e c™de 



93.-J 



dx 



Ve 2 *-16 

x 3 +l 



96,f^x 

J r — r 



X -x 



99.-j"x(l + x) x dx 

102.- [ "' 

J (1-/)^ 

105.-jV(l+v) n d* 
108.-{^-_ 

IM-^adb 

ii4.-j/(x)r(x)dx 
117- f fr-Q* 

J Vx 2 -4x + 3 
120 - f_ cor ^ x ^ x 



senx 



123.-fJ— -dx 

J Vx+lx 

126.- f 



Vx 2 -2x + 5 



x 4 +4 



RESPUESTAS 



If .3 sent 4 .4 j. 

.-\t e cos ? a? 

Solucion.- Sea:M = seiu 4 ,dw = (cosr 4 )4r ! d?; luego: 

f .3 sen; 4 ,4j, ^ f ,1.3 senr 4 ,4j, f « J « , sent 4 . 

\t e costdt = — \4te cost dt = — \e du = — e +c = —e +c 

J AJ AJ A A 
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ede 



J (l + 0) 2 
Solucion. - 
r OdO _r AdO r Bd6 

J(l + 0) 2 JT+0 + -!(l + 0) 2 

T = -^— + — ?— =^0 = A(l + 0) + B =^0 = A0 + (A + B), dedonde: 

(1 + 0) 2 1 + (1 + 0) 2 

4 1 D 1 ♦ /xf 9dG r d0 r d0 . ,. ., 1 

A = 1,B = -1, entonces: (*) r-= r = ^nl + ^ + + c 

J (l + 0) 2 J l + J (l + 0) 2 ' ' 1 + 



'* a+r- 



d+ey 

Solucion. - 

6d6 
dv 



Sea: u = e " (l + ff> ' 

du = e dO f, i, , a \ , 1 

v-irj 1+0 \ + - 



1 + 

J (l + 0) 2 ' ' 1 + J ' ' 1 + 

= <?^>7|l+0| + \eir)\\ + 0\dO-\ (*) , resolviendo por partes la segunda 

1 + J J 1 + 

0d0 



u = e 



dv 



integral se tiene: 1 + 

du = e e dO v = lrj\\ + 6\ 

9 7/3 

Luego:[?-^ = e (> £n\l+9\-[e e £tj\l+9\d9, esto es: 




1+0 

(9 



<? 



1+0 

4.-jV s3e sec 2 30d0 

Solucion.- Sea: m = zgW, du = 3sec 2 30J0 

1 1 TgW 

\e TgW sec 2 30J0 = - \e u du = -e u +c = + c 

J 3 J 3 3 

_ (• xdx 
■* Hax + b 

Solucion.- Sea:ax + & = ? 3 =^>x = ,dx = — dt 

a a 
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't'-b\3t 2 



r xdx _ (•' 
■* Uax + b * 

_ 3f 5 3bt 2 
5a la 



dt 
a r3t(t 3 -b) 



a 



3 . 3 

dt = — \(t 4 -bt)dt = — 

n * n 



f t 5 bt 2 ^ 



+ c 



3(ax + b) A 3b(ax + b) A 
+ c = ; ^ + c 



5a 2 



2a z 



3(ax+b)%j(ax+b) 2 3b^j(ax + b) 2 



C 2 

5a 



2a 2 



+ c 



6.-J. 



x 2 -l 



x+1 
Solucion. - 



dx 



x 2 -l 



£>rffa-l) 



J^-Jf^-J 



(x-l) /2 ax : 



(*-iy 



+ C: 



2(x-iy 



-+c 



2(x-l)Vx^T 



+ c 



H, 



dx 



(2-x)VT^x~ 
Solucion.- Sea\l-x = t 2 ^>x = l-t 2 ,dx = -2tdt 



I 



dx 



!i 



-2tdt 



dt 



(2-Jt)VT^x~ ] \2-(\-t 2 )\t 

8.- 1 e 2 ~ x dx 

Solucion.- Sea:w = 2-x,du = -dx 
f e 2 ~'ox = - f e"ow = -e" + c = -e 2_x + c 

_ r e l O*x 
■• ae x —ft 
Solucion.- Sea\u = ae x -b,du = ae x dx 

p e x dx 1 f aw l.ii l/,ix,i 

= — — = — zr]\u\ + c = —zr]\ae -b\ + c 

J ae x -b a J u a a ' ' 

+ l)aY 



-2[ - = -2aicTgt + c = -2aicTg-Jl-x + c 

J l+r 



^Jii 



f 2 + 2r-5 
Solucion.- Sea: u = t 2 + 2t-5,du = 2{t + \)dt 

r (t + Y)dt _ 1 r 
J / 2 -i-9^-^ ~ 9 J 



+ l)o7 lfrfM 1 . | I 1 „ I 2 _ .I 

-i — = - — = -in \u \ + c = -in \t +2t-5 \ + c 

t 2 + 2t-5 2 J u 2 M 2 ' I 



11.- jsec — <i<£> 

Solucion.- Sea:t/ = sec— + re— ,du = — (sec— zs — + sec 2 — )dq> 

2 2 222 2 
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. (p r sec< % ( sec % +*g' P A) r sec2<P A 
Jsec^ = J / 2 /Z d<p = \ LL 



2(0/ , (D / m 

• ' '- +se,cy~Tgy2 



sec^ + rg^% 



(P / , (P / 
sec % + Tg Y2 



dcp 



• du 



sec % +T 8% 



+ c 



= 2\— = 2£n\u\ + c = 2£n 

w.-^rgOde 

Solucion.- Sea:M = cos 6,du = -senOdO 

\zg6d6= f d6 = -\ — = -£t]\u\ + c = -£7]\cos0\ + c = -£t] 

J J cos# J u 

= -prfi +£r/\sec0\ + c = £n\secd\ + c 



seed 



+ c 



._ rn TJ , 
13.- — sen — an 

J a b 




Solucion. - 




v 1 

u = — 


dv = sen — dn 


Sea: a 

du = 2Tld11 
a 


b 

u n 

v = -b cos — 

b 



f— sen— dn = — n 2 cos—+ — \r/cos-?-dn(*) , resolviendo por partes la segunda 
J abbba J b 



integral se tiene: 



U = T] 

du = dn 



dv = cos — dn 
b 



v = bsen 



n 



, x a 2 V 2b ( . n , r n N 

(*) = n cos — H bnsen b \sen- L dn 

b b a { b J b 



j] 2b 2 



n 2b 3 



= — n cos — H Tjsen — -\ cos — + c 

b b a b a b 

14.- \<psec 2 <pd<p 

Solucion. - 

u = q> 



Sea: 



dv = sec 2 <pd<p 
du = dcp v — z gep 

j ez> sec 2 cpdcp = (prg(p-\ rgcpdcp = (pTg(p-£n |sec cz>| + c 

15.- f* 

Solucion.- Sea:w = -x,du = -dx 

— =[5- x dx = -[5 u du = -— 
5 X J J f 775 



f — = [5 x dx = -\5 u du = + c = + c = - 



5 x £n5 



- + c 
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16.- [sec 2 (l-x)<ix 
Solucion.- Sea: u = 1 - x, du = -dx 
j sec 2 (1 -x)dx = -\ sec 2 udu = -Tgu + c = -Tg(l-x) + c 
r xdx 



V16-X 

Solucion.- Sea:u = x 2 ,du = 2xdx 
xdx 



xdx 



i J- 

9 J 



2xdx 



9 J 



Jm 



1 u 

, -1 r , , 1 , -— arcsen — + c 

Vl6-x 4 J V4 2 -(x 2 ) 2 2J^/ 4 2 -(x 2 ) 2 2J^4 2 - M 2 2 4 

1 x 2 

— arcsen he 

2 4 



is.-} 



rfy 



^/i+VT+7 



Solucion.- Sea:r 



l+(l + y)> 



? 2 = i + (i +;y )X^ ? 2_ 1 = ( 1+:y y 



<7 2 -l) 2 = 1+ j => y = ( t 2 -l) 2 -\,dy = 4t(t 2 -l)dt 



I 



Jy 



j / =4j(r-l)Jf = 4( + c = 4f( l) + c 



1+VTT7 

4ViVr^( 1+ \ 1+y -i)+c=^iVrT7(VrT7-2)+ 



19.-J- 



dx 



+ c 



a/x + 4-Vx + 3 
Solucion.- 

f '* = f (X + 4) " +(X + 3) "c /x= fr ( x + 4)^ + (x + 3)^x 

J VxT4-VxT3 J (x + 4)-(x + 3) JL ^ 

IV ^^J/ +WA (x + 4)^ (x + 3)^ 2V(x + 4) 3 2V(x + 3) 3 
(x + 4) /2 + (x + 3) /2 = — —, 1 —. \-c = — 1 — 

-^,3/ 3 3 

72 72 

= |(V(* + 4) 3 +V(* + 3) 3 ) + c 

20.- j" cos ec6W6> 

Solucion.- Sea:M = cos ecO + cot gO ,du = -(cos ecO cot gO + cos ec 2 0)d0 
• cos ec#(cos ec# + co TgO)dO _ r cos ec 2 # + cos ec# co TgOdO 



r r * 

I cos ecOdO = I - 



f 



cos ec6 + co Tg6 J cosecO + coTgO 

= -[ — = -^^|w| + c = -^?7|(cosec# + coz-g#)| + c 

21.-J?(l-? 2 )% 

Solucion.- Sea: u = I- t 2 ,du = -2tdt 
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jt(l-t 2 ) /2 dt = — ju A du = --r4- 



- + c = — u A +c = — {\-t 2 ) Yl +c 
3 3 



22.-jt(l-t 2 )' A arcsentdt 

Solucion.- 

u = arcsent dv = t(l-t 2 ) A dt 



Sea: , dt 
du 



jr? v--a-.-y 



\t(l-t 2 ) A arcsentdt = — (l-t 2 ) A arcsent + -\(l-t 2 )J^t 



j? 



arcs en? + — \(l — t )dt = arcs en? + — (t ) + c 

3 3 J 3 3 3 



(l-? 2 )^arcsen?-? + — 



+ c 



23.- J 



1 + cos 2x 



dx 



sen 2 2x 
Solucion.- 

•l + cos2x , rl + cos2x 



r 1 + cos 2i, p 1 + cos 2x , p dx r dx If 

1 dx = t— dx = = —t- — -^ = - 

J sen 2x J 1-cos x J l-cos2x J „[l-cos2x) 2 J 



dx 



1 f 2 . 1 

— Icosec xdx = — corgx + c 



24, f^* 

J x —x 

Solucion.- 
x + 1 , r (x + l)dx r (x + l)dx p Adx r Bdx r Cdx 



\^—^ix = \- 



x -x 



x(x -1) J x(x + l)(x-l) 



C /iax (• oax r 

J v J fv4-11 J 



(x + 1) J (x-1) 



(*) 



(x 2 + l) 



A +— ^— + — ^^(x 2 +l) = A(x 2 -l) + Bx(x-l) + Cx(x + l) 



x(x + l)(x-l) x (x + 1) (x-1) 
x = 0^1 = -A^A = -l 

De donde: x = -1 => 2 = fi(-l)(-2) => fi = 1 

x = 1 => 2 = C(l)(2) => C = 1 
Entonces: 



(*){ 



= 17] 



(x 2 + 1) dx 
x(x + l)(x-l) 
x 2 -l 



dx 



C ax (• ax r 

J r J fr4.11 J 



dx 



(x + 1) J (x-1) 



?^|x| + ^^|x+l| + ^^|x-l| + c 



+ c 
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25.-J 



e x dx 



^ 



Solucion.- Sea:u = e x ,du = e x dx 

du 



\ 



C e x dx _(• e x dx 

^9-e 2x ~^3 2 -(e x ) 2 J V^ 

26- f-^ 

•>(x-l) 3 

Solucion. - 
r dx 



u e 
= = arcs e n — + c = arcs en he 

, 2 3 3 



(x-1) 3 

(3x + 4)dx 



j(x-iy 3 dx = - 



(x-iy 



- + c = — 



(x-iy 



- + c 



27,J 



V2x + x 2 

Solucion.- Sea: m = 2x + x 2 , du = 2(1 + x)dx 
(3x + 4)dx f (3x + 3) + l J ^{(x + \)dx 

V2x + x 2 
3 r du p 



! 



! : 



4ix 



+ x 
dx 



-dx = 3\- 



+ 



dx 



3 r du 



J2x + x 2 yJ2x + x 2 2 



r au r 



dx 



4lx 



3 u' 



£+[-. dx =3^7 + f- 

V6 j J(jc+d 2 -i J 



+ x 
dx 



2 j m /2 J 7(x 2 + 2x + l)-l / Vy J ^ + l) 2 -l ' J V(^ + l) 2 -l 

Sustituyendo por: x + 1 = sec 6>, dx = sec OzgOdO, y](x + l) 2 -l = tg9 

= 3a/2x + x 2 + f S6C ^*y d 9 = 3^2x + x 2 + f sec 6>d<2 = 3^2x + x 2 + I?7|sec(9 + rg6>| + c 
J ^ J 



= 3a/2x + x 2 +///L + 
dv 



1 + V2x" 



+ x 



+ c 



28.-J 



4a- 



Solucion.- Sea: s - 2s en 9, ds = 2cos #d#, ^A-s 2 = 2cos 6> 

, = — — = \d 9 = 9 = arcs e n % + c 

J V4-5 2 J >o^ J /2 

29.-J 



dx 



2 / 2 , 

x vx + e 



Solucion.- Sea:x = 4ezg9,dx = Je sec 2 9d9,^]x 2 +e = vesec# 

1 :d9 



dx 



2 / 2 , J 2 

x Vx +e erg 



r Jesec^ OdO _ 1 r sec 9d9 _ i_ t pxrfj _ 1 r cosfl 

J — 2 n^Tn p* to 1 gJ sen 2 ^ e-'sen 2 ^ 



sec# e T S 
Sea:u = sen9,du = cos9d9 , luego: 



cos 9 
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1 r du 1 



1m" 1 



i r au if j, i u i 

(*) = - — = - \u du = + c = + 

e J u e J e -1 ew 



l_ 

esenO 



- + c-- 



■ + c 



X 



v^ 



x 2 + e 



^ 



x 2 +e 



- + c 



ex 
xdx 



3 °-f / 

Solucion.- Sea\x + l = t 2 ^>x = t 2 -l,dx = 2tdt 

r x<£t t(t 2 -\)2/dt „r, 2 , x , „,f 3 s „ ,f 2 ,, 
j^= = p y— = 2j(t 2 -l)dt = 2(-- t ) + c = 2t(-- l) + c 



VI 



+ x 



/ 



: 2VxTT(— - 1) + c = 2 Vx7T(— ) + c 



31-H^L 

J Jv+l 



Solucion.- Sea: y + l = ? 2 => y = t 2 -\,dy = 2tdt 
f y 2 dy _r (t 2 -l) 2 2/dt 

5 3 



2J it 2 - 1) 2 & = 2 J (r 4 - 2r 2 + l)dt = 2 



r t 5 2t 3 



5 3 



■+t 



+ c 



2t\ + 1 

5 3 



+ c 



2V7TT 



+ c 



r (y + D 2 2 y + 2 ll A 



v J 



+ C: 



2V7TT 



v 



15 



+ c 



= 2VjTT 

= 2VjTT 

32 -'v^t 

Solucion.- Sea\u = y 2 -l^> y 2 =u + l,dy = 2ydy 
y 3 dy (• y 2 ydy 1 r(w + l)dM 1 



V+2y + l 2v + 2 , A 
+ 1 



+ c 



y 3 dy 



(• y ay r 

J V7 r r J V7 r T 2J «* 2 



J ^ — = -j(u A +u A )du 



w W 



+ C 



33.- J T 



+ u A + c = u A (j/u + Y) + c = ^y 2 -1 
d6> 



^-=1+1 



V 



+ C: 



VT^i 



j +2 



y 



+ c 



+ 2cos# 



2<fe \-z 2 
Solucion.- Sea: d0 = - -,cos6> = : T ,0 = 2arcrgz 



\ + z l 



\ + z z 
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f+\ 



Solucion.- 

rt 4 -t 3 +4t 2 -2t + l, rf , 3t 2 -t + l] , fl fl r3t 2 -t + l , 

I - 3 dt = I \t-l + — - 3 dt = I tdt- I dt + I — - 3 dt 

I "T" \- \ I "T" l> J I "T" I 



t tit 
t+\ — 

2 J t 



3t 2 -t + l 



+ t 



dt(*) 



3t 2 -t + l A Bt + C 



- + - 



r(r+i) t (r+i) 



^>3t-t + \ = A{t+\) + {Bt + C)t 



t = l^3 = 2A + B + C^B + C = l } 
Dedonde: \B = 2,C = -\ 

t = -l^5 = 2A-(C-B)^B-C = 3 



, N t rAdtrBt + C, t 

(*) = — r+ — + — — rf? = — ?+ — 

2 J f J ? 2 +l 2 



r rf? r 2? - 1 



J/ 1 



f 



rf? t 



f+^nW+ -r -: = t + ln \t \ + £t] \t +1 \-arcTgt + c 

2 ' ' J ? 2 + l V+l 2 'II '| | 



= t + tr/ \t(t 2 + 1) - arc zgt + c 

35.- f-^ 

Solucion.- 

f = f d(p = <p + c 

> Irje J 

36.-j"x(10 + 8x 2 ) 9 rfx 

Solucion.- Sea:M = 10 + 8x 2 ,rfM = 16xrfx 

[x(10 + 8x 2 ) 9 rfx = — [l6x(10 + 8x 2 ) 9 rfx = — \u 9 ddu = ! c = ! c 

(10 + 8x 2 ) 10 



16' 



16- 



, i 
1 u 

Te> To 



10 

160 



160 



- + c 
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dx 



' J Vd6 + x 2 ) 3 
Solucion.- Sea: x = 4rg0, dx = 4sec 2 6d0 



t dx r^s&f^dO 1 f dO lr _,_ 1 

i == ^ 5 — = — = — cos 6d6 = — sen6> + 

J . /rifi+r 2 ^ 3 J 4 X sec / 6> 16 J sec6> 16 J 16 



A" 



Vd6 + x 2 ) 3 
38.- f ;**** 

J V?74 

Solucion.- Sea:j/ = x 2 + 4=>x 2 =u-4,du = 2xdx 



16^16 



r+C 



+ X^ 



x rfx r a xdx !(•(«- 4) Jm 1 



i- a ax _ r 

J rr—; = \ 



Vx 2 + 4 J Vx 2 +4 2' „* 



(w — \u A )du = — u du — 2 w Jm 



, = — I r7 — = — I (u n - 4w n )du = - 

7+7 2J M ^ 2J 

2w iT 2 . i/ i/,W .- fl 7,;. 

—— + c = 4m /2 +c = w /2 ( — 4) + c = Vx +4( 4) + c 

1/3 3 3 



,x 2 + 4 



.x 2 -8. 



Vx +4( ) + c 



39.-J 



x dx 



Vl6^ 



Solucion.- Sea:t/ = 16-x 2 => x 2 = 16 -u,du --2xdx 

1 f(16-«)d« 1 (• -v ^ 

-i7 = — \{lou / —u / )au 

'A 9 J 



C x dx _ f x xdx _ i f i 

J Ua Jl = J /,. _2 =_ ?J" 



Vl6-x 2 J Vl6^ 

1 16m 12 1 u 

- + 



VW& 



1^ K U -ir K VMM /-. ,,. M. 

, , --l6w /2 + — + c = -l6w /2 + + c = Vw(-l6 + -) + c 

/ lA / 3 / 3 3 3 



7 " /i 

r— 2, 16 -x 2 . r— j 32 + x 2 . 
= VI 6 - x (-16 + ) + c = -VI 6 - x ( ) + c 

40.-\a(x 2 +l) 1/2 dy 
Solucion. - 

j" a(x 2 + \) ]/l dy = a(x 2 + \) Yl j" dy = a(x 2 + V) A y + c 

41 -f * 

J (V6^) 3 

Solucion.- Sea: x = V6 sen 6>,dx = V6 cos OdO, V6-x 2 = V6 cos # 
dx 



1 



I 



(V6-x 2 ) 3 J (V6) / cos / 6' 6 J cos 2 6> 6 



d6> 1 r dO 1 2 -.- 1 - 1 

sec 9d9 = -rg9 + c 



I; 



6v^ 



: + C 



42.-J 



dx 
x(3 + / ^x) 
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Solucion.- Sea: u = 3 + ltjx,du 



dx 



dx 



du 



-f- 

x(3 + tr/x) J u 



7 r}\u\ + c = £rj\3 + lrjx\ + c 



43.- J 



16 + e 



-dx 



Solucion.- Sea:u = e x ,du = e x dx 

e x , r du 1 u 1 e x 

-^ y = — sue Tg — + c = — sue Tg — + c 



\j^ dx= l: 



4 



4 



4 



16 + e 2 * J 4 2 + w 2 4 
44.- [cos Vl-x<ix 

Solucion.- Sea:l-x = ? 2 ^x = l-t 2 ,dx = -2tdt 

j cos VI - xdx = -2 [ cos fcfr(*) , integrando por partes se tiene: 

^ _ u - 1 dv = cos tdt 



du = dt 



v =senr 



(*) = -2Usen£- senfc/n = -2^seiU + 2 sentdt = -2tsent-2cost + c 

= -2 V 1 - x s e n VI - * - 2 cos VI- x + c 

45.- -== 

Solucion.- Sea:x-1 = ? 2 =>x = ? 2 +l,dx = 2tdt 

JVx^T J / J 7 5 



: ,(^L + ^L + 2 ; 2 + 2) + c = Vx^I 
7 5 

= 27X^1 



2(x-l) 3 6(x-l) 2 

1 h2(x-l) + 2 

7 5 



+ c 



(x-1) 3 3(x-l) 2 

H hX 



46.- J 



7 5 

.5 -7. .4 , -7 3 in..2 



+ c 



2j-7j +ly -19y 2 +7y-6 



(y-l) 2 (y 2 +l) 2 



dy 



dy(*) 



- + - 



B 



- + 



Cy + D Ey + F 



- + 



Solucion. - 

r 2y 5 -ly A +7y 3 -19j 2 + 7j-6 

J (y _l)2 (y 2 +1) 2 

2y 5 -7y 4 +7y 3 -19y 2 +7y-6 

(j-1) 2 (j 2 + 1) 2 y-1 ' (j-1) 2 ' (j 2 +l) ' (j 2 + l) 2 

2j 5 -7j 4 +7j 3 -19j 2 +7j-6 = A(j-1)(j 2 + 1) 2 + B(j 2 + 1) 2 
^+(Cy + D)(y-l)V + l) + (£y + F)(.y-l) 2 ,luego: 
2j 5 -7j 4 +7j 3 -19j 2 +7j-6 = (A + C)j 5 +(-A + B-2C + D)j 4 
^+(2A + 2C-2D + £)y 3 + (-2A + 2B-2C + 2D-2£ + ,F)y 2 



220 



+(A + C-2D + E-2F)y + (-A + B + D + F), Igualando coeficientes se tiene: 

'A +C = 2 A 

-A + B -2C +D =-7 

2A +2C -2D +E =7 

-2A +2B -2C +2D -2E +F =-19 

A +C -2D +E -2F = 7 

-A + B +D +F =-6 

2j 5 -7j 4 +7j 3 -19j 2 +7j-6, f Jj 



=^A = l,fi = -4,C = l 
D = 0,E = 3,F = -1 



(*)f 



ydy r(3y-l)dy 



(y-ircr+i) 



v— 1 2 ' ' J 



J j-i J (j-i) 2 J (j 2 +i) J (j +i) 

ydy p rfy 



.y- 

4 

It] \y-l + + ^77 

y-1 



-J; 



(/+1) J (j 2 + 1) 



V7TT|--^|j 2 +i|- 



1 y 1 

^ + -arcrgy 

2/+1 2 



+ c 



'TJ 



(y-i)V7+i 

(j-D 



j 



1 



4 3 1 1 

+— - — -^/ + i- , 

y-l 2 K ! 2(y 2 + l) 2 



— arcrgy + c 



V^+i 



+ - 



J 1 

energy + c 



y-\ 2(/ + l) 2 
47.- [sen jx + ldx 

Solucion.- Sea:x + 1 = ? 2 => x = t 2 -l,dx = 2tdt 
\sen4x+idx = 2\(sent)tdt(*), trabajando por partes 

dv = s e n tdt 



Sea: 



u = t 
du = dt 



v = -cos? 



(*)2\(se 11 t)tdt = 2\-tcost+ icostdtj = -2t cos t + 2s e nt + c 

= -2v x + 1 cos \jx + 1 + 2 s e n v* + 1 + c 
•9x 2 +7x-6 



48- J: 



3 
x -x 



-dx 



Solucion. 
r 9x 2 +7x-6 



9x 2 +7x-6 



Adx r Bdx p Cdx 



x 3 -x 



f *•* +/X-0 , f/lflX f BOX fLttf, . 

i/x= dx = + + (*) 

J x(x + l)(x-l) J x J x + 1 J x-1 



9x +7x 6 = ji + JL + J^^9 ;c 2 + 7 x _6 = A(x + l)(x-l) + gx(x-l) + Cx(x + l) 
x-x x x+1 x-1 

x = 0=>-6 = -A=>A = 6 
De donde: ix = 1^10 = 2C^C = 5 

x = -1 => -4 = 2B => B = -2 

^rdx^rdx ^ p dx , . I 1 _ . 1 , 1 _ „ 1 , 1 

(*) = 6 2 + 5 = 6£tj\x\-2£tj\x + 1\ + 5£tj\x-1\ + c 

J X J x + 1 J x-1 
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49.- J 



?j\x 6 \- £?j\(x + l) 2 \ + tr/\(x-l) 5 \ + c = tr/ 
5w 3 -5w 2 + 2w-l 



x\x-l) 5 



(x+iy 



+ c 



4 , 2 

w + w 



-dw 



Solucion. - 



■5w —5w + 2w—l 

4 2 

w + w 



4w = \ 



5w —5w +2w—l 
w 2 (w 2 +l) 



dw(*) 



5w 3 -5w 2 + 2w-l Aw+B Cw+D 
= ; — + - 



w (w +1) 



vv 



w 2 +l 



5 w 3 - 5w 2 + 2w- 1 = (Aw + S)(w 2 + 1) + (Cw + D) w 2 

=} Aw 3 + Aw + Sw 2 + B + Cw 3 + Dw 2 => (A + C)w 3 + (B + D)w 2 + Aw + B 

Igualando coeficientes se tiene: 

f A +C = 5^ 

B +D = -5 



(*)J 



B 

Aw + B 



c?w 



2 
-1 



^A = 2,B = -1,C = 3,D 



w 

c2wdw 
J w 2 



2w-l 

2-< 

W 

3 r 2wdw . r <iw 



3w-4 



+ — - 7 dw = ^—dw+ — ? 

J w 2 + l J w 2 J w 2 + l 



dw 



r i, Jf Lwaw . p aw 

■ W 6?W+- — r 4 — 

J 2 J w 2 +l J w 2 + 1 



:/; w H \-zt] 

1 w 



yj(w 2 +lf \-4arcTgw + c = lr/ w 2 ^/(w 2 + l) 



H 4 arc rgw + c 

w 



50.- f- 

J l 



3dx 

+ 2x 



Solucion.- Sea:w = l + 2x,<iM = 2(ic 
3dx „ r <ix _ 3 r Jm _ 3 

■2x 2-' w 2 



= 3 = - — = -£n\u\ + c = -£n\l + 2x\ + c = £n 

J l+2x J l + ^ ? J " ' - ' 



3 

2 



Vd + 2*) 3 



+ c 



r(l-x) 2 <ix 

•* x 
Solucion. - 

r (1 — x) dx r 1 - 2x + x dx 



r dx r r x 

I 2) dx+ I xdx = £rj\x\ — 2x-\ he 



52.-J 



xe 



-dx 



Solucion.- Sea:u = -2x 2 ,du = -4xdx 

xe" 2 * 2 , 1 r _„> . If „. 1 

8 



I 



2 2 



\xe 2x ' ' dx = — \e u du = — e" +c = — e 2x ' + 



8 



53.-\e 2 'cos(e')dt 
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Solucion.- Sea: w = e',dw = e'dt 

je' cos(e' )e'dt = j wcos wdw(*) , trabajando por partes 

dv = cos wdw 



Sea: 



u = w 



du = dw 



v = sen w 



(*) wcos wdw = wsenw-\ sen wdw = wsen w + cos w + c = e' sen(e') + cos(e') + c 
54.-\Jx~(x y2 -4fdx 



Solucion.- Sea\u = x 3/2 -4,du = -y[xdx 

2 



2 r 1 , 2 u 
3T 



(x /2 -4) 4 
+ c = —u+c = - — + c 



]_ 

6 



\ 4x(x yi - Af dx = - \u 3 du 

J 3 J 3 4 6 6 

sec x i 

55.- ^ ^ x = e secx dx = tgxsecxe secx dx(*) 



COS X ■" COSX COS 

Solucion.- Sea:w = sec x,du = sec xzgxdx 



~ u i ~ sec* . „ 

e +c = e +c 



<iv 



(*) = \e u du 
56.- f- 

Solucion.- Sea:? = s' A => s = t 3 ,ds = 3t 2 dt 
(• <is _ (• 3r J? _ (• 3tafr _(• tafr _ 

'^(l + s K )~'/(l + ' 2 )~ , '<l + ' 2 )~ '(T+7)~2 

l fl-z 2 "■ 



3 » I, 2| 



57,J 



3 2 

Z I Z 



cfe 



~ i ■ - o I _ z 2 , _ 2<iz 

Solucion.- Sea:w = — ^—,du = — z— 



l (l-z 



2 \ 



3 2 

z I z 



dz 



1 1 ii ii 1 

1 f 10 1 W M 1 

: — w aw = \-c = \-c = 

2 J 2 11 22 22 



(■\ 2\ 



1-z 



+ c 



x^?7(l + x ) 



dx 



+ x A 



58.-}^ 

Solucion.- Sea: w = £r/(l + x 2 ),du 

rxln(l + x 2 ) , If, 1 w 2 /r 
r — dx = — udu = \-c = h 

J l + x 2 2 J 2 2 4 

59.-J 



2xdx 

l + x 2 

u 2 



[^(1 + x 2 )] 2 



+ c 



co rgxdx 



:r/\senx\ 
Solucion.- Sea:u = tr/\senx\,du = corgxdx 



co rgxdx p du 



- 



'i]\senx\ 



,rj\u\ + c = lrj\lrj\senx\\ + c 
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60.- J 



ax -bx + c 



dx 

1 1 2 , , „ 2 



ax +bx-c 
Solucion. - 



• ax -bx + c 
ax 2 +bx-c 



dx 



ax —bx + c 
ax +bx-c 



\dt 



ax -bx + c 
ax +bx-c 



-t + c 



61.-J 



dx 



cos 5x 



z — = sec 2 5xdx = — sec 2 udu = —tsu + c = —ts5x + i 



Solucion.- Sea\u = 5x,du = 5dx 

dx 
cos 2 5x J 5 • 

62- f-*- 

J 12-lx 
Solucion.- Sea\u = l2-7x,du = -7dx 

r dx I rdu 1 . I i 1 . .,_ _ i 

= — — = — £n\u\ + c = — £n\l2-7x\ + t 

J 12-7x 7 J u 7 ' ' 7 ' ' 

63- jz"gl6xdx 

Solucion.- Sea:w = cos(16x), du = -16sen(16x)dx 



f i/c j rsen(l6x), l rdM 1 , , 1 , , 

r#16xax = — — ax = — = zn\u\ + c = in cos(lox) \ + c 

J J cos(16x) 16 J u 16 M 16 ' ' 



cos(16x) 
64-jVg4#sec 2 4#d# 

Solucion.- Sea: u = rg40,du = 4 sec 2 A6d6 
[rg46>sec 2 \6d6 = -\udu 

__ p xdx 
65.- 

J Vx^5 
Solucion.- Sea:w = x-5=>x = w + 5,<iw = <ix 

3/1/ 

f XOX fM + 5 , f i/ , _f -}/ , W /2 _W /2 

, = — ^-aM = w /2 aj/ + 5 w /2 aw = -—7 + 5 — r + c 

J Vx-5 J w /2 J J 3/ 1/ 



1 w 2 w 2 rg 2 46> 

+ c = — + c = — + c 

4 2 8 8 



2u ? 



- + 10w /2 +c 



— wvw +I0y/u +c = — (x-5)vx-5 + 10vx-5 +c = 2vx-5 



x + 10 



+ c 



66.-J- 



7?-2 



4l-2v 
Solucion. - 



*fr 



f It -2 _ r 7fafr r 2<& 7 j- -4ftfr rrr dt 

hl-2t 2 t ~^l-2t 2 Ul-2t 2 ~ ~^ 4l-2t 2 J 7 / 2 -t 2 

= --yJl-2t 2 -yfli 



arcsenjy-t + c 
67.- j (1 + x) cos vxdx 
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Solution.- Sea: Vx = t => x = t 2 ,dx = 2tdt 
f (1 + x) cos 4xdx = J (1 + t 2 )(cos 02fcfr = 2\(t + t 3 )(cos 0<# = 2 f t cos fcfr + 2 [ t 3 cos fcfr (*) 

Trabajando por partes: \t 3 costdt 

^ w = ? 3 dv = cos tdt 

Sea: 

du = 3t 2 dt v=sent 

\t 3 costdt = t 3 sent -3jr sentdt 
Trabajando por partes: \t 2 sentdt 
^ u = t 2 dv = sentdt 

du = 2tdt v = -cost 

it 2 sentdt = -t 2 cos t + 2 \t cos tafr 

Trabajando por partes: Ucostdt 

_ M = f dv = costdt 

Sea: 

du = dt v = sent 

\ t cos f^ = fsen?-fsen^f = ?senf + cos ? + c, 

(*) 2[?cos^ + 2[? 3 cos^ = 2[?cos^ + 2U 3 sen?-3[? 2 senfr/n 

= 2 \t cos tdt + 2t 3 sent- 6\t 2 sentdt = 2\t cos tdt + 2t 3 s e nt - 6i-t 2 cos t + 2\t cos tafr J 

= 2 [? cos fcfr + 2? 3 s e n ? + 6t 2 cos t-l2\t cos tdt = 2t 3 sent + 6t 2 cos ? - 10 U cos tafr 

= 2? 3 s e n t + 6? 2 cos ?-10(?sen? + cos t) + c 

= 2t 3 sent + 6t 2 cost -lOt sent -lOcost + c 

= 2vx 3 sen yjx + 6xcos y/x -lOvxsen vx -lOcos vjc + c 

68.- f ^ 

J x(^/l+^-l) 

Solucion.- Sea: (1 + x) ]/l = t => 1 + x = t 2 => x = t 2 - 1, dx = 2tdt 
r dx r 2tdt 



r LlOl , . 

(*) 

J (t 1 -W(t-W 



x(^JT+x-V) J (r 2 - 1)0-1) 
t ABC 



A B 

- + + - 



(t + l)(t 2 -l) t + l t-\ (t-\f 



t = A(t-l) 2 + B(t 2 -l) + C(t + l) 



De donde: 



(*) = 2 



t = \^>\ = 2C^>C=\ 
f = -l=>-l = 4A 

B<# r Cdt 



2 



4 

s=i/ 



r A<i? p 6<i? p Cdt _ I r dt I r dt I r dt 

+ + r- =2 — + - + - 

h + \ h-\ Ut-D 4 J r + 1 4 J ?-1 2 J (f-r 
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1 (• dt 1 (• dt (• dt 



(*-ir 



•-^nk + l| +— ^w|f-l| + c 

2 ' ' 2 ' ' t-\ 



2 
69.- f- 



t-\ 



t + \ 

dx 



1 X o 

t-\ 2 



>/!+*- 1 



sj\ + X + \ 



1 



VT+x"-i 



+ c 



f dx p , , p s e n 6x 7 1 rdu 1 „ , , 1 . , , , 

= rgoxdx= —dx = — — = — zrj\u\ + c- — Itj\cosox\ + c 



I rdu l.i 1 . i,_ ,.i 

dx = — \ — = — zn\u\ + c = —Zrj\(2x-4)\ + c 
sen(2x-4) 2 J w 2 ' ' 2 ' ' 



corg6x 
Solucion.- Sea:w = cos6x,<iw = -6sen6xdx 
dx 
corg6x J J cos6x 6 J M 

70.- fcorg(2x-4)<ix 
Solucion.- Sea:w = sen(2x-4), du = 2cos(2x-4)<ix 

r ,„ ^ , r cos(2x-4) 
Jcorg(2x-4)<ix = J 

T\.-^(e'-e- 2, ) 2 dt 
Solucion. - 

j" (e' - e' 2 ' ) 2 dt = \(e 2 '- 2e'~ 2t + e~ M )dt = \e 2t dt-2\ e'dt + j" e~ 4 '^ 

= — e +2e — e + c 

2 2 

72.-1 

s 

I 



(x + l)dx 
(x + 2) 2 (x + 3) 
Solucion. - 

(x + l)dx (x+V) 



B C , X 

-! - + (*) 



(x + 2) 2 (x + 3) (x + 2) 2 (x + 3) x + 2 (x + 2) 2 x + 3 
>x + l = A(x + 2)(x + 3) + B(x + 3) + C(x + 2) 2 
x = -2=>-l = B=>B = -l 
De donde: \ x = -3 => -2 = C => C = -2 

x = 0^1 = 6A + 3B + 4C^A = 2 
Adx r BJx r Cdx ^r dx r dx „ r dx 
(x + 2) 



, . r /lax p /sex p cax ^ r ax p ax _ p 

(*) [ + y+\ = 2 v -2\ 

J x + 2 J (x + 2) 2 J x + 3 J x + 2 J (x + 2) 2 J 



2^7|x + 2| + 2£rj\x + 3\ + c = £ri 

x + 2 



x + 2 



x + 3 



x + 3 



+ - 



1 



x + 2 



-+c 



73.-^{cozge x )e x dx 

Solucion.- Sea:w = sene x ,du = (cose x )e x dx 

Ucovge x )e x dx=\ 

_. csen6 + 6 ,_ 
74.- d<9 

J cos6> + l 



(cose x )e x Jx rdu 



sene 



:r/\u\ + c = zr/\sene \ + c 
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Solucion. - 
sen9 + 9 



sen OdO 



9d9 



d0= + = - + 

J cos 9 + 1 J cos 9 + 1 J cos 9 + 1 J cos 9 + 1 J 

= — £ 77 |cos ^ + 1| — J" 



-sen9d9 r9(cos9-l)d9 



cos 2 6> + l 



9 cos 9d9 r 6>d6> 



+ 
sen 9 J sen # 



I; 



= -£ 77 |cos 9 + 1| - j 9 co rg9 cos ec9d9 + J 6> cos ec 2 9d9 (*) 

Trabajando por partes: [#corg# cos ec&/# 

c m = 6> dv = co rg9 cos ec9d9 

oGa. 

du = d9 v = -cos ec# 

j # co rg# cos ec9d9 = -9 cos ec# + j cos ec9d9 = -9 cos ec# - £ 77 |cos ec# - co rg9\ + c x 

Trabajando por partes: [6> cos ec 2 9d9 

^ u = 9 dv = cos ec 9d9 

Sea: 

du = d9 v = -t co rg9 

9cosec 2 9d9 = -9corg9+ corg9d9 = -9coTg9 + tr/\sen9\ + c 2 

(*) =-£rj |cos 9 + 1| + 9 cos ec# + £ rj |cos ec# - co Tg9\ - 9 co rg# + £ rj |s e n #| + c 

(cos ec9 -corg9)seri9 



= £t] 
= £?] 



cos 9 + 1 



+ 6>(cos ec^ - co rg6>) + c 



1 - cos # 



1 + cos 9 
arc rgxdx 



+ 9 



1 - cos 9 
sen9 



+ c 



__ p arc r 
75.- 

J (1+xY 2 

Solucion.- Sea:x = rg#=> 9 = arcrgx,dx = sec 2 9d9,^jl + x 2 = sec9 

rarcrgxdx r9$ec 2 ^9d9 r 9d9 r _ _,_. . . . . , , 

■ L *^ = I C** = J— = Jgcos^g(*), trabajando por partes 



Sea: 



(l + x z Y 2 J scc A 9 J sec9 
u = 9 dv = cos 6W# 

du = d9 v = sen9 

9sen9-\sen 9d9 = 9sen9 + cos 9 + c = (arc rgx) 
^(xarcrgx + l) + c 



+ - 



Vi+x 2 Vi 



- + c 



+ x 



Vl + x 2 
76.- J xcorg( x /.)<ix 

2 o 2 

x 2* x 

Solucion.- Sea:« = sen — ,du = — xcos — dx 

5 5 5 
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XCOS- 



5 rdu 5 



\xcoTg( x /-)dx = \ ^-dx = — \ — =—£ri\u\ + c 

•> '5 J x 2 2 J u 2 M 



sen- 



sen- 



+ c 



77.- xv 4x 2 - 2dx 

Solucion.- Sea: u = 4x 2 - 2, dx = Sxdx 



\xyJ4x 2 -2dx = -\w 2 du 



1 U A U A 

-— -y + c = — + c 
S3/ 2 12 



J(4x 2 -2) 3 
12 



+ c 



(x 2 +9) /2 e/x 



78.-J 

Solucion.- Sea: x = 3rgd, dx = 3sec 2 0,yjx 2 +9 = 3sec# 



1 



e/6> 



•(x z +9) /2 e/x_ f 3sec6>3sec z 6W6>_ 1 f sec 3 6>e/6> _ 1 r C os 3 6> _ ! rcos6>e/6> 



3 4 V# 



rg 4 6> 9 J sen 4 6> 9 J sen 4 
cos 4 6> 



1 1 



V 

J_ 

27 



3sen 3 0, 

Vx 2 +9 



+ c = -- 



1 



27sen 3 6> 



cos ec 3 6> 
- + c = + c 



27 



+ C: 



* 2 +9 r^-r 
r-Vx +9+c 



27x 3 



79.- [ x 2 s e n 5 x 3 cos x 3 dx 

Solucion.- Sea:w = senx 3 ,du = 3x 2 cosx 3 dx 

J 



2 5 3 3 

x sen x cosx 



1 1 6 6 

1 f 5 iM U 

dx = — \u du= \-c = h( 

3 J 3 6 18 



sen x 



18 



- + c 



80.-J 



xdx 



V5x 2 +7 
Solucion.- Sea:w = 5x 2 +7,e/w = 10xdx 

xe/x 

= = — I — = — ! C = - 



I 



1 f e/w 1 u A u A (5x 2 +7) x V5x 2 +7 
I — = + c = — + c = — + c = + c 



75^77 10M 10 1 



81.-J 



x dx 



x 2 - x - 6 
Solucion. - 



[— = [ x + l + — \ix = \xdx+ \dx+ \ 

J x -x-6 J v x -x-6y J J J 



x -x-6 

x r (7x + 6)e/x . . 
— + x+ — (*) 



(7x + 6)e/x 

(x-3)(x + 2) 



(x-3)(x + 2) 
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(7A " l6) A + — ^7x + 6 = A(x + 2) + B(x-3) 



(x-3)(x + 2) x-3 x + 2 

x = -2 => -8 = SB => B = §, 



De donde: 



x = 3 => 27 = 5 A => A = 27 / 



Adx r BJx x 



27 r dx & r dx 



, . x r Aax r o"* x li t ax or 

(*) = — + x + + = — + x + — + - 

2 J x-3 J x + 2 2 5 J x-3 5 J x + 2 

* 2 27 „ | „, 8 „ | . 
= hx-i £77 x-3 + — zri \x + 2 \ + c 

2 5 ' ' 5 ' ' 

82.-\sen26e sen2e d0 

Solucion.- Sea:u = sen 2 0,du = 2sen0cos0d0 

Jsen20e sen2d d0 = \2sen0cos0e sen2d d0 = \e u du = e"+c = e sen2e +c 

dx 



83.- f— ? 



e x -9«T* 

Solucion.- Sea: u = e x ,du = e x dx 



C dx _ (• e*dx _ (• e x dx _ (• dw _ 1 
J P * -Q P X ~) P 2 * -Q~ J ( P x\ 2 _q~J„ 2 _q"a 



e -9e J e -9 

dw 



(e x Y-9 J w z -9 6 



itl 



u-3 



u + 3 



+ c = -ln 
6 



e x -3 



e x +3 



+ c 



84.- f- 

J l- 



l + cos w 
Solucion. - 

dw r (1 - cos w)dw r (1 - cos w) Jw 



(• aw _[• u - cos w;aw _ [• 
■" 1 + cosw ■* l-cos 2 w ■* 



sen w 



: j cos ec 2 wdw-\ 



cos wJw 



sen w 



(senw) ' 1 

= -co rgw h c = -co rgw-i hc = -corgw + cosecw + c 

-1 senw 

Nota: Este ejercicio esta desarrollado diferente en el capitulo 8. 



85.-j\ 



3 



(cos 3 x / > sen x / > )dx 



Solucion.- Sea:w 



1-sen x / 



2w\ 



2 x x 

,du = — cos 3 — sen — dx 



l-sen 2 ^ 



e^ ' (cos 3 x /.sen x /i)dx = — e'du = — e" +c = — e 

J /2 /2' ?J Q Q 



86.-J 



x dx 



Vl9^ 



+ c 



Solucion.- Sea: x = Vl9 s e n 6>, Jx = Vl9 cos 6>J6>, Vl^x 7 = Vl9 cos 6> 

f x 3 Jx f (Vl9) 3 sen 3 ^yi»t5o^'^ r-r 

I , r= I =^ ; ^ = 19vl9l sen6>(l-cos bOa^ 
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lWl9 J"sen6W6>-19Vl9J"sen6>cos 2 6d6 = -19^19 cos 6> + ^-— cos 3 + c 
-19: 



^^ + i^^^ + c=-i9Vi9-7 + Va9-^ + c 



87.-J 



sen (pdcp 



cos 7 ' #> 

Solucion.- Sea:w = cos <p,du = -sentpdtp 
sen (pdcp r du 
u 



I 



p aw f -y i w n y ,-. / 

- -^-7- = -\u /2 du = --ry + c = -2u /2 +c = -2yjcos(p +c 

/2 



COS /z ^7 

88.- [ (sec <p + rg<p) 2 d(p 
Solucion. - 

j (sec #? + rg<£>) 2 d<p = j (sec 2 <p + 2 sec cprgcp + rg 2 (p)d(p 

= Usee 2 tp + 2 sec (prg(p + sec 2 tp-i) dtp = \(2sec 2 tp+2sec(pTg(p-l)d(p 
= 2\ sec 2 <£><i<£> +2 j sec cprgcpdcp -\d<p- 2rg<p + 2 sec <p-<p + c 

89.- J 



<* 



t{A + £t] 2 ty 



<:/? 



Solucion.- Sea: u = £tjt,du = — , ademas: u = 2rg0,du = 2sec 2 OdO,^A + u 2 = 2sec0 



I 



dt 



du p / sec^ OdO 



t{4 + lt] 2 t) 

4a 



p au r/Lsec vav p , , 

, — ^— = sec6d6 = in\sec6 + Tg6\ 

J VW J >ec^ J " ' 



+ c 



:/; 



+ W W 

+ — 

2 2 



+ c = £rj 



V4 



+ « + W 



+ C = ZT] 



yj4 + £rj : 



t+trjt 



+ c 



90.- \ a b 20 c 30 dd 
Solucion.- Sea:a£ 2 c 3 =k , 

\a e b 20 c 30 dd = \a e (b 2 ) (c 3 ) e dd = \(ab 2 c 3 ) e dd = \k d0 ■ 



k (ab c ) 

; + C = i — — r + C 



? Tj\k\ 



lr/\(ab 2 c 3 )\ 



91.- [sen^ ^2>cos 3 (pdcp 
Solucion. - 
Fsen^ ^?cos 3 (pdcp = [sen' 2 (p cos 2 (p cos (pd(p= [sen^ ^(l-sen 2 ^)cos^<i^ 

3/ 7/ 

p i/ , p 5/ , sen /2 <z> sen /2 <z> 
= I sew 1 (pcos(pd(p-\ sew 2 <pcos(pd(p = — —i 



- + c 



2sen /2 <p 2sew 2 (p 
3 7 



+ c 
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92.-J 



sec 2 0d0 



9 + rg 2 

Solucion.- Sea: u = zg0, du = sec 2 0d0 
(• sec 2 OdO _ r du 
J 9 + zg 2 0~>9~+u 2 3 



1 U 1 (Tgff) 

-arcrg — + c = — arcrg — : \-c 



93, J 



dx 



^e 2x -\6 



Solucion. -Sea: u = e x ,du = e x dx =^> dx ■■ 



du 



Atiemas:u = Asec0,du = Asec0Tg0d0,^lu 2 -16 = Arg0 



I 



dx 



du/ 



\^¥==\ 



du 



Ve 2x -16 J Vw 2 -16 J wVw 2 -16 J ^ec^4^ 4 



£setf) ^gtfd0 _ 1 



\d0 = -0 

J 4 



+ C 



1 u 1 «* 

— arc sec — + c = — arc sec \-c 

A A A A 



94.-j(e 2s -V)(e 2s +l)ds 
Solucion. - 

j" (e 2s - l)(e 2s +V)ds = \[(e 2s f - l]ds = J e 4i ds - j" rfs = - e 4s + s + c 

95, f * 

J 5x 2 + 8x + 5 

Solucion. - 

dx r dx 1 r dx 



'5x 2 + 8x + 5~'5(x 2 + 



: + l) 5 J x 2 + %x + l 



(*) , completando cuadrados: 



r ,y x + l = (x ^ + l x + ll ) + l_^ = (x+ A/f + 9/ (x+ yy , { y r 

J ^9^ 9^ / J / Zj /J /D 



r 2 +8/ 



4A2 , /3A2 



w-ij 



5 25 25 

dx 11 



^(x + %) 2 + (%) 2 fy 
x 3 +l 



*+/5 1 5x + 4 

arc r g — „ , + c = — arc r g 1- c 

3/ 3 3 



96,f^/x 

J x -x 

Solucion. - 

x 3 + l 

"3 < 

x -x 



x + 1 



x -x 



[— ; C?X= ( 1 + — i dx = [fi?X + I—; dx=X+ \ 

J x — y * \ y — y I J ^ r — r J 



X + 



1 



I 



x + 



J- 



dx 



J>-rff<ix 
x(js^rf)(x-\) * x(x-l) 

+ =>1 = A(jc-1) + Bjc 



(x + l)dx 
x(x -1) 

Adx r Bdx 



r /icx r zjcx . . 

: + + -(*) 

J x J x-1 



x(x-l) x x-1 
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De donde:- 






. rdx r dx , , , , 

(*) = X- h = X-ZT] X \ + lT] x-1 \ + C = X + ZTJ 

J x J x— 1 
97.- J (arcs e n Vl-x 2 ) <ix 
Solucion.- 
[ (arcs en\jl-x 2 )°dx= \dx = x + c 

98.-\- 3dy 
J l 



x-1 



+ c 



Solucion.-Sea: y^ =?=> y = t 2 ,dy = 2tdt 

ji+^/7 j i+Vj Jl +' Jl +' j v 1+*/ J J i+* 

= 6?-6^7|l + ?| + c = 6^-6^7 1 + ^/j +c = 6[ A /j-^7 1 + 7j J + c 

99.-j"x(l + x) x <ix 

Solucion.-Sea: w = l + x=>x = w-l,<iw = <ix 

11/ 6/ 

jx(l + x)^dx = Uu-Vju^du = j(w -u' 5 )du =\w 5 du-\w 5 du = jry~^y + c 

A A 



5w 5w 

TT~T 



M /5 +C: 



^5(1 + x) 2 5(1 + */ 
il 6 



(l + x) /s +c 



100.-J 



d<£> 



a 2 sen 2 ^ + Z? 2 cos 2 ^ 



Solucion.-Sea: u = zgcp, du = sec 2 cpdcp 

dcp (• sen 4 <pd<p 



I 



H 



I; 



sen 2 <pd<p 

2 2, 



'J; 



Jm 



a sen #> + £ cos ^ J 1 ^ a 2 zg 2 q, , fr 2 ) O 7 £ <P + b ) J (a m + b ) 



cos 9? 



n ' -. 



du 



11 u 1 aw 1 

, , , . = , , , arcrg— -f + c = — arcrj? — + c = — arcr# 

a 2i u 2 + ( b /) 2 a* W, W ab b ab 

/« / jd /a 



b ) 



+ c 



101.- f 



tdt 



(2t+iy 

Solucion.- 



Sea: 



u = t 
du = dt 



dv 



dt 



J2t + \ 
v = y/2t + 1 
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l (2t + \) A J i 3/ 



(2t + lY 2 



+ c 



V2r + l| t — \ + c = - (t-l) + c 



102.-J 






Solucion.- 
Sea: ds 



dv ■ 



sds 



I 



du 



s£f]\s\ds 



0--s 2 ) l/l , ademas:s = sen0,ds = cosO,<Jl- 



f 2 = cos 



v = -(\- s 2 y 



-jl-s 2 £?]\s\ + \- — — ds = -jl-s 2 £?]\s\ + \ 



cos cos OdO 



(l-s z ) /2 "' ' J s "' ' J sen# 

-Vl^7^U|+f (1 ~ Sgn ^ ) ^ =-7l^7^U|+fcosgc6'^-fs g n6'rf6' 
J sen# J J 

-VI -5 2 ^^y + ^^ Icos ecO - co rg#| + cos + c 



-^ 



5 «7s+«7 



1-Vl^ 



+ 



VT 



s 2 +c 



Tfza) da = \ Oda = c 



103.- j(2cosasena-sena)<ia 
Solucion.- 

j(2cos«sena-sen2a)<i« = jjsej 
104.-jVV^ 

u = £rft dv = t 4 dt 

Sea: £ft ? 5 

du = 2int — v = — 

* 5 

\t 4 £r/ 2 tdt = —£T] 2 t — \t 4 £r/tdt(*) , trabajando por partes nuevamente: 



Sea: 



5 

u = £rjt 

dt 
du = — 
t 



dv = t dt 

t 5 

v = — 



(^J—irft-- 
5 5 



ft 5 1 

— £m — \t 4 dt 



' 5 * 2 2? 5 „ 2 ? 5 

— ^?7 7 £r?t + + c 

5 25 25 5 



t . 2 2? 5 „ 2? 5 

— ^77 ? ^777/ + + c 

5 25 125 



105.-jV(l + v) n dx 
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Solucion.- 

\ii 2 (l + v) n dx = ii 2 (l + v) n \dx = ii 2 (l + v) n x + c 
10g _ r ((p + sen3<p)d(p 
■* 3tp 2 -2cos3tp 
Solucion.-Sea:^ = 3<p 2 -2cos3<p, du = 6(<p + sen3<p)d<p 



I 



(<p + sen3<p)d<p 1 r du 1. , 1 . i. 2 . . i 

^— 5 y ~~ — =-£fj\u\ + c = -£fj\3q> -2cos3q>\ + c 

3cp -2 cos 3^9 6 J w 6 6 ' ' 

(y 1A +l)dy 



107.- f 

J J /2 (J + D 

Solucion.-Sea: j^ = ?=> y = t 2 ,dy = 2tdt 
t (y yi +\)dy _ t (t + l)2/dt _ f (t + l)dt _ r 2tdt r dt 



/(j+D J /a 2 +i) J a 2 +D V+i) V+i) 

ds 



Irj \t 2 + \ \ + 2arcTgt + c 



108.-J 



5 3 (/-4)> 



Solucion.-Sea: 5 = 2s&c ff,ds = 2sec0rg0d0 

, dS ri^^de \ { dO If 2 .,. i fn __,- 

1 = -r-^ -r = - — t— = ~ cos OdO = — (1 + cos 20)d0 

*%secf0ii*6 8 J sec 2 <9 8 J 1^ J 



* 3 (/-4) 



16- 



1 



1 



( 



+ — sen20+c= — 
16 32 16 



+ 



sen 20 



1 



+ c = — (0 + sen0cos0) + c 
2 ) 16 



16 



arc sec % + 



2V* 2 -4 



A 



+ C 



109.-j"V^(l + w 2 ) 2 dw 
Solucion.- 
-Ju(l + u 2 ) 2 du = y/u(l + 2u 2 +u 4 )du = w 2 du + 2\ w 2 du + u' 2 du 

w 1 „ jr 2 u' 1 2w 2 Aw 2 2u' 2 2uJu 4u 3 Ju 2u 5 Ju 

= — -J+2— -r + — ~r + C = + + +C = + + + C 

% A Yi 3 7 11 3 7 11 



2u Au 2u 



■yfu\ ! 

3 7 11 



+ c 



(x +x )dx 

x 2 +x-2 
Solucion.- 



110, J 



(x 3 + x 2 )dx 



nx +X) ax f, + 

J x 2 + x-2 J l 



2x 



x +x-2 



dx = I xdx + I 



2xdx 



- + 



(x + 2)(x-l) 2 J (x + 2)(x-l) 



J — 



2xdx 
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2 J 

2x 



2xdx 



Adx p Bdx 



x r j\ax r oax , . 

— + + (*) 

2 J x + 2 J x-1 



(x + 2)(x-l) 2 J x + 2 

A S 

= + =>2x = A(x-l) + B(x + 2) 

(x + 2)(x-l) x + 2 x-l 

x = l^2 = 3B^B= 2 / 



De donde: 



= -2 => -4 = -3 A => A = 4 / 



x 4r dx 2 r dx x 4.i _i 2 „ i ,, 

(*) = — + — + — = — + — Hn x + 2 +-^/7 x-l +c 

2 3 J x+2 3 J x-l 2 3 ' ' 3 ' ' 

2 ~ 

= — + -£n\(x + 2) 2 (x-l)\ + c 
2 3 r ! 

Solucion.- 
I acK? = a\ db = ab + c 

112.-J 2 *** 

Vx 2 -2x-8 
Solucion.- 
Completando cuadrados se tiene: x 2 - 2x - 8 = (x 2 - 2x + 1) -9 = (x - 1) 2 - 3 2 

Sea: x - 1 = 3 sec 0, dx = 3 sec 0tg0d0, j(x - 1) 2 - 3 2 = 3rg0 , luego: 

dx r <ix f ?(sec&£gtfdO 



f " x _ f 

■" Vx 2 -2x-8 ■" ^/(x-l) 2 -3 2 



, - -p, = sec0d0 = £i] \sec0 + rg0 +< 

J X^ J ' ' 



x-l "vx 2 -2x-8 

+ — 



113.-J 



3 3 

(x + l)dx 



+ c 



V2x-x 2 
Solucion.- 

Completando cuadrados se tiene: 
2x-x 2 =-(x 2 -2x) = -(x 2 -2x + l-l) = -(x 2 -2x + l) + l = l-(x 2 -l) 

Sea:x-l = sen6>,<ix = cos6><i#,7l-(*-l) 2 = cos6>, luego: 



I 



(x+l)dx l f (2-2x)-4 



-.! 



V2x-x 2 2 V2x-x 2 
dx 



Jx = — 



1 r (2 - 2x)dx r dx 

2 \J2x-x 2 V2x-. 



-V2x-x 2 +2J 



-V2x-x 2 +2J- 



dx 



V2x-x 2 ^/l-(x-l) 2 



= — v 2x - x 2 +2 — — = - v 2x - x 2 + 20 + c = — v 2x - x 2 + 2 arcs e n(x - 1) + c 

iu.-\f(x)nx)dx 
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Solucion.- Sea: u = f(x),du = f\x)dx 
f{x)f\x)dx = udu = \-c = — 



+ c 



115.-J 



Solucion. 



x +lx -5x + 5 



x + 2x-3 



-dx 



I 



x +7x -5x + 5 
x + 2x-3 



-dx = x + 5 + — ux = xdx + 5 \dx + — r 

J V x +2x-3J J J j x+2jc- 



(20-l2x)dx 
3 



Adx 



B 



r , ^r , r(20-12x)dx * ,- r -^a* r ^ , ^ 

xdx + 5 dx + = — + 5x+ + (*) 

J J J (x + 3)(x-l) 2 J x + 3 J x-1 

20-12x = A(x-l) + B(x + 3) 

fx = 1^8 = 4B^B = 2 
De donde:- 



x = -3^56 = -4A^A = -14 



(*) = 



+ 5x-14 + 2 = — + 5x + l4£n\x + 3\ + 2£n\x-l\ + c 

J x + 3 J x-1 2 'I I 'I I 



H -t C f '''?| 1 +-' c +- l2 | j 

116.- e dx 



Solucion 

lrm+x+x 



2 3 

X X 



le ' dx= I (1 + x + x )ax = xH 1 he 

117.- j 



(x-l)dx 



I 



2 -4x+3 



Solucion. - 

Completando cuadrados se tiene: x 2 - 4x + 3 = x 2 - 4x + 4 - 1 = (x - 2) 2 - 1 

Sea: x - 2 = sec 6, dx = sec OzgOdO, ^{x-2f -1 = rg# , luego: 



I 



(x-l)rfx 1 f (2x-4) + 2 



I 



1 t (2x-4)dx 



Vx 2 -4x + 3 2 J ^ x 2 _4 x + 3 2 J ^/ x 2 _4 x + 3 J Vx z -4xi3 



I 



dx 



Vx 2 -4x + 3 + J 



dx 



4. 



x 2 -4x + 3 



Vx 2 -4x + 3 + J- 



dx 



VU-2) 2 -l 

/— : r sec OrgtidO n r 

Vx 2 -4x + 3+[ ^ = V* 2 -4* + 3+[sec&*0 

J ^ J 

Vx 2 -4x + 3 + ^7|sec^ + rg6>| + c 

a/x 2 -4x + 3 + ^v x-2 + a/x 2 -4x + 3 

xdx 



+ c 



118.-J 



a/x 2 + 4x + 5 
Solucion. - 
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Completando cuadrados se tiene: x 2 + Ax + 5 = x 2 + Ax + 4 + 1 = (x + 2) 2 + 1 
Sea: x + 2 = rgO, dx = sec 2 Odd, yj(x + 2) 2 + 1 = sec 6 , luego: 



I 



xdx 



I- 



xdx 



r (rgd- 2) sec^ ddd r ^ ^,^^f ^ ,^ 
J f^ = J r#6> sec 6W6> -2j sec 6><i6> 



Vx 2 + 4x + 5 J ^ + 2) 2 + l -Secrtf 

sec - 21 ?] Isec + rg#| + c = vx 2 + Ax + 5-2£r/ 4x 2 + 4x + 5+x + 2+c 



Adx 

Ax 



119, f-^ 

J X + 

Solucion. - 

r 4<ix r(3x 2 + 4)-3x 
•" x 3 + 4x •" 



2 
.3 , /l *"" I 3 , /i "J 3 



-<ix= I 



(3x 2 + 4)<ix 



x +4x 



-'J 



x 2 dx 



x +4x 



= £r/ 
120.-J 



I 3 ,. I -T 

n x +4x — 
'I I 9 J 

x(x 2 + 4) 



x +4x 

3 r 2xJx . i , . i 3 . i 2 J 

^ = £n x +4x — lnbc+4+c 

j x +4 ' ' 2 ' ' 



(x^+4) 
co Tgxdx 



+ C = ZT] 



4x 2 +A 



+ c 



msenx 

Solucion.- Sea:M = £t]\senx\,du = corgxdx 
co rgxdx _ [du 
u 



\ 

J lT]\senx\ 

'\2'\.-\£r/ exp Vx - \dx 
Solucion. - 

\£r/exp4x-ldx= \-Jx-\dx 



tj \u \ + c -£tj\£tj \senx\\ + c 



(x-lf , _2(x-l)V(x-l) 



-+c 



+ c 



J x 
Solucion.- Sea: Vl + x 3 = r=>? 2 =l + x 3 =>x = W-l, dx ■■ 



2tdt 



3(r-i) /3 



2tdt 



■il 



+ x 



3(r-iy 



f Mt ■-!)" 2 r t dt 2 r( . 1 | 7 2f 7 2 r dt 

J (t 2 -l) A 3 J ? 2 -1 3 J t ? 2 -l/ 3 J 3 J ? 2 -1 



2 !, 
-t+-£n 

3 3 



f-1 



r+l 



2 
3 



r = -Vl + x 3 +-£t] 



Vl + x 3 -l 



Vl + x 3 +l 



+ c 



x-1 1 



123 -J^ 



dx 



x 
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Solucion.- Sea: 



x-l 
x + l 



■ t^>t 



x-l 



x + l 



x(l-t 2 ) = t 2 ^x- 



x-l 1 



J Vx+ix J a+t 2 )a-t 2 ) 2 J 

= 4} 



t 2 Q^f)dt 



l+t 2 
\-t 2 

t 2 dt 



,dx 



Atdt 

a-t 2 ) 2 



t dt 



(l + Od-Od + r) 



■ A 



a+t 2 )a-t z ) 

rAdt rBdt rCt + D , 
+ + T-dt 

J l+t J \-t J l+t 2 



(*) 



A B Ct + D 

- + + - 



(l + t)(l-t)(l + t 2 ) l + t l-t l + t 2 
^t 2 =A(l-t)(l + t 2 ) + B(l + t)(l + t 2 ) + (Ct + D)(l-t 2 ) 
? = !=>! = 45 => fi = V 



De donde: 



'4 

: -1 => 1 = A A => A = V 

0^ = A + B + D => D = - V 



t = 2^A = -5A + l5B + (2C + D)(-3)^C = 

I r dt I r dt 1 r dt ^ r rf? r dt „f dt 



{ 4 J 1+7 + 4 J w 2'1+r 2 JjT+7 jT^T J i+7 



? ,rj\t + l\- lr/\t -l\-2arcrgt + c = Irj 



t + l 



-2arcrgt + c 




-zarcrgj \-c = £t] 

\ x-l 



t-l 

Vx-l+Vx+1 



yJX — 1 — y/x + 1 



-2arcr,J— + c 



124.- f— ^ 

J 1+sen 



x + cosx 



2 7 1 — z x 2dz 

Solucion.- Sea:senx = -,cosx = : — T ,z = rg — ,dx 



C sen xdx 
•* 1 + sen 



l + z 2 

2z 

l + z 2 



l + z 1 



l + z 



x + cosx J , f 2z 
1 + 



1-z 2 ^ J l 



2' l + z 2 

Az 
dz 



i+z: 



+z +2z+l-z 



r Azdz _ (• 2zdz _ r Adz r 6 

•l(i+z 2 )(2+27)"'a+z)a+z 2 )~'i+7 + 'l 



l + z 2 )[l + z 2 
2zdz ?Ad: r Bz + C 

z " 1 + z 2 



<fe(*) 



2z 



A Bz + C 

+ - 



(l + z)(l + z 2 ) l + z l + z 2 



De donde: 



z = -l^-2 = 2A^A = -l 

z = 0^0 = A + C^C = l 

z = 1^2 = 2A + 2S + 2C^B = l 
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dz r z + 1 



(*) = -", +7 

J 1 + Z J 1 



dz 



1 p 2zdz r dz 



z J l+z 
1 



? 7|l + z| + — £tj\z 2 +l\ + arcT gz + c = Itj 



,. I i r zzaz r az 

? 1+z+ d-2TT + J-2TT 
2 J z +1 J z +1 

V77T 



z + l 



+ arc Tgz + c 



h 2x A +l 




+ arc rgz + c 



3 + 2cosx 



*■■ 2.7 1 — Z X £*(X7 

Solucion.- Sea:senx = -,cosx = : — T ,z = rg — ,dx- 



l + z 1 



dx 



(• ax _ (• 

J "\ 4- 9rris r J 



2z 
1 + z 2 



3 + 2 



'l-z 2 ^ 



v l + z y 



<fe = J: 



1 + z 2 
2dz 



1 + z 2 



2 I 



dz 



arcrg—j= + c 



3 + 3z 2 +2-2z 2 J 5 + z 2 V5 75 



arcrg 
xdx 



y/5 X 
Tg~ 

5 2 



+ c 



5 

126.- J _ 

Vx 2 -2x + 5 
Solucion. - 
Completando cuadrados se tiene: x 2 -2x + 5 = x 2 -2x+l+4 = (x-l) 2 + 2 2 , 

Sea: x-l = 2rg0,dx = 2sec 2 9d9, -J(x - 1) 2 + 2 2 = 2sec<9 ,luego: 



1 



xdx 



l f (2x-2 + 2)dx 1 r (2x-2)dx 



:I 



I" 



■ + 



I" 



dx 



Vx 2 -2x + 5 2 Vx 2 -2x + 5 2 Vx 2 -2x + 5 vx 2 -2x + 5 



Vx 2 -2x + 5+J 



Vx 2 -2x + 5 + J- 



Vx 2 -2x + 5 " } yj(x-l) 2 + 2 2 

•/sec* OdO 



= Vx 2 -2x + 5 + f ° t? =Vx 2 -2x + 5 + fsec 6d6 
J >etf^ J 

= -Jx 2 - 2x + 5 + £ tj |sec d + rgd\ + c 
127.- J 



(l + senx)dx 
sen x(2 + cos x) 



2.7 I — 7 X 2,(27 

Solucion.- Sea:senx = -,cosx = : — T ,z = rg — ,dx- 



\ + z 2 



\ + z 



1 + z 2 
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■ (1 + s e n x)dx 
sen x(2 + cos x) 



1 + 



2z ) 1 



f v'v'rl *-/ 



. :z 



2 + 



V 



1-z 2 

1 + z 2 



(l + z 2 +2z)Jz 
2z(l + z 2 ) + z(l-z 2 ) 



^J 



(z 2 +2z + l)dz f (z 2 +2z + l)dz 



z 3 +3z 



+ 



" J z(z 2 +3) 
Bz + C 2 



r Adz r 



Bz + C 



<&(*)} 



Adz 

->- : i 2;; ! I=A(z 2 +3) + (Bz + C)z 



(z 2 + 2z + l) = A 

z(z 2 + 3) z (z z +3) 
=> Az 2 + 3A + Bz 2 +Cz^>(A + B)z 2 + Cz + 3 A , igualando coeficientes se tiene: 
f A +B =1" 

■A- 



3A 



C = 2 
= 1 



(*) = 

_1 

~3 



lf* + f/3 z + 2 



ife 



1/ s = 2/ r = 2 
/3' /3' 



1 r<fe lr 2z<iz 



- + 



3 J z J (z 2 +3) 3 J z 3 J (z 2 + 3) 



■+ 



A 



dz 






Tg 2 y 2 +3\+ 



V3" 



arc rg 



(z+3) 



?g 



V3" 



+ c 



128.-J 



dx 



x 4 + 4 



Solucion.-Sea:x 4 +4 = x 4 +4x 2 +4-4x 2 =(x 2 +2) 2 -(2x) 2 = (x 2 + 2x + 2)(x 2 -2x + 2) 



dx 



r ax r 

J r 4 -i- 4 ~ J 



dx 



(Ax + S)dx i- (Cx + D)dx 



- + 



x 4 + 4 J (x 2 +2x + 2)(x -2x + 2) J (x 2 + 2x + 2) J (x -2x + 2) 



(*) 



1 



(Ax + S) (Cx + D) 



(x 4 +4) (x 2 + 2x + 2) (x 2 -2x + 2) 

1 = ( Ax + B)(x 2 - 2x + 2) + (Cx + D)(x 2 + 2x + 2) 

l = (A + C)x 3 + (-2A + S + 2C + D)x 2 +(2A-2S + 2C + 2D)x + (2B + 2D) 

Igualando coeficientes se tiene: 

( A + C =0 A 



-2A +B + 2C+ D = 

2A-2B + 2C + 2D = 

25 +2D = 1 



!/ B = V C = - V D = V 



lr (x + 2)dx 1 (• (x-2)dx 
* ~8J (x 2 +2x + 2)~8-' (x 2 -2x + 2) 



1 (• (x + l)dx 1 (• 
8-'(x + l) 2 + l + 8-' 



dx 



dx 



8 J (x + l) 



1 (• (x-l)dx lp a 

(.v ■! lr +1 ~ 8 J (x-l) 2 +1 + 8 J (x^l) z i 1 



1 i , i 1 1 i , i 1 

— In \x +2x + 2 +-arcre(x + l) £n x -2x + 2 +-arcrp(x-l) + c 

16 ' I 8 16 ' '8 
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:— in 
16 



x 2 +2x + 2 



x -2x + 2 



+ — [arc rg (x + 1) + arc tg (x - 1)] + c 
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